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Transmission eigenvalues in inverse scattering
theory

FIORALBA CAKONI AND HOUSSEM HADDAR

In the past few years transmission eigenvalues have become an important area
of research in inverse scattering theory with active research being undertaken
in many parts of the world. Transmission eigenvalues appear in the study of
scattering by inhomogeneous media and are closely related to non-scattering
waves. Such eigenvalues provide information about material properties of
the scattering media and can be determined from scattering data. Hence
they can play an important role in a variety of inverse problems in target
identification and nondestructive testing. The transmission eigenvalue problem
is a non-selfadjoint and nonlinear eigenvalue problem that is not covered by
the standard theory of eigenvalue problems for elliptic operators.

This article provides a comprehensive review of the state-of-the art theo-
retical results on the transmission eigenvalue problem including a discussion
on fundamental questions such as existence and discreteness of transmis-
sion eigenvalues as well as Faber–Krahn type inequalities relating the first
eigenvalue to material properties of inhomogeneous media. We begin our
presentation by showing how the transmission eigenvalue problem appears
in scattering theory and how transmission eigenvalues are determined from
scattering data. Then we discuss the simple case of spherically stratified media
where it is possible to obtain partial results on inverse spectral problems. In
the case of more general inhomogeneous media we discuss the transmission
eigenvalue problem for various types of media employing different mathemati-
cal techniques. We conclude our presentation with a list of open problems that
in our opinion merit investigation.

1. Introduction

The interior transmission problem arises in inverse scattering theory for inhomoge-
neous media. It is a boundary value problem for a coupled set of equations defined
on the support of the scattering object and was first introduced by Colton and
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Monk [1988] and Kirsch [1986]. Of particular interest is the eigenvalue problem
associated with this boundary value problem, referred to as the transmission
eigenvalue problem and, more specifically, the corresponding eigenvalues which
are called transmission eigenvalues. The transmission eigenvalue problem is
a nonlinear and nonselfadjoint eigenvalue problem that is not covered by the
standard theory of eigenvalue problems for elliptic equations. For a long time
research on the transmission eigenvalue problem mainly focused on showing
that transmission eigenvalues form at most a discrete set and we refer the reader
to [Colton et al. 2007] for the state of the art on this question up to 2007. From a
practical point of view the question of discreteness was important to answer, since
sampling methods for reconstructing the support of an inhomogeneous medium
[Cakoni and Colton 2006; Kirsch and Grinberg 2008] fail if the interrogating
frequency corresponds to a transmission eigenvalue. On the other hand, due to
the nonselfadjointness of the transmission eigenvalue problem, the existence of
transmission eigenvalues for nonspherically stratified media remained open for
more than 20 years until Sylvester and Päivärinta [2008] showed the existence
of at least one transmission eigenvalue provided that the contrast in the medium
is large enough. The story of the existence of transmission eigenvalues was
completed by Cakoni, Gintides and Haddar [Cakoni et al. 2010e] where the
existence of an infinite set of transmission eigenvalue was proven only under the
assumption that the contrast in the medium does not change sign and is bounded
away from zero. In addition, estimates on the first transmission eigenvalue were
provided. It was then showed by Cakoni, Colton and Haddar [Cakoni et al.
2010c] that transmission eigenvalues could be determined from the scattering
data and since they provide information about material properties of the scattering
object can play an important role in a variety of problems in target identification.

Since [Päivärinta and Sylvester 2008] appeared, the interest in transmission
eigenvalues has increased, resulting in a number of important advancements in
this area (throughout this paper the reader can find specific references from the
vast available literature on the subject). Arguably, the transmission eigenvalue
problem is one of today’s central research subjects in inverse scattering theory
with many open problems and potential applications. This survey aims to present
the state of the art of research on the transmission eigenvalue problem focusing
on three main topics, namely the discreteness of transmission eigenvalues, the
existence of transmission eigenvalues and estimates on transmission eigenvalues,
in particular, Faber–Krahn type inequalities. We begin our presentation by
showing how transmission eigenvalue problem appears in scattering theory and
how transmission eigenvalues are determined from the scattering data. Then we
discuss the simple case of a spherically stratified medium where it is possible
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to obtain explicit expressions for transmission eigenvalues based on the theory
of entire functions. In this case it is also possible to obtain a partial solution to
the inverse spectral problem for transmission eigenvalues. We then proceed to
discuss the general case of nonspherically stratified inhomogeneous media. As
representative of the transmission eigenvalue problem we consider the scalar case
for two types of problems namely the physical parameters of the inhomogeneous
medium are represented by a function appearing only in the lower-order term of
the partial differential equation, or the physical parameters of the inhomogeneous
medium are presented by a (possibly matrix-valued) function in the main differ-
ential operator. Each of these problems employs different type of mathematical
techniques. We conclude our presentation with a list of open problems that in
our opinion merit investigation.

2. Transmission eigenvalues and the scattering problem

To understand how transmission eigenvalues appear in inverse scattering theory
we consider the direct scattering problem for an inhomogeneous medium of
bounded support. More specifically, we assume that the support D � Rd ,
d D 2; 3 of the inhomogeneous medium is a bounded connected region with
piece-wise smooth boundary @D. We denote by � the outward normal vector �
to the boundary @D. The physical parameters in the medium are represented by a
d �d matrix valued function A with L1.D/ entries and by a bounded function
n 2 L1.D/. From physical consideration we assume that A is a symmetric
matrix such that � � =.A.x//� � 0 for all � 2 Cd and =.n.x// � 0 for almost
all x 2 D. The scattering problem for an incident wave ui which is assumed
to satisfy the Helmholtz equation �ui C k2ui D 0 in Rd (possibly except for a
point outside D in the case of point source incident fields) reads: Find the total
field u WD ui Cus that satisfies

�uC k2uD 0 in Rd
nD; (1)

r �A.x/ruC k2n.x/uD 0 in D; (2)

uC D u� on @D; (3)�
@u

@�

�C
D

�
@u

@�A

��
on @D; (4)

lim
r!1

r
d�1

2

�
@us

@r
� ikus

�
D 0; (5)

where k > 0 is the wave number, r D jxj, us is the scattered field and the
Sommerfeld radiation condition (5) is assumed to hold uniformly in Ox D x=jxj.
Here for a generic function f we denote f ˙ D limh!0 f .x˙ h�/ for h > 0
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and x 2 @D and
@u

@�A
WD � �A.x/ru; x 2 @D:

It is well-known that this problem has a unique solution u 2H 1
loc.R

d / provided
that � � <.A.x//� � ˛j�j2 > 0 for all � 2 Cd and almost all x 2D. The direct
scattering problem in R3 models for example the scattering of time harmonic
acoustic waves of frequency ! by an inhomogeneous medium with spatially
varying sound speed and density and k D !=c0 where c0 is the background
sound speed. In R2, (1)–(5) could be considered as the mathematical model of
the scattering of time harmonic electromagnetic waves of frequency ! by an
infinitely long cylinder such that either the magnetic field or the electric field is
polarized parallel to the axis of the cylinder. Here D is the cross section of the
cylinder where A and n are related to relative electric permittivity and magnetic
permeability in the medium and kD!=

p
�0�0 where �0 and �0 are the constant

electric permittivity and magnetic permeability of the background, respectively
[Colton and Kress 1998].

The transmission eigenvalue problem is related to nonscattering incident fields.
Indeed, if ui is such that usD0 thenw WDujD and v WDui jD satisfy the following
homogeneous problem:

r �A.x/rwC k2nw D 0 in D; (6)

�vC k2v D 0 in D; (7)

w D v on @D; (8)
@w

@�A
D
@v

@�
on @D: (9)

Conversely, if (6)–(9) has a nontrivial solution w and v and v can be extended
outside D as a solution to the Helmholtz equation, then if this extended v is
considered as the incident field the corresponding scattered field is usD0. As will
be seen later in this paper, there are values of k for which under some assumptions
on A and n, the homogeneous problem (6)–(9) has nontrivial solutions. The
homogeneous problem (6)–(9) is referred to as the transmission eigenvalue
problem, whereas the values of k for which the transmission eigenvalue problem
has nontrivial solutions are called transmission eigenvalues. (In next sections we
will give a more rigorous definition of the transmission eigenvalue problem and
corresponding eigenvalues.) As will be shown in the following sections, under
further assumptions on the functions A and n, (6)–(9) satisfies the Fredholm
property for w 2H 1.D/, v 2H 1.D/ if A¤ I and for w 2L2.D/, v 2L2.D/

such that w� v 2H 2.D/ if AD I .
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Even at a transmission eigenvalue, it is not possible in general to construct an
incident wave that does not scatter. This is because, in general it is not possible
to extend v outside D in such away that the extended v satisfies the Helmholtz
equation in all of Rd . Nevertheless, it is already known [Colton and Kress 2001;
Colton and Sleeman 2001; Weck 2004], that solutions to the Helmholtz equation
in D can be approximated by entire solutions in appropriate norms. In particular
let X.D/ WD H 1.D/ if A ¤ I and X.D/ WD L2.D/ if A D I . Then if vg is a
Herglotz wave function defined by

vg.x/ WD

Z
�

g.d/eikx�d ds.d/; g 2L2.�/; x 2 Rd ; d D 2; 3 (10)

where� is the unit .d�1/-sphere� WDfx 2Rd W jxjD1g and k is a transmission
eigenvalue with the corresponding nontrivial solution v;w, then for a given � > 0,
there is a vg� that approximates v with discrepancy � in the X.D/-norm and the
scattered field corresponding to this vg� as incident field is roughly speaking
�-small.

The above analysis suggests that it possible to determine the transmission
eigenvalues from the scattering data. To fix our ideas let us assume that the
incident field is a plane wave given by ui WD eikx�d , where d 2� is the incident
direction. The corresponding scattered field has the asymptotic behavior [Colton
and Kress 1998]

us.x/D eikr r�
d�1

2 u1. Ox; d; k/CO
�
r�

dC1
2

�
in Rd ; d D 2; 3: (11)

as r !1 uniformly in Ox D x=r , r D jxj where u1 is known as the far field
pattern which is a function of the observation direction Ox 2� and also depends
on the incident direction d and the wave number k. We can now define the far
field operator Fk WL

2.�/!L2.�/ by

.Fkg/. Ox/ WD

Z
�

u1. Ox; d; k/g.d/ ds.d/: (12)

Note that the far field operator F WD Fk is related to the scattering operator S

defined in [Lax and Phillips 1967] by

S D I C
ik

2�
F in R3 and S D I C

ik
p

2�k
F in R2:

To characterize the injectivity of the far field operator we first observe that by
linearity .Fg/. � / is the far field pattern corresponding to the scattered field due
to the Herglotz wave function (10) with kernel g as incident field. Thus the
above discussion on nonscattering incident waves together with the fact that the
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L2-adjoint F� of F is given by

.F�g/. Ox/D .Fh/.� Ox/;

with h.d/ WD g.�d/, yield the following theorem:

Theorem 2.1 [Cakoni and Colton 2006; 1998]. The far field operator F W

L2.�/! L2.�/ corresponding to the scattering problem (1)–(5) is injective
and has dense range if and only if k2 is not a transmission eigenvalue of (6)–(9)
such that the function v of the corresponding nontrivial solution to (6)–(9) has
the form of a Herglotz wave function (10).

Note that the relation between the far field operator and scattering operator
says that the far field operator F not being injective is equivalent to the scattering
operator S having one as an eigenvalue.

Next we show that it is possible to determine the real transmission eigenvalues
from the scattering data. To fix our ideas we consider far field scattering data, i.e.,
we assume a knowledge of u1. Ox; d; k/ for Ox; d 2� and k 2 RC which implies
a knowledge of the far field operator F WD Fk for a range of wave numbers k.
Thus we can introduce the far field equation

.Fg/. Ox/Dˆ1. Ox; z/ (13)

where ˆ1. Ox; z/ is the far field pattern of the fundamental solution ˆ.x; z/ of
the Helmholtz equation given by

ˆ.x; z/ WD
eikjx�zj

4�jx� zj
in R3;

ˆ.x; z/ WD
i

4
H
.1/
0
.kjx� zj/ in R2;

(14)

and H
.1/
0

is the Hankel function of order zero. By a linearity argument, using
Rellich’s lemma and the denseness of the Herglotz wave functions in the space
of X.D/-solutions to the Helmholtz equation, it is easy to prove the following
result (see, e.g., [Cakoni and Colton 2006]).

Theorem 2.2. Assume that z 2D and k is not a transmission eigenvalue. Then
for any given � > 0 there exists gz;� such that

kFgz;� �ˆ1. � ; z/k
2
L2.�/

< �

and the corresponding Herglotz wave function vgz;�
satisfies

lim
�!0
kvgz;�

kX.D/ D kvzkX.D/
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where .wz; vz/ is the unique solution of the nonhomogeneous interior transmis-
sion problem

r �A.x/rwzC k2nwz D 0 in D; (15)

�vzC k2vz D 0 in D; (16)

wz � vz Dˆ. � ; z/ on @D; (17)
@wz

@�A
�
@vz

@�
D
@ˆ. � ; z/

@�
on @D: (18)

On the other hand, if k is a transmission eigenvalue, again by linearity argu-
ment and applying the Fredholm alternative to the interior transmission problem
(15)–(18) it is possible to show the following theorem:

Theorem 2.3. Assume k is a transmission eigenvalue, and for a given � > 0 let
gz;� be such that

kFgz;� �ˆ1. � ; z/k
2
L2.�/

� � (19)

with vgz;�
the corresponding Herglotz wave function. Then, for all z 2D, except

for a possibly nowhere dense subset, kvgz;�
kX.D/ can not be bounded as �! 0.

For a proof of Theorem 2.3 for the case of A D I we refer the reader to
[Cakoni et al. 2010c]. Theorem 2.2 and Theorem 2.3, roughly speaking, state
that if D is known and kvgz;�

kX .D/ is plotted against k for a range of wave
numbers Œk0; k1�, the transmission eigenvalues should appear as peaks in the
graph. We remark that for some special situations (e.g., if D is a disk centered
at the origin, AD I , z D 0 and n constant) gz;� satisfying (19) may not exist.
However it is reasonable to assume that (19) always holds for the noisy far field
operator F ı given by

.F ıg/. Ox/ WD

Z
�

uı1. Ox; d; k/g.d/ ds.d/;

where uı1. Ox; d; k/ denotes the noisy measurement with noise level ı > 0 (see
the Appendix in [Cakoni et al. 2010c]). Nevertheless, in practice, we have
access only to the noisy far field operator Fı . Due to the ill-posedness of the far
field equation (note that F is a compact operator), one looks for the Tikhonov
regularized solution gız;˛ of the far field equation defined as the unique minimizer
of the Tikhonov functional [Colton and Kress 1998]

kF ıg�ˆ1. � ; z/k
2
L2.�/

C˛kgk2
L2.�/

where the positive number ˛ WD ˛.ı/ is the Tikhonov regularization parameter
satisfying ˛.ı/! 0 as ı! 0. In [Arens and Lechleiter 2009] and [Arens 2004] it
is proven for the case of AD I that Theorem 2.2 is also valid if the approximate
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solution gz;� is replaced by the regularized solution gız;˛ and the noise level
tends to zero. We remark that since the proof of such result relies on the validity
of the factorization method (i.e., if F is normal, see [Kirsch and Grinberg 2008]
for details), in general for many scattering problems, Theorem 2.2 can only be
proven for the approximate solution to the far field equation. On the other hand,
Theorem 2.3 remains valid for the regularized solution gız;˛ as the noise level
ı! 0 (see [Cakoni et al. 2010c] for the proof).

3. The transmission eigenvalue problem for isotropic media

We start our discussion of the transmission eigenvalue problem with the case
of isotropic media, i.e., when A D I . The transmission eigenvalue problem
corresponding to the scattering problem for isotropic media reads: Find v 2
L2.D/ and w 2L2.D/ such that w� v 2H 2.D/ satisfying

�wC k2n.x/w D 0 in D; (20)

�vC k2v D 0 in D; (21)

w D v on @D; (22)
@w

@�
D
@v

@�
on @D: (23)

As will become clear later, the above function spaces provide the appropriate
framework for the study of this eigenvalue problem which turns out to be non-
selfadjoint. Note that since the difference between two equations in D occurs
in the lower-order term and only Cauchy data for the difference is available, it
is not possible to have any control on the regularity of each field w and v and
assuming (20) and (21) in the L2.D/ (distributional) sense is the best one can
hope. Let us define

H 2
0 .D/ WD

�
u 2H 2.D/ W such that uD 0 and

@u

@�
D 0 on @D

�
:

Definition 3.1. Values of k 2 C for which (20)–(23) has nontrivial solution
v 2 L2.D/ and w 2 L2.D/ such that w� v 2H 2

0
.D/ are called transmission

eigenvalues.

Note that if n.x/� 1 every k 2 C is a transmission eigenvalue, since in this
trivial case there is no inhomogeneity and any incident field does not scatterer.

3A. Spherically stratified media. To shed light into the structure of the eigen-
value problem (20)–(23), we start our discussion with the special case of a
spherically stratified medium where D is a ball of radius a and n.x/ WD n.r/ is
spherically stratified. It is possible to obtain explicit formulas for the solution of
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this problem by separation of variables and using tools from the theory of entire
functions. This allows the possibility to obtain sharper results than are currently
available for the general nonspherically stratified case. In particular, it is possible
to solve the inverse spectral problem for transmission eigenvalues, prove that
complex transmission eigenvalues can exist for nonabsorbing media and show
that real transmission eigenvalues may exist under some conditions for the case
of absorbing media, all of which problems are still open in the general case.

Throughout this section we assume that =.n.r//D 0 and (unless otherwise
specified). Setting B WD

˚
x 2 R3 W jxj< a

	
the transmission eigenvalue problem

for spherically stratified medium is:

�wC k2n.r/w D 0 in B; (24)

�vC k2v D 0 in B; (25)

w D v in @B; (26)
@w

@r
D
@v

@r
on @B: (27)

Let us assume that n.r/2C 2Œ0; a� (unless otherwise specified). The main concern
here is to show the existence of real and complex transmission eigenvalues and
solve the inverse spectral problem. To this end, introducing spherical coordinates
.r; �; '/ we look for solutions of (24)–(27) in the form

v.r; �/D a`j`.kr/P`.cos �/ and w.r; �/D b`y`.r/P`.cos �/

where P` is a Legendre’s polynomial, j` is a spherical Bessel function, a` and
b` are constants and y` is a solution of

y00C
2

r
y0C

�
k2n.r/�

`.`C 1/

r2

�
y` D 0

for r > 0 such that y`.r/ behaves like j`.kr/ as r ! 0, i.e.,

lim
r!0

r�`y`.r/D

p
�k`

2`C1�.`C 3=2/
:

From [Colton and Kress 1983, pp. 261–264], in particular Theorem 9.9, we can
deduce that k is a (possibly complex) transmission eigenvalue if and only if

d`.k/D det

 
y`.a/ �j`.ka/

y0
`
.a/ �kj 0

`
.ka/

!
D 0: (28)
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Setting m WD 1� n, from [Colton 1979] (see also [Cakoni et al. 2010a]) we
can represent y`.r/ in the form

y`.r/D j`.kr/C

Z r

0

G.r; s; k/j`.ks/ds (29)

where G.r; s; k/ satisfies the Goursat problem

r2

"
@2G

@r2
C

2

r

@G

@r
C k2n.r/G

#
D s2

"
@2G

@s2
C

2

s

@G

@s
C k2G

#
(30)

G.r; r; k/D
k2

2r

Z r

0

�m.�/d�; G.r; s; k/DO
�
.rs/1=2

�
: (31)

It is shown in [Colton 1979] that (30)–(31) can be solved by iteration and the
solution G is an even function of k and an entire function of exponential type
satisfying

G.r; s; k/D
k2

2
p

rs

Z prs

0

�m.�/ d�
�
1CO.k2/

�
: (32)

Hence for fixed r > 0, y` and spherical Bessel functions are entire function of k

of finite type and bounded for k on the positive real axis, and thus d`.k/ also
has this property. Furthermore, by the series expansion of j` [Colton and Kress
1998], we see that d`.k/ is an even function of k and d`.0/D 0. Consequently,
if d`.k/ does not have a countably infinite number of zeros it must be identically
zero. It is easy to show now that d`.k/ is not identically zero for every ` unless
n.r/ is identically equal to 1. Indeed, assume that d`.k/ is identically zero for
every nonnegative integer `. Noticing that j`.kr/Y m

`
. Ox/ is a Herglotz wave

function, it follows from the proof of Theorem 8.16 in [Colton and Kress 1998]
that Z a

0

j`.k�/y`.�/�
2m.�/ d�D 0

for all k where m.r/ WD 1� n.r/. Hence, using the Taylor series expansion of
j`.k�/ and (29) we see thatZ a

0

�2`C2m.�/ d�D 0 (33)

for all nonnegative integers `. By Müntz’s theorem [Davis 1963], we now have
m.r/D 0, i.e., n.r/D 1. Note that from (33) it is easy to see that none of the
integrals (33) can become zero if m.r/� 0 or m.r/� 0 (not identically zero )
which implies that in these cases the transmission eigenvalues form a discrete
set as a countable union of countably many zeros of d`.k/. Nothing can be said
about discreteness of transmission eigenvalues if our only assumption is that
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n.r/ is not identically equal to one. However, if B is a ball in R3, n 2 C 2Œ0; a�

and n.a/¤ 1, transmission eigenvalues form at most discrete set and there exist
infinitely many transmission eigenvalues corresponding to spherically symmetric
eigenfunctions.

Theorem 3.1. Assume that n 2 C 2Œ0; a�, =.n.r// D 0 and either n.a/ ¤ 1 or
n.a/ D 1 and 1

a

R a
0

p
n.�/d�¤ 1. Then there exists an infinite discrete set of

transmission eigenvalues for (24)–(27) with spherically symmetric eigenfunctions.
Furthermore the set of all transmission eigenvalues is discrete.

Proof. To show existence, we restrict ourselves to spherically symmetric solutions
to (24)–(27), and look for solutions of the form.

v.r/D a0j0.kr/ and w.r/D b0

y.r/

r

where

y00C k2n.r/y D 0; y.0/D 0; y0.0/D 1:

Using the Liouville transformation

z.�/ WD Œn.r/�
1
4 y.r/ where �.r/ WD

Z r

0

Œn.�/�
1
2 d�

we arrive at the following initial value problem for z.�/:

z00C Œk2
�p.�/�z D 0; z.0/D 0; z0.0/D

�
n.0/

�� 1
4 ; (34)

where

p.�/ WD
n00.r/

4Œn.r/�2
�

5

16

Œn0.r/�2

Œn.r/�3
:

Now exactly in the same way as in [Colton and Kress 1998; Colton et al. 2007],
by writing (34) as a Volterra integral equation and using the methods of successive
approximations, we obtain the following asymptotic behavior for y:

y.r/D
1

k
�
n.0/ n.r/

�1=4 sin
�

k

Z r

0

�
n.�/

�1=2
d�

�
C O

�
1

k2

�

and

y0.r/D

�
n.r/

n.0/

�1=4

cos
�

k

Z r

0

Œn.�/�1=2 d�

�
C O

�
1

k

�
;
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uniformly on Œ0; a�. Applying the boundary conditions (26), (27) on @B, we see
that a nontrivial solution to (24)–(27) exists if and only if

d0.k/D det

0BBB@
y.a/

a
�j0.ka/

d

dr

�
y.r/

r

�
rDa

�k j 0
0
.ka/

1CCCA D 0: (35)

Since j0.kr/D sin kr=kr , from the above asymptotic behavior of y.r/ we have
that

d0.k/D
1

ka2
ŒA sin.kıa/ cos.ka/�B cos.kıa/ sin.ka/� C O

�
1

k2

�
(36)

where

ı D
1

a

Z a

0

p
n.�/d�; AD

1

Œn.0/n.a/�1=4
; B D

�
n.a/

n.0/

�1=4

:

If n.a/D 1, since ı¤ 1 the first term in (36) is a periodic function if ı is rational
and almost-periodic [Colton et al. 2007] if ı is irrational, and in either case takes
both positive and negative values. This means that for large enough k, d0.k/

has infinitely many real zeros which proves the existence of infinitely many real
transmission eigenvalues. Now if n.a/¤ 1 then A¤ B and the above argument
holds independent of the value of ı.

Concerning the discreteness of transmission eigenvalues, we first observe that
similar asymptotic expression to (36) holds for all the determinants d`.k/ [Colton
and Kress 1998]. Hence the above argument shows that d`.k/¤ 0 and hence
they have countably many zeros, which shows that transmission eigenvalues are
discrete. �

Next we are interested in the inverse spectral problem for the transmission
eigenvalue problem (24)–(27). The question we ask is under what conditions do
transmission eigenvalues uniquely determine n.r/. This question was partially
answered in [McLaughlin and Polyakov 1994; McLaughlin et al. 1994] under
restrictive assumptions on n.r/ and the nature of the spectrum. The inverse spec-
tral problem for the general case is solved in [Cakoni et al. 2010a], provided that
all transmission eigenvalues are given, which we briefly sketch in the following:

Theorem 3.2. Assume that n 2 C 2Œ0;C1/, =.n.r// D 0 and n.r/ > 1 or
n.r/ < 1 for r < a, 0 < n.r/ D 1 for r > a. If n.0/ is given then n.r/ is
uniquely determined from a knowledge of the transmission eigenvalues and their
multiplicity as a zero of d`.k/.
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Proof. We return to the determinant (28) and observe that d`.k/ has the asymp-
totic behavior [Colton and Kress 1998]

d`.k/D
1

a2k Œn.0/�`=2C1=4
sin k

�
a�

Z a

0

Œn.r/�1=2dr

�
CO

�
ln k

k2

�
: (37)

We first compute the coefficient c2`C2 of the term k2`C2 in its Hadamard factor-
ization expression [Davis 1963]. A short computation using (28), (29), and the
order estimate

j`.kr/D

p
�.kr/`

2`C1�.`C 3=2/

�
1CO.k2r2/

�
(38)

shows that

c2`C2

�
2`C1�.`C3=2/
p
�a.`�1/=2

�2

Da

Z a

0

d

dr

�
1

2
p

rs

Z prs

0

�m.�/ d�

�
rDa

s` ds

�`

Z a

0

1

2
p

as

Z pas

0

�m.�/ d� s` dsC
a`

2

Z a

0

�m.�/ d�: (39)

After a rather tedious calculation involving a change of variables and interchange
of orders of integration, the identity (39) remarkably simplifies to

c2`C2 D
�a2

2`C1�.`C 3=2/

Z a

0

�2`C2 m.�/ d�: (40)

We note that j`.r/ is odd if ` is odd and even if ` is even. Hence, since G is an
even function of k, we have that d`.k/ is an even function of k. Furthermore,
since both G and j` are entire function of k of exponential type, so is d`.k/.
From the asymptotic behavior of d`.k/ for k !1, that is, (37), we see that
the rank of d`.k/ is one and hence by Hadamard’s factorization theorem [Davis
1963],

d`.k/D k2`C2ea`kCb`

1Y
nD�1n¤0

�
1�

k

kn`

�
ek=kn` ;

where a`; b` are constants or, since d` is even,

d`.k/D k2`C2c2`C2

1Y
nD1

�
1�

k2

k2
n`

�
; (41)

where c2`C2 is a constant given by (40) and kn` are zeros in the right half-plane
(possibly complex). In particular, kn` are the (possibly complex) transmission
eigenvalues in the right half-plane. Thus, if the transmission eigenvalues are
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known, so is

d`.k/

c2`C2

D k2`C2
1Y

nD1

�
1�

k2

k2
n`

�
;

as well as from (37) a nonzero constant ` independent of k such that

d`.k/

c2`C2

D
`

a2k
sin k

�
a�

Z a

0

Œn.r/�1=2 dr

�
CO

�
ln k

k2

�
;

that is,
1

c2`C2 Œn.0/�
`=2C1=4

D `:

From (40) we now haveZ a

0

�2`C2 m.�/ d�D

�
2`C1�.`C 3=2/

�2
Œn.0/�`=2C1=4 `�a2

:

If n.0/ is given then m.�/ is uniquely determined by Müntz’s theorem [Davis
1963]. �

It was shown in [Aktosun et al. 2011] that in the case when 0 < n.r/ < 1

the eigenvalues corresponding to spherically symmetric eigenfunctions, that is,
the zeros of d0.kr/ (together with their multiplicity) uniquely determine n.r/.
Specifically:

Theorem 3.3 [Aktosun et al. 2011]. Assume that n.r/ 2 C 1.0; a/ such that
n0.r/ 2 L2.0; a/, =.n.r// D 0 and 1

a

R a
0

p
n.�/d� < 1. Then n.r/ is uniquely

determined from a knowledge of kn0 and its multiplicity as a zero of d0.k/.

The argument used in the proof refers back to the classic inverse Sturm–
Liouville problem and it breaks down if n.r/ > 1.

As we have just showed, for a spherically symmetric index of refraction
the real and complex transmission eigenvalues uniquely determine the index of
refraction up to a normalizing constant. From Theorem 3.1 we also know that
real transmission eigenvalues exist. This raises the question as to whether or not
complex transmission eigenvalues can exist. The following simple example in
R2 shows that in general complex transmission eigenvalues can exist [Cakoni
et al. 2010a].

Example of existence of complex transmission eigenvalues. Consider the interior
transmission problem (20) and (21) where D is a disk of radius one in R2 and
constant index of refraction n¤ 1. We will show that if n is sufficiently small
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there exist complex transmission eigenvalues in this particular case. To this end
we note that k is a transmission eigenvalue provided

d0.k/D k
�
J1.k/J0.k

p
n/�
p

nJ0.k/J1.k
p

n/
�
D 0:

Viewing d0 as a function of
p

n we compute

d 00.k/D k
�
kJ1.k/J

0
0.k
p

n/�J0.k/J1.k
p

n/� k
p

nJ0.k/J
0
1.k
p

n/
�

where differentiation is with respect to
p

n. Hence

d 00.k/
ˇ̌
p

nD1
D k

�
kJ1.k/J

0
0.k/�J0.k/J1.k/� kJ0.k/J

0
1.k/

�
:

But J 0
0
.t/D�J1.t/ and d

dt
.tJ1.t//D tJ0.t/ and hence

d 00.k/
ˇ̌
p

nD1
D�k2

�
J 2

1 .k/CJ 2
0 .k/

�
(42)

that is,

f .k/D limp
n!1C

d0.k/
p

n� 1
D�k2

�
J 2

1 .k/CJ 2
0 .k/

�
(43)

Since J1.k/ and J0.k/ do not have any common zeros, f .k/ is strictly negative
for k ¤ 0 real, that is, the only zeros of f .k/, k ¤ 0, are complex. Furthermore,
f .k/ is an even entire function of exponential type that is bounded on the
real axis and hence by Hadamard’s factorization theorem f .k/ has an infinite
number of complex zeros. By Hurwitz’s theorem in analytic function theory
[Colton and Kress 1983, p. 213], we can now conclude that for n close enough
to one d0.k/D 0 has complex roots, thus establishing the existence of complex
transmission eigenvalues for the unit disk and constant n> 1 sufficiently small
(Note that by Montel’s theorem [Colton and Kress 1983, p. 213] the convergence
in (43) is uniform on compact subsets of the complex plane.)

A more comprehensive investigation of the existence of complex transmission
eigenvalues for spherically stratified media in R2 and R3 has been recently
initiated in [Leung and Colton 2012]. Based on tools of analytic function theory,
the authors has shown that infinitely many complex transmission eigenvalues
can exist. We state here their main results and refer the reader to the paper for
the details of proofs.

Theorem 3.4 [Leung and Colton 2012]. Consider the transmission eigenvalue
problem (24)–(27) where B WD

˚
x 2 Rd W jxj< 1

	
, d D 2; 3 and nD n.r/ > 0

is a positive constant. Then:

(i) In R2, if n¤ 1 then there exists an infinite number of complex eigenvalues.
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(ii) In R3, if n is a positive integer not equal to one then all transmission
eigenvalues corresponding to spherically symmetric eigenfunctions are real.
On the other hand if n is a rational positive number n D p=q such that
either q < p < 2q or p < q < 2p then there exists an infinite number of
complex eigenvalues.

Note that complex transmission eigenvalues for n rational satisfying the as-
sumptions of Theorem 3.4(ii) all must lie in a strip parallel to real axis. We
remark that in [Leung and Colton 2012] the authors also show the existence
of infinitely many transmission eigenvalues in R3 for some particular cases of
inhomogeneous spherically stratified media n.r/. The existence of complex
eigenvalues indicates that the transmission eigenvalue problem for spherically
stratified media is nonselfadjoint. In the coming section we show that this is
indeed the case in general.

We end this section by considering the transmission eigenvalue problem for
absorbing media in R3 [Cakoni et al. 2012]. When both the scattering obstacle and
the background medium are absorbing it is still possible to have real transmission
eigenvalues which is easy to see in the case of a spherically stratified medium.
In particular, let B WD fx 2 R3 W jxj< ag and consider the interior transmission
eigenvalue problem

�3wC k2

�
�1.r/C i

1.r/

k

�
w D 0 in B; (44)

�3vC k2
�
�0C i

0

k

�
v D 0 in B; (45)

v D w on @B; (46)
@v

@r
D
@w

@r
on @B; (47)

where �1.r/ and 1.r/ are continuous functions of r in B such that �1.a/D �0

and �0 and 0 are positive constants. We look for a solution of (44)–(47) in the
form

v.r/D c1j0.k Qn0r/ and w.r/D c2

y.r/

r
(48)

where Qn0 WD .�0C i0=k/1=2 (where the branch cut is chosen such that Qn0 has
positive real part), j0 is a spherical Bessel function of order zero, y.r/ is a
solution of

y00C k2
�
�1.r/C i 1.r/

k

�
y D 0; (49)

y.0/D 0; y0.0/D 1 (50)
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for 0< r < a, and c1 and c2 are constants. Then there exist constants c1 and c2,
not both zero, such that (48) will be a nontrivial solution of (44)–(47) provided
that the corresponding d0.k/ given by (35) satisfies d0.k/D 0. We again derive
an asymptotic expansion for y.r/ for large k to show that for appropriate choices
of n0 and 0 there exist an infinite set of positive values of k such that d0.k/D 0

holds.
Following [Erdélyi 1956, pp. 84, 89], we see that (49) has a fundamental set

of solutions y1.r/ and y2.r/ defined for r 2 Œa; b� such that

yj .r/D Yj .r/
h
1CO

�
1

k

�i
(51)

as k!1, uniformly for 0� r � a where

Yj .r/D expŒˇoj kCˇ1j �;

.ˇ0oj /
2
C �1.r/D 0 and 2ˇ0ojˇ1j C i1.r/Cˇ

00
oj D 0: (52)

From (3A) we see that, modulo arbitrary constants,

ˇ0j D˙

Z r

0

p
�1.�/ d� and ˇij D�

1

2

Z r

0

1.�/p
�1.r/

d�C log Œ�1.r/�
�1=4

where j D 1 corresponds to the upper sign and j D 2 corresponds to the lower
sign. Substituting back into (51) and using the initial condition (50) we see that

y.r/D

1

ik Œ�1.0/�1.r/�
1=4

sinh
�
ik

Z r

0

p
�1.�/ d��

1

2

Z r

0

1.�/p
�1.�/

d�

�
CO

�
1

k2

�
(53)

as k!1. Similarly,

j0.k Qn0r/D
1

ik
p
�0r

sinh
�
ik
p
�0r �

1

2

0
p
�0

r

�
CO

�
1

k2

�
(54)

as k!1. Using (53), (54), and the fact that these expressions can be differen-
tiated with respect to r , implies that, as k!1,

d D
1

ika2 Œ�1.0/�0�
1=4

� sinh
�
ik
p
�0a� ik

Z a

0

p
�1.�/ d��

1

2

0a
p
�0

C
1

2

Z a

0

1.�/p
�1.�/

d�

�
CO

�
1

k2

�
(55)

We now want to use (55) to deduce the existence of transmission eigenvalues.
We first note that since j0 is an even function of its argument, j0.k Qn0r/ is an
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entire function of k of order one and finite type. By representing y.r/ in terms
of j0 via a transformation operator (29) it is seen that y.r/ also has this property
and hence so does d . Furthermore, d is bounded as k!1. For k < 0 d has
the asymptotic behavior (55) with 0 replaced by �0 and 1 replaced by �1

and hence d is also bounded as k!�1. By analyticity k is bounded on any
compact subset of the real axis and therefore d.k/ is bounded on the real axis.
Now assume that there are not an infinity number of (complex) zeros of d.k/.
Then by Hadamard’s factorization theorem d.k/ is of the form

d.k/D kmeakCb
nY
`D1

�
1�

k

k`

�
ek=k`

for integers m and n and constants a and b. But this contradicts the asymptotic
behavior of d.k/. Hence d.k/ has an infinite number of (complex) zeros, that is,
there exist an infinite number of transmission eigenvalues.

3B. The existence and discreteness of real transmission eigenvalues, for real
contrast of the same sign in D. We now turn our attention to the transmission
eigenvalue problem (20)–(23). The main assumption in this section is that
=.n/D 0 and that the contrast n� 1 does not change sign and is bounded away
from zero inside D. Under this assumption it is now possible to write (20)–(23)
as an equivalent eigenvalue problem for uD w� v 2H 2

0
.D/ as solution of the

fourth-order equation

.�C k2n/
1

n� 1
.�C k2/uD 0 (56)

which in variational form, after integration by parts, is formulated as finding a
function u 2H 2

0
.D/ such thatZ

D

1

n� 1
.�uC k2u/.�vC k2nv/ dx D 0 for all v 2H 2

0 .D/: (57)

The functions v and w are related to u through

v D�
1

k2.n� 1/
.�uC k2u/ and w D�

1

k2.n� 1/
.�uC k2nu/:

In our discussion we must distinguish between the two cases n> 1 and n< 1.
To fix our ideas, we consider in details only the case where n.x/� 1 � ı > 0

in D. ( A similar analysis can be done for 1� n.x/� ı > 0, see [Cakoni et al.
2010e; Cakoni and Haddar 2009]). Let us define

n� D infD.n/ and n� D supD.n/:
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The following result was first obtained in [Colton et al. 2007] (see also [Cakoni
et al. 2007]) and provides a Faber–Krahn type inequality for the first transmission
eigenvalue.

Theorem 3.5. Assume that 1< n� � n.x/� n� <1. Then

k2
1 >

�1.D/

n�
(58)

where k2
1

is the smallest transmission eigenvalue and �1.D/ is the first Dirichlet
eigenvalue of �� on D.

Proof. Taking v D u in (57) and using Green’s theorem and the zero boundary
value for u we obtain that

0D

Z
D

1

n� 1
.�uC k2u/.�uC k2nu/ dx

D

Z
D

1

n� 1

ˇ̌
.�uC k2nu/

ˇ̌2
dxC k2

Z
D

�
jruj2� k2njuj2

�
dx: (59)

Since n� 1� n�� 1> 0, ifZ
D

�
jruj2� k2njuj2

�
dx � 0; (60)

then �uCk2nuD 0 in D, which together with the fact u 2H 2
0
.D/ implies that

uD 0. Consequently we obtain that w D v D 0, whence k is not a transmission
eigenvalue. But,

inf
u2H 2

0
.D/

.ru;ru/L2.D/

.u;u/L2.D/

D inf
u2H 1

0
.D/

.ru;ru/L2.D/

.u;u/L2.D/

D �1.D/ (61)

where . � ; � /L2.D/ denotes the L2-inner product. Hence we haveZ
D

�
jruj2� k2njuj2

�
dx � kuk2

L2.D/

�
�1.D/� k2n�

�
:

Thus, (60) is satisfied whenever k2 � �1.D/=n
�. Thus, we have shown that any

transmission eigenvalue k (in particular the smallest transmission eigenvalue
k1), satisfies k2 > �1.D/=n

�. �
Remark 3.1. From Theorem 3.5 it follows that if 1< n� � n.x/� n� <1 in
D and k1 is the smallest transmission eigenvalue, then n� > �1.D/=k

2
1

which
provides a lower bound for supD.n/.

To understand the structure of the interior transmission eigenvalue problem
we first observe that, setting k2 WD � , (57) can be written as

Tu� �T1uC �2T2uD 0; (62)
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where T WH 2
0
.D/!H 2

0
.D/ is the bounded, positive definite self-adjoint operator

defined by means of the Riesz representation theorem:

.Tu; v/H 2.D/ D

Z
D

1

n� 1
�u�v dx for all u; v 2H 2

0 .D/

(note that the H 2.D/ norm of a field with zero Cauchy data on @D is equivalent
to the L2.D/ norm of its Laplacian), T1 W H

2
0
.D/! H 2

0
.D/ is the bounded

compact self-adjoint operator defined by means of the Riesz representation
theorem:

.T1u; v/H 2.D/ D�

Z
D

1

n� 1
.�u vCu �v/ dx�

Z
D

�u v dx

D�

Z
D

1

n� 1
.�u vCu �v/ dxC

Z
D

ru � rv dx (63)

for all u; v 2 H 2
0
.D/, and T2 W H 2

0
.D/ ! H 2

0
.D/ is the bounded compact

nonnegative self-adjoint operator defined by mean of the Riesz representation
theorem

.T2u; v/H 2.D/ D

Z
D

n

n� 1
u v dx for all u; v 2H 2

0 .D/

(compactness of T1 and T2 is a consequence of the compact embedding of
H 2

0
.D/ and H 1

0
.D/ in L2.D/). Since T�1 exists we have that (62) becomes

u� �K1uC �2K2uD 0; (64)

where the compact self-adjoint operators

K1 WH
2
0 .D/!H 2

0 .D/ and K2 WH
2
0 .D/!H 2

0 .D/

are given by
K1 D T�1=2T1T�1=2;

K2 D T�1=2T2T�1=2:

(Note that if A is a bounded, positive and self-adjoint operator on a Hilbert
space U , the operator A1=2 is defined by A1=2 D

R1
0 �1=2dE� where dE� is

the spectral measure associated with A). Hence, setting

U WD .u; �K
1=2
2

u/;

the interior transmission eigenvalue problem becomes the eigenvalue problem�
K �

1

�
I
�

U D 0; U 2H 2
0 .D/�H 2

0 .D/
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for the compact nonselfadjoint operator K WH 2
0
.D/�H 2

0
.D/!H 2

0
.D/�H 2

0
.D/

given by

K WD

 
K1 �K

1=2
2

K
1=2
2

0

!
:

Note that although the operators in each term of the matrix are selfadjoint
the matrix operator K is not. This expression for K clearly reveals that the
transmission eigenvalue problem is nonselfadjoint. However, from the discussion
above we obtain a simpler proof of the following result previously proved in
[Colton et al. 1989; Colton and Päivärinta 2000; Rynne and Sleeman 1991] (see
also [Colton and Kress 1998]) using analytic Fredholm theory.

Theorem 3.6. The set of real transmission eigenvalues is at most discrete with
C1 as the only (possible) accumulation point. Furthermore, the multiplicity of
each transmission eigenvalue is finite.

The nonselfadjointness nature of the interior transmission eigenvalue problem
calls for new techniques to prove the existence of transmission eigenvalues. For
this reason the existence of transmission eigenvalues remained an open problem
until it was shown in [Päivärinta and Sylvester 2008] that for large enough index
of refraction n there exits at least one transmission eigenvalue. The existence of
transmission eigenvalues was completely resolved in [Cakoni et al. 2010e], where
the existence of an infinite set of transmission eigenvalues was proven only under
the assumption that n> 1 or 0< n< 1. We present the proof given there. To this
end we return to the variational formulation (57). Using the Riesz representation
theorem we now define the bounded linear operators A� W H

2
0
.D/! H 2

0
.D/

and B WH 2
0
.D/!H 2

0
.D/ by

.A�u; v/H 2.D/ D

Z
D

1

n� 1

�
.�uC �u/.�vC �v/C �2u v

�
dx (65)

and

.Bu; v/H 2.D/ D

Z
D

ru � rv dx: (66)

Obviously, both operators A� and B are self-adjoint. Furthermore, since the
sesquilinear form A� is a coercive sesquilinear form on H 2

0
.D/�H 2

0
.D/, the

operator A� is positive definite and hence invertible. Indeed, since

1

n.x/� 1
>

1

n�� 1
D  > 0
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almost everywhere in D, we have

.A�u; v/H 2.D/ � k�uC �uk2
L2 C �

2
kuk2

L2

� k�uk2
L2 � 2�k�ukL2kukL2 C . C 1/�2

kuk2
L2

D �
�
�kukL2 �



�
k�ukL2.D/

�2
C

�
 �

 2

�

�
k�uk2

L2.D/

C .1C  � �/�2
kuk2

L2

�

�
 �

 2

�

�
k�uk2

L2.D/
C .1C  � �/�2

kuk2
L2 (67)

for some  < � <  C 1. Furthermore, since ru 2H 1
0
.D/2, using the Poincaré

inequality we have that

kruk2
L2.D/

�
1

�1.D/
k�uk2

L2.D/
(68)

where �1.D/ is the first Dirichlet eigenvalue of �� on D. Hence we can
conclude that

.A�u;u/H 2.D/ � C�kuk
2
H 2.D/

for some positive constant C� . We now consider the operator B. By definition B

is a nonnegative operator and furthermore, since H 1
0
.D/ is compactly embedded

in L2.D/ and ru 2H 1
0
.D/, we can conclude that B WH 2

0
.D/!H 2

0
.D/ is a

compact operator. Finally, it is obvious by definition that the mapping � ! A�

is continuous from .0; C1/ to the set of self-adjoint positive definite operators.
In terms of the above operators we can rewrite (57) as

.A�u� �Bu; v/H 2.D/ D 0 for all v 2H 2
0 .D/; (69)

which means that k is a transmission eigenvalue if and only if � WD k2 is such
that the kernel of the operator A�u� �B is not trivial. In order to analyze the
kernel of this operator we consider the auxiliary generalized eigenvalue problems

A�u��.�/BuD 0 u 2H 2
0 .D/: (70)

It is known [Cakoni and Haddar 2009] that for a fixed � there exists an increasing
sequence f�j .�/g

1
jD1

of positive eigenvalues of the generalized eigenvalue prob-
lem (70), such that �j .�/!C1 as j !C1. Furthermore, these eigenvalues
satisfy the min-max principle

�j .�/D min
W �Uj

max
u2W nf0g

.A�u;u/

.Bu;u/
(71)



TRANSMISSION EIGENVALUES IN INVERSE SCATTERING THEORY 551

where Uj denotes the set of all j dimensional subspaces W of H 2
0
.D/ such that

W \ker.B/Df0g, which ensures that �j .�/ depends continuously on � 2 .0; 1/.
In particular, a transmission eigenvalue k > 0 is such that � WD k2 solves

�.�/� � D 0 where �.�/ is an eigenvalue corresponding to (70). Thus, to prove
that transmission eigenvalues exist we use the following theorem:

Theorem 3.7 [Cakoni and Haddar 2009]. Let � 7! A� be a continuous mapping
from �0;1Œ to the set of self-adjoint and positive definite bounded linear operators
on a Hilbert space H 2

0
.D/ and let B be a self-adjoint and non negative compact

bounded linear operator on H 2
0
.D/. We assume that there exists two positive

constants �0 > 0 and �1 > 0 such that

(1) A�0
� �0B is positive on H 2

0
.D/,

(2) A�1
� �1B is non positive on a m-dimensional subspace Wm of H 2

0
.D/.

Then each of the equations �j .�/ D � for j D 1; : : : ; k, has at least one solu-
tion in Œ�0; �1� where �j .�/ is the j -th eigenvalue (counting multiplicity) of the
generalized eigenvalue problem (70).

Now we are ready to prove the existence theorem.

Theorem 3.8. Assume that 1 < n� � n.x/ � n� <1. There exists an infinite
set of real transmission eigenvalues withC1 as the only accumulation point.

Proof. First we recall that from Theorem 3.5 we have that as long as 0< �0 �

�1.D/=n� the operator A�0
u��0B is positive on H 2

0
.D/, whence the assumption

1. of Theorem 3.7 is satisfied for such �0. Next let k1;n� be the first transmission

eigenvalue for the ball B1 of radius one, that is, B1 WD

n
x 2 Rd W jxj< 1

o
,

d D 2; 3, and constant index of refraction n� (i.e., corresponding to (24)–(27)
for B WD B1 and n.r/ WD n�). This transmission eigenvalue is the first zero of

W .k/D det

 
j0.k/ j0.k

p
n�/

�j 0
0
.k/ �

p
n�j
0
0
.k
p

n�/

!
D 0 in R3 (72)

where j0 is the spherical Bessel function of order zero, or

W .k/D det

 
J0.k/ J0.k

p
n�/

�J 0
0
.k/ �

p
n�J

0
0
.k
p

n�/

!
D 0 in R2 (73)

where J0 is the Bessel function of order zero (if the first zero of the above
determinant is not the first transmission eigenvalue, the latter will be a zero of a
similar determinant corresponding to higher-order Bessel functions or spherical
Bessel functions). By a scaling argument, it is obvious that k�;n� WD k1;n�=�

is the first transmission eigenvalue corresponding to the ball of radius � > 0

with index of refraction n�. Now take � > 0 small enough such that D contains
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m WD m.�/ � 1 disjoint balls B1
� ;B

2
� ; : : : ;B

m
� of radius �, that is, B

j
� � D,

j D 1; : : : ;m, and B
j
� \Bi

� D ∅ for j ¤ i . Then k�;n� WD k1;n�=� is the first
transmission eigenvalue for each of these balls with index of refraction n� and
let uB

j
� ;n� 2H 2

0
.B

j
� /, j D 1; : : : ;m be the corresponding eigenfunctions. We

have uB
j
� ;n� 2H 2

0
.B

j
� / andZ

B
j
�

1

n�� 1
.�uB

j
� ;n�Ck2

�;n�
uB

j
� ;n�/.�uB

j
� ;n�Ck2

�;n�
n�u

B
j
� ;n�/ dxD0: (74)

The extension by zero Quj of uB
j
� ;n� to the whole D is obviously in H 2

0
.D/ due to

the boundary conditions on @Bj
�;n� . Furthermore, the vectors f Qu1; Qu2; : : : ; Qumg

are linearly independent and orthogonal in H 2
0
.D/ since they have disjoint

supports and from (74) we have that, for j D 1; : : : ;m,

0D

Z
D

1

n��1
.� Quj

Ck2
�;n�
Quj /.� Qu

j
Ck2

�;n�
n� Qu

j
/ dx

D

Z
D

1

n��1
j� Quj

Ck2
�;n�
Quj
j
2 dxCk4

�;n�

Z
D

j Quj
j
2 dx�k2

�;n�

Z
D

jr Quj
j
2 dx:

(75)

Let Wm be the m-dimensional subspace of H 2
0
.D/ spanned by f Qu1; Qu2; : : : ; Qumg.

Since each Quj , j D 1; : : : ;m satisfies (75) and they have disjoint supports, we
have that for �1 WD k2

�;n�
and for every Qu 2U

.A�1
Qu� �1B Qu; Qu/H 2

0
.D/

D

Z
D

1

n� 1
j� QuC �1 Quj

2 dxC �2
1

Z
D

j Quj2 dx� �1

Z
D

jr Quj2 dx

�

Z
D

1

n�� 1
j� QuC �1 Quj

2 dxC �2
1

Z
D

j Quj2 dx� �1

Z
D

jr Quj2 dx D 0: (76)

Thus assumption (2) of Theorem 3.7 is also satisfied, so we can conclude that
there are m.�/ transmission eigenvalues (counting multiplicity) inside Œ�0; k�;n� �.
Note that m.�/ and k�;n� both go to C1 as �! 0. Since the multiplicity of
each eigenvalue is finite we have shown, by letting �! 0, that there exists a
countably infinite set of transmission eigenvalues that accumulate at1. �

In a similar way it is possible to prove the following theorem.

Theorem 3.9 [Cakoni et al. 2010e]. Assume that 0 < n� � n.x/ � n� < 1.
There exists an infinite set of real transmission eigenvalues withC1 as the only
accumulation point.

The proof of the existence of transmission eigenvalues given above provides
a framework to obtain lower and upper bounds for the first transmission eigen-
value. To this end denote by k1.n;D/ > 0 the first real transmission eigenvalue
corresponding to n and D. From the proof of Theorem 3.8 it is easy to see the
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following monotonicity results for the first transmission eigenvalue (see [Cakoni
et al. 2010e] for the details of the proof).

Theorem 3.10. Let n� D infD.n/ and n� D supD.n/, and B1 and B2 be two
balls such that B1 �D and D � B2.

(i) If the index of refraction n.x/ satisfies 1< n� � n.x/� n� <1, then

0< k1.n
�;B2/� k1.n

�;D/� k1.n.x/;D/� k1.n�;D/� k1.n�;B1/: (77)

(ii) If the index of refraction n.x/ satisfies 0< n� � n.x/� n� < 1, then

0< k1.n�;B2/� k1.n�;D/� k1.n.x/;D/� k1.n
�;D/� k1.n

�;B1/: (78)

We remark that from the proof of Theorem 3.10 it is easy to see that for a
fixed D the monotonicity result

kj .n
�;D/� kj .n.x/;D/� kj .n�;D/

holds for all transmission eigenvalues kj such that � WD k2
j is solution of any

of �j .�/� � D 0. Theorem 3.10 shows in particular that for constant index of
refraction the first transmission eigenvalue k1.n;D/ as a function of n for D

fixed is monotonically increasing if n > 1 and is monotonically decreasing if
0 < n < 1. In fact in [Cakoni et al. 2010a] it is shown that this monotonicity
is strict which leads to the following uniqueness result of the constant index of
refraction in terms of the first transmission eigenvalue.

Theorem 3.11. The constant index of refraction n is uniquely determined from a
knowledge of the corresponding smallest transmission eigenvalue k1.n;D/ > 0

provided that it is known a priori that either n> 1 or 0< n< 1.

Proof. Here, we show the proof for the case of n> 1 (see [Cakoni et al. 2010a]
for the case of 0< n< 1). Assume two homogeneous media with constant index
of refraction n1 and n2 such that 1 < n1 < n2, and let u1 WD w1 � v1, where
w1; v1 is the nonzero solution of (20)–(23) with n.x/ WD n1 corresponding to
the first transmission eigenvalue k1.n1;D/. Now, setting �1 D k1.n1;D/ and
after normalizing u1 such that ru1 D 1, we have

1

n1�1
k�u1C �1u1k

2
L2.D/

C �2
1ku1k

2
L2.D/

D �1 D �.�1; n1/

Furthermore, we have

1

n2�1
k�uC �uk2

L2.D/
C �2
kuk2

L2.D/
<

1

n1�1
k�uC �uk2D C �

2
kuk2

L2.D/
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for all u 2H 2
0
.D/ such that krukD D 1 and all � > 0. In particular, for uD u1

and � D �1,

1

n2�1
k�u1C �1u1k

2
L2.D/

C �2
1ku1k

2
L2.D/

<
1

n1�1
k�u1C �1u1k

2
L2.D/

C �2
1ku1k

2
L2.D/

D �.�1; n1/:

But

�.�1; n2/�
1

n2�1
k�u1C �1u1k

2
L2.D/

C �2
1ku1k

2
L2.D/

< �.�1; n1/

and hence for this �1 we have a strict inequality, that is,

�.�1; n2/ < �.�1; n1/: (79)

Obviously (79) implies the first zero �2 of �.�; n2/� � D 0 is such that �2 < �1

and therefore we have that k1.n2;D/ < k1.n1;D/ for the first transmission
eigenvalues k1.n1;D/ and k1.n2;D/ corresponding to n1 and n2, respectively.
Hence we have shown that if n1>1 and n2>1 are such n1¤n2 then k1.n1;D/¤

k1.n2;D/, which proves uniqueness. �

3C. The case of inhomogeneous media with cavities. Motivated by a recent
application of transmission eigenvalues to detect cavities inside dielectric mate-
rials [Cakoni et al. 2008], we now discuss briefly the structure of transmission
eigenvalues for the case of a nonabsorbing inhomogeneous medium with cavities,
that is, inhomogeneous medium D with regions D0 � D where the index of
refraction is the same as the background medium. The interior transmission
problem for inhomogeneous medium with cavities is investigated in [Cakoni
et al. 2010b; 2010e; Cossonnière and Haddar 2011], and is also the first attempt
to relax the aforementioned assumptions on the contrast. More precisely, inside
D we consider a region D0 � D which can possibly be multiply connected
such that Rd nD0, d D 2; 3 is connected and assume that its boundary @D0 is
piece-wise smooth. Here � denotes the unit outward normal to @D and @D0.
Now we consider the interior transmission eigenvalue problem (20)–(23) with
n 2 L1.D/ a real valued function such that n � c > 0, n D 1 in D0 and
n� 1 � Qc > 0 or 1� n � Qc > 0 almost everywhere in D nD0. In particular,
1=jn�1j 2L1.DnD0/. Following the analytic framework developed in [Cakoni
et al. 2010b], we introduce the Hilbert space

V0.D;D0; k/ WD fu 2H 2
0 .D/ such that �uC k2uD 0in D0g

equipped with the H 2.D/ scalar product and look for the solution v and w both
in L2.D/ such that u D w � v in V0.D;D0; k/. It is shown in [Cakoni et al.
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2010b] that (20)–(23), with n satisfying the above assumptions, can be written
in the variational formZ

DnD0

1

n� 1
.�Ck2/u .�Ck2/ N dxCk2

Z
DnD0

.�uCk2u/ N dxD 0 (80)

for all  2 V0.D;D0; k/. Next let us define the following bounded sesquilinear
forms on V0.D;D0; k/�V0.D;D0; k/:

A.u;  /D˙

Z
DnD0

1

n� 1
.�u� N Cru � r N Cu N / dx

C

Z
D0

.ru � r N Cu N / dx (81)

and

Bk.u;  /D˙k2

Z
DnD0

1

n� 1
.u.� N C k2 N /C .�uC k2nu/ N /dx

�

Z
DnD0

1

n� 1
.ru � r N Cu N / dx�

Z
D0

.ru � r N Cu N / dx; (82)

where the upper sign corresponds to the case when n� 1� Qc > 0 and the lower
sign corresponds to the case when 1� n� Qc > 0 almost everywhere in D nD0.
Hence k is a transmission eigenvalue if and only if the homogeneous problem

A.u0;  /CBk.u0;  /D 0 for all  2 V0.D;D0; k/ (83)

has a nonzero solution. Let Ak W V0.D;D0; k/! V0.D;D0; k/ and Bk be the
self-adjoint operators associated with A and Bk , respectively, by using the Riesz
representation theorem. In [Cakoni et al. 2010b] it is shown that the operator
Ak W V0.D;D0; k/! V0.D;D0; k/ is positive definite, that is,

A�1
k W V0.D;D0; k/! V0.D;D0; k/

exists, and the operator Bk W V0.D;D0; k/! V0.D;D0; k/ is compact. Hence
we can define the operator A

�1=2

k
which is also bounded, positive definite and

self-adjoint. Thus (83) is equivalent to finding u 2 V0.D;D0; k/ such that

uCA
�1=2

k
BkA

�1=2

k
uD 0: (84)

In particular, it is obvious that k is a transmission eigenvalue if and only if the
operator

Ik CA
�1=2

k
BkA

�1=2

k
W V0.D;D0; k/! V0.D;D0; k/ (85)
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has a nontrivial kernel where Ik is the identity operator on V0.D;D0; k/. To
avoid dealing with function spaces depending on k we introduce the orthog-
onal projection operator Pk from H 2

0
.D/ onto V0.D;D0; k/ and the corre-

sponding injection Rk W V0.D;D0; k/! H 2
0
.D/. Then one easily sees that

Ik CA
�1=2

k
BkA

�1=2

k
is injective on V0.D;D0; k/ if and only if

I CRkA
�1=2

k
BkA

�1=2

k
Pk WH

2
0 .D/!H 2

0 .D/ (86)

is injective. Furthermore, as discussed in [Cakoni et al. 2010b],

Tk WDRkA
�1=2

k
BkA

�1=2

k
Pk WH

2
0 .D/!H 2

0 .D/

is a compact operator and the mapping k!RkA
�1=2

k
BkA

�1=2

k
Pk is continuous.

Therefore, from the max-min principle for the eigenvalues �.k/ of the compact
and self-adjoint operator RkA

�1=2

k
BkA

�1=2

k
Pk we can conclude that �.k/ is a

continuous function of k. Finally, it is clear that the multiplicity of a transmission
eigenvalue is finite since it corresponds to the multiplicity of the eigenvalue
�.k/ D �1. Now the problem is brought into the right framework, similar to
the one in Section 3B, to prove the discreteness and existence of transmission
eigenvalues. Using the analytic Fredholm theory [Colton and Kress 1998], it is
proven in [Cakoni et al. 2010b] that real transmission eigenvalues form at most
a discrete set with C1 as the only possible accumulation point. Concerning
the existence of transmission eigenvalues, it is now possible to apply a similar
procedure as in Section 3B. In particular, we can use a slightly modified version
of Theorem 3.7 (see also Theorem 4.7) to show that each equation �j .k/C1D 0

has at least one solution, which are transmission eigenvalues, where f�j .k/g
1
jD0

is the increasing sequence of eigenvalues of the auxiliary eigenvalue problem

.I ��.k/RkA
�1=2

k
BkA

�1=2

k
Pk/uD 0:

In the next theorem, we set n� WD infDnD0
.n/, n� WD supDnD0

.n/ and recall
that �1.D/ denotes the first Dirichlet eigenvalue for �� on D.

Theorem 3.12 [Cakoni et al. 2010b; 2010e]. Let n 2L1.D/, nD 1 in D0 and
assume that n satisfies either 1<n��n.x/�n�<1 or 0<n��n.x/�n�< 1

on D nD0. Then the set of real transmission eigenvalues is discrete with no finite
accumulation points, and there exist infinitely many transmission eigenvalues
accumulating atC1.

As byproduct of the proof of Theorem 3.12 it is possible to show the following
monotonicity result for the first transmission eigenvalue. For a fixed D, denote
by k1.D0; n/ the first transmission eigenvalue corresponding to the void D0 and
the index of refraction n.
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Theorem 3.13 [Cossonnière and Haddar 2011, Theorem 2.10]. If D0 �
QD0 and

n.x/� Qn.x/ for almost every x 2D then

(i) k1.D0; Qn/� k1. QD0; n/ if n� 1� ˛ > 0 and Qn� 1� Q̨ > 0

(ii) k1.D0; n/� k1. QD0; Qn/ if 1� n� ˇ > 0 and 1� Qn� Q̌ > 0.

These results are useful in nondestructive testing to detect voids inside inho-
mogeneous nonabsorbing media using transmission eigenvalues [Cakoni et al.
2008].

We end this section by remarking that the study of transmission eigenvalue
problem in the general case of absorbing media and background has been initiated
in [Cakoni et al. 2012] where it was proven that the set of transmission eigenvalues
on the open right complex half-plane is at most discrete provided that the contrast
in the real part of the index of refraction does not change sign in D. Furthermore
using perturbation theory it is possible to show that if the absorption in the
inhomogeneous medium and (possibly) in the background is small enough then
there exist a finite number of complex transmission eigenvalues each near a
real transmission eigenvalue associated with the corresponding nonabsorbing
medium and background.

3D. Discussion.
The case of the contrast changing sign inside D. The crucial assumption in the
above analysis is that the contrast does not change sign inside D, i.e., n� 1 is
either positive or negative and bounded away from zero in D. Although using
weighted Sobolev spaces it is possible to consider the case when n� 1 goes
smoothly to zero at the boundary @D [Colton et al. 1989; Hickmann 2012; Serov
and Sylvester 2012], the real interest is in investigating the case when n� 1 is
allowed to change sign inside D. The question of discreteness of transmission
eigenvalues in the latter case has been related to the uniqueness of the sound speed
for the wave equation with arbitrary source, which is a question that arises in
thermoacoustic imagining (Finch, personal communication). In the general case
n� c > 0 with no assumptions on the sign of n�1, the study of the transmission
eigenvalue problem is completely open. However, recently in [Sylvester 2012]
progress has been made in the study of discreteness of transmission eigenvalues
under more relaxed assumptions on the contrast n� 1, namely requiring that
n� 1 or 1� n is positive only in a neighborhood of @D. More specifically:

Theorem 3.14 [Sylvester 2012]. Suppose that there are real numbers

m� �m� > 0

and a unit complex number ei� in the open right half-plane such that the following
conditions are satisfied:
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(1) <.ei� .n.x/�1// >m� in some neighborhood of @D or that n.x/ is real on
all of D, and satisfies n.x/� 1� �m� in some neighborhood of D.

(2) jn.x/� 1j<m� in all of D.

(3) <.n.x//� ı > 0 in all of D.

Then the spectrum of (20)–(23) (i.e., the set of transmission eigenvalues) con-
sists of a (possibly empty) discrete set of eigenvalues with finite dimensional
generalized eigenspaces. Eigenspaces corresponding to different eigenvalues are
linearly independent. The eigenvalues and the generalized eigenspaces depend
continuously on n in the L1.D/ topology.

Sylvester uses the concept of upper triangular compact operator to prove the
Fredholm property of the transmission eigenvalue problem and employes careful
estimates to control solutions to the Helmholtz equation inside D by its values
in a neighborhood of the boundary in order to show that the resolvent is not
empty. The Fredholm property of the transmission eigenvalue problem can also
be proven using an integral equation approach [Cossonnière 2011]. In Section 4B
we present the proof of similar discreteness results for the transmission eigenvalue
problems with A¤ I based on a T -coercivity approach.

The location of transmission eigenvalues. Results concerning complex transmis-
sion eigenvalues for the problem (20)–(23) are limited to indicating eigenvalue
free zones in the complex plane. A first attempt to localize transmission eigen-
values on the complex plane in done in [Cakoni et al. 2010a]. However to our
knowledge the best result on location of transmission eigenvalues is given in
[Hitrik et al. 2011a] where it is shown that almost all transmission eigenvalues
k2 are confined to a parabolic neighborhood of the positive real axis. More
specifically:

Theorem 3.15 ([Hitrik et al. 2011a]). Assume that D has C1 boundary, n 2

C1.D/ and 1< ˛ � n� ˇ. Then there exists a 0< ı < 1 and C > 1 both inde-
pendent of n (but depending on ˛ and ˇ) such that all transmission eigenvalues
� WD k2 2 C with j� j> C satisfies <.�/ > 0 and =.�/� C j� j1�ı.

We do not include the proof (see the original paper) since it employs an
approach quite different from the analytical framework developed in this article.
Note that although the transmission eigenvalue problem (20)–(23) has the struc-
ture of quadratic pencils of operators (62), it appears that available results on
quadratic pencils [Markus 1988] are not applicable to the transmission eigenvalue
problem due to the incorrect signs of the involved operators. We also remark that
some rough estimates on complex eigenvalues for the general case of absorbing
media and background are obtained in [Cakoni et al. 2012].
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We close the first part of this expose on the transmission eigenvalue problem
by noting that in [Hitrik et al. 2010] the discreteness and existence of transmission
eigenvalue are investigated for the case of (20)–(23) where the Laplace operator
is replaced by a higher-order differential operator with constant coefficient of
even order. Such a framework is applicable to the Dirac system and the plate
equation.

4. The transmission eigenvalue problem for anisotropic media

We continue our discussion of the interior transmission problem by considering
in this section the case where A¤ I . We recall that the transmission eigenvalue
problem now has the form

r �A.x/rwC k2nw D 0 in D; (87)

�vC k2v D 0 in D; (88)

w D v on @D; (89)
@w

@�A
D
@v

@�
on @D; (90)

where we assume that

A� WD inf
x2D

inf
�2R3

j�jD1

.� �A.x/�/ > 0; A� WD sup
x2D

sup
�2R3

j�jD1

.� �A.x/�/ <1;

n� WD infx2D n.x/ > 0; n� WD supx2D n.x/ <1:

(91)

The analysis of transmission eigenvalues for this configuration uses different
approaches depending on whether nD 1 or n¤ 1. In particular, the case where
n.x/� 1, can be brought into a similar form to the problem discuss in Section 3B
but for vector fields. Hence we first proceed with this case.

4A. The case n D 1. When nD 1 after making an appropriate change of un-
known functions, we can write (87)–(90) in a similar form as in the case of
AD I presented in Section 3B (we follow the approach developed in [Cakoni
et al. 2009]). Letting N WDA�1, in terms of new vector valued functions

wDArw; and v Drv;

the problem above can be written as

r.r �w/C k2N wD 0 in D; (92)

r.r � v/C k2v D 0 in D; (93)

� �wD � � v on @D; (94)

r �wDr � v on @D: (95)
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Equations (92) and (93) are respectively obtained after taking the gradient of (87)
and (88). The problem (92)–(95) has a similar structure to that of (20)–(23) in the
sense that the main operators appearing in (92)–(93) are the same. We therefore
can analyze this problem by reformulating it as an eigenvalue problem for the
fourth-order partial differential equation assuming that .N � I/�1 2 L1.D/,
which is equivalent to assuming that .I � A/�1 2 L1.D/ (given the initial
hypothesis made on A and since N � I DA�1.I �A/).

A suitable function space setting is based on

H.div ;D/ W D
˚
u 2 .L2.D//d W r �u 2L2.D/

	
; d D 2; 3;

H0.div ;D/ W D
˚
u 2H.div ;D/ W � �uD 0 on @D

	
;

and

H.D/ W D
˚
u 2H.div ;D/ W r �u 2H 1.D/

	
;

H0.D/ W D
˚
u 2H0.div ;D/ W r �u 2H 1

0 .D/
	
;

equipped with the scalar product .u; v/H.D/ WD .u; v/L2.D/C.r �u;r �v/H 1.D/

and corresponding norm k � kH.
A solution w; v of the interior transmission eigenvalue problem (92)–(95)

is defined as u 2 .L2.D//d and v 2 .L2.D//d satisfying (92)–(93) in the
distributional sense and such that w� v 2 H0.D/. We therefore consider the
following definition.

Definition 4.1. Transmission eigenvalues corresponding to (92)–(95) are the
values of k>0 for which there exist nonzero solutions w2L2.D/ and v2L2.D/

such that w� v is in H0.D/.

Setting u WDw� v, we first observe that u 2H0.D/ and

.rr �Ck2N /.N � I/�1.rr �uC k2u/D 0 in D: (96)

The latter can be written in the variational formZ
D

.N � I/�1.rr �uC k2u/ � .rr � vC k2N v/ dx D 0

for all v 2H0.D/: (97)

Consequently, k > 0 is a transmission eigenvalue if and only if there exists a
nontrivial solution u 2 H0.D/ of (97). We now sketch the main steps of the
proof of discreteness and existence of real transmission eigenvalues highlighting
the new aspects of (97). To this end we see that (97) can be written as an operator
equation

A�u� �BuD 0 and QA�u� �BuD 0 for u 2H0.D/: (98)
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Here the bounded linear operators A� WH0.D/!H0.D/, QA� WH0.D/!H0.D/

and B WH0.D/!H0.D/ are the operators defined using the Riesz representation
theorem for the sesquilinear forms A� , QA and B defined by

A� .u; v/ WD
�
.N �I/�1 .rr�uC�u/ ; .rr�vC�v/

�
D
C�2.u; v/D ; (99)

QA� .u; v/ WD
�
N.I�N /�1.rr�uC�u/; .rr�vC�v/

�
D

C.rr�u;rr�v/D ; (100)

B.u; v/ WD .r�u;r�v/D ; (101)

where . � ; � /D denotes the L2.D/-inner product. Then one can prove (see also
(67)):

Lemma 4.1 ([Cakoni et al. 2009]). The operators A� WH0.D/!H0.D/, QA� W
H0.D/!H0.D/, � > 0 and B WH0.D/!H0.D/ are self-adjoint. Furthermore,
B is a positive compact operator.

If .I �A/�1A is a bounded positive definite matrix function on D, then A� is
a positive definite operator and

.A�u� �Bu;u/H0.D/
� ˛kuk2H0.D/

> 0

for all 0< � < �1.D/A� and u 2H0.D/.
If .A� I/�1 is a bounded positive definite matrix function on D, then QA� is a

positive definite operator and�
QA�u� �Bu;u

�
H0.D/

� ˛kuk2H0.D/
> 0

for all 0< � < �1.D/ and u 2H0.D/. �

Note that the kernel of B WH0.D/!H0.D/ is given by

Kernel.B/D fu 2H0.D/ such that u WD curl'; ' 2H.curl; D/g :

To carry over the approach of Section 3B to our eigenvalue problem (98), we
also need to consider the corresponding transmission eigenvalue problems for a
ball with constant index of refraction. To this end, we recall that it can be shown
by separation of variables [Cakoni and Kirsch 2010], that

a0�wC k2w D 0 in B; (102)

�vC k2v D 0 in B; (103)

w D v on @B; (104)

a0

@w

@�
D
@v

@�
on @BR; (105)
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has a countable discrete set of eigenvalues, where B WD BR � Rd is the ball
of radius R centered at the origin and a0 > 0 a constant different from one.
We now have all the ingredients to proceed with the approach of Section 3B.
Following exactly the lines of the proof of Theorem 3.8 it is now possible to
show the existence of infinitely many transmission eigenvalues accumulating
at infinity. The discreteness of real transmission eigenvalue can be obtained
by using the analytic Fredholm theory as was done in [Cakoni et al. 2009] or
alternatively following the proof of Theorem 3.6. As a byproduct of the proof
we can also obtain estimates for the first transmission eigenvalue corresponding
to the anisotropic medium. Let us denote by k1.A�;B/ and k1.A

�;B/ the first
transmission eigenvalue of (102)–(105) with index of refraction a0 WDA� and
a0 WD 1=A�, respectively. Then the following theorem holds.

Theorem 4.1. Assume that either A� < 1 or A� > 1. Then problem (92)–(95)
has an infinite countable set of real transmission eigenvalues with C1 as the
only accumulation point. Furthermore, let k1.A.x/;D/ be the first transmission
eigenvalue for (92)–(95) and B1 and B2 be two balls such that B1 � D and
D � B2, Then

0<k1.A
�;B2/�k1.A

�;D/�k1.A.x/;D/�k1.A�;D/�k1.A�;B1/ if A�<1;

0<k1.A�;B2/�k1.A�;D/�k1.A.x/;D/�k1.A
�;D/�k1.A

�;B1/ if A�>1:

Note that A� is the infimum of the lowest eigenvalue of the matrix A and A�

is the largest eigenvalue of the matrix A. We end this section by noting that we
also have the following Faber–Krahn inequality similar to Theorem 3.5:

k2
1 .A.x/;D/� �1.D/A� if A� < 1;

k2
1 .A.x/;D/� �1.D/ if A� > 1;

where again �1.D/ is the first Dirichlet eigenvalue of �� in D.

4B. The case n ¤ 1. The case n¤ 1 is treated in a different way from the two
previous cases for n D 1 since now it is not possible to obtain a fourth-order
formulation. In particular in this case, as will be seen soon, the natural variational
framework for (87)–(90) is H 1.D/ �H 1.D/. Here, we define transmission
eigenvalues as follows:

Definition 4.2. Transmission eigenvalues corresponding to (87)–(90) are the
values of k 2 C for which there exist nonzero solutions w 2 H 1.D/ and v 2
H 1.D/, where the equations (87) and (88) are satisfied in the distributional sense
whereas the boundary conditions (89) and (90) are satisfied in the sense of traces
in H 1=2.@D/ and H�1=2.@D/, respectively.
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This case has been subject of several investigations [Bonnet-BenDhia et al.
2011; Cakoni et al. 2002; Cakoni and Kirsch 2010]. Here we present the latest
results on existence and discreteness of transmission eigenvalues. In particular,
the existence of real transmission eigenvalues is shown only in the cases where the
contrasts A�I and n�1 do not change sign in D (see Section 4B), whereas the
discreteness of the set of transmission eigenvalues is shown under less restrictive
conditions on the sign of the contrasts using a relatively simple approach known
as T-coercivity. The latter is the subject of the discussion in the next section
which follows [Bonnet-BenDhia et al. 2011].

Discreteness of transmission eigenvalues. The goal of this section is to prove
discreteness of transmission eigenvalues under sign assumptions on the contrasts
that hold only in the neighborhood V of the boundary @D (a result of this type
is also mentioned in Section 3D for the case of A D I ). To this end we use
the T-coercivity approach introduced in [Bonnet-Ben Dhia et al. 2010] and
[Chesnel 2012]. Following [Bonnet-BenDhia et al. 2011], we first observe that
.w; v/ 2 H 1.D/ � H 1.D/ satisfies (87)–(88) if and only if .w; v/ 2 X.D/

satisfies the (natural) variational problem

ak..w; v/; .w
0; v0//D 0 for all .w0; v0/ 2X.D/; (106)

where

ak..w; v/; .w
0; v0// WD .Arw;rw0/D�.rv;rv

0/D�k2
�
.nw;w0/D�.v; v

0/D
�

for all .w; v/ and .w; v/ in X.D/ and

X.D/ WD
˚
.w; v/ 2H 1.D/�H 1.D/ jw� v 2H 1

0 .D/
	
:

With the help of the Riesz representation theorem, we define the operator Ak

from X.D/ to X.D/ such that

.Ak.w; v/; .w
0; v0//H 1.D/�H 1.D/ D ak..w; v/; .w

0; v0//

for all ..w; v/; .w0; v0//2X.D/�X.D/. It is clear that Ak depends analytically
on k 2C. Moreover from the compact embedding of X.D/ into L2.D/�L2.D/

one easily observes that

Ak �Ak0 WX.D/!X.D/

is compact for all k, k 0 in C. In order to prove discreteness of the set of
transmission eigenvalues, one only needs to prove the invertibility of Ak for one
k in C. For the latter, it would have been sufficient to prove that ak is coercive
for some k in C. Unfortunately this cannot be true in general, but we can show
that ak is T-coercive which turns out to be sufficient for our purpose. The idea
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behind the T-coercivity method is to consider an equivalent formulation of (106)
where ak is replaced by aT

k
defined by

aT
k ..w; v/; .w

0; v0// WD ak..w; v/;T .w
0; v0// (107)

for all .w; v/; .w0; v0/ 2X.D/, with T being an ad hoc isomorphism of X.D/.
Indeed, .w; v/ 2X.D/ satisfies

ak..w; v/; .w
0; v0//D 0 for all .w0; v0/ 2X.D/

if and only if it satisfies aT
k
..w; v/; .w0; v0//D 0 for all .w0; v0/2X.D/. Assume

that T and k are chosen so that aT
k

is coercive. Then using the Lax–Milgram
theorem and the fact that T is an isomorphism of X.D/, one deduces that Ak is
an isomorphism on X.D/. We shall apply this technique to prove the following
lemma where here and in the sequel V.@D/ denotes a neighborhood of the
boundary @D inside D. To this end, we set

A? WD inf
x2V.@D/

inf
�2R3

j�jD1

.� �A.x/�/ > 0; A? WD sup
x2V.@D/

sup
�2R3

j�jD1

.� �A.x/�/ <1;

n? WD infV.@D/ n.x/ > 0; n? WD supV.@D/ n.x/ <1:

(108)

The difference between the �-constants in (91) and ?-constants in (108) is that,
in the first set of constants, the infimum and supremum are taken over the entire
D, whereas in the second they are taken only over the neighborhood V of @D.

Lemma 4.2. Assume that either A.x/ � A?I < I and n.x/ � n? < 1, or
A.x/�A?I > I and n.x/� n? > 1 almost everywhere on V.@D/. Then there
exists k D i�, with � 2R, such that the operator Ak is an isomorphism on X.D/.

Proof. We consider first the case when A.x/ � A?I < I and n.x/ � n? < 1

almost everywhere on V.@D/. Introduce �2C1.D/ a cut off function equal to 1

in a neighborhood of @D, with support in V.@D/\D and such that 0���1, and
consider the isomorphism (T 2DI ) of X.D/ defined by T .w; v/D .w�2�v;�v/.
We will prove that aT

i� defined in (107) is coercive for some � 2 R. For all
.w; v/ 2X.D/ one has

jaT
i�..w; v/; .w; v//jD

ˇ̌
.Arw;rw/DC.rv;rv/D�2.Arw;r.�v//D

C �2
�
.nw;w/D C .v; v/D � 2.nw;�v/D

�ˇ̌
: (109)
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Using Young’s inequality, one can write, for all ˛ > 0, ˇ > 0, � > 0,

2 j.Arw;r.�v//D j

� 2 j.�Arw;rv/VjC 2 j.Arw;r.�/v/Vj

� �.Arw;rw/VC �
�1.Arv;rv/V

C˛.Arw;rw/VC˛
�1.Ar.�/v;r.�/v/V;

2 j.nw;�v/D j � ˇ.nw;w/VCˇ
�1.nv; v/V;

(110)

where again . � ; � /O for a generic bounded region O� Rd , d D 2; 3, denotes the
L2.O/-inner product. Substituting (110) into (109), one obtainsˇ̌̌
aT

i�..w; v/; .w; v//
ˇ̌̌

� .Arw;rw/DnVC .rv;rv/DnVC �
2
�
.nw;w/DnVC .v; v/DnV

�
C
�
.1� ��˛/Arw;rw

�
V
C
�
.I � ��1A/rv;rv

�
V

C �2
�
.1�ˇ/nw;w

�
V
C
�
.�2.1�ˇ�1n/� supV jr�j

2 A�˛�1/v; v
�

V
:

Taking �, ˛ and ˇ such that A? < � < 1, n? < ˇ < 1 and 0 < ˛ < 1� �, we
obtain the coercivity of aT

i� for � large enough. This gives the desired result for
the first case.

The case A.x/�A?I > I and n.x/� n? > 1 almost everywhere on V.@D/

can be treated in a similar way by using T .w; v/ WD .w;�vC 2�w/. �

We therefore we have the following theorem.

Theorem 4.2. Assume that either A.x/ � A?I < I and n.x/ � n? < 1, or
A.x/�A?I > I and n.x/� n? > 1 almost everywhere on V.@D/. Then the set
of transmission eigenvalues is discrete in C.

As another direct consequence of Lemma 4.2 and the compact embedding of
X.D/ into L2.D/�L2.D/, we remark that the operator Ak WX.D/!X.D/ is
Fredholm for all k 2C provided that only A.x/�A?I < I or A.x/�A?I > I

almost everywhere in V.@D/. Consequently, with a stronger assumption on A,
namely assuming that A� I is either positive definite or negative definite in D,
one can relax the conditions on n in order to prove discreteness of transmission
eigenvalues. To this end, taking w0 D v0 D 1 in (106), we first notice that the
transmission eigenvectors .w; v/ (i.e., the solution of (87)–(88) corresponding to
an eigenvalue k) satisfy k2

R
D.nw� v/dx D 0. This leads us to introduce the

subspace of eigenvectors

Y .D/ WD

�
.w; v/ 2X.D/ j

Z
D

.nw� v/dx D 0

�
:
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Now, suppose
R

D.n� 1/dx ¤ 0. Arguing by contradiction, one can prove the
existence of a Poincaré constant CP > 0 (which depends on D and also on n

through Y .D/) such that

kwk2D Ckvk
2
D � CP .krwk

2
D Ckrvk

2
D/ for all .w; v/ 2 Y .D/: (111)

Moreover, one can check that k ¤ 0 is a transmission eigenvalue if and only if
there exists a non trivial element .w; v/ 2 Y .D/ such that

ak..w; v/; .w
0; v0//D 0 for all .w0; v0/ 2 Y .D/:

Using this new variational formulation and (111) we can now prove the following
theorem.

Theorem 4.3. Suppose
R

D.n� 1/dx ¤ 0 and A� < 1 or A� > 1. Then the set
of transmission eigenvalues is discrete in C. Moreover, the nonzero eigenvalue
of smallest magnitude k1 satisfies the Faber–Krahn-type estimate

jk1j
2
�

A�.1�
p

A�/

CP max.n�; 1/ .1C
p

n�/
if A� < 1;

jk1j
2
�

1� 1=
p

A�

CP max.n�; 1/ .1C 1=
p

n�/
if A� > 1;

with CP defined in (111).

Proof. We consider first the case A� < 1. Set

�.v/ WD 2

R
D.n� 1/vR
D.n� 1/

and consider the isomorphism of Y .D/ defined by

T .w; v/ WD
�
w� 2vC�.v/;�vC�.v/

�
:

Notice that �.�.v//D 2�.v/ so that T 2 D I . For all .w; v/ 2 Y .D/, one hasˇ̌
aT

k ..w; v/; .w; v//
ˇ̌

D
ˇ̌
.Arw;rw/D C .rv;rv/D � 2.Arw;rv/D

� k2 ..nw;w/D C .v; v/D � 2.nw; v/D/
ˇ̌

� .Arw;rw/D C .rv;rv/D � 2 j.Arw;rv/D j

� jkj2
�
.nw;w/D C .v; v/D C 2 j.nw; v/D j

�
� .1�

p
A�/

�
.Arw;rw/D C .rv;rv/D

�
� jkj2 .1C

p
n�/

�
.nw;w/D C .v; v/D

�
:
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Consequently, for k 2 C such that

jkj2 <
A�.1�

p
A�/

CP max.n�; 1/ .1C
p

n�/
;

aT
k

is coercive on Y .D/. The claim of the theorem follows from analytic Fred-
holm theory.

The case A�> 1 can be treated in an analogous way by using the isomorphism
T of Y .D/ defined by

T .w; v/ WD .w��.w/;�vC 2w��.w//: �

We remark that in particular, if n� < 1 or if 1< n�, then
R

D.n�1/dx¤ 0 and
Theorem 4.3 proves that the set of interior transmission eigenvalues is discrete
which recovers previously known results in [Cakoni et al. 2002; Cakoni and
Kirsch 2010]. In those cases the Faber–Krahn type estimates can be made more
explicit. For instance if A� < 1 and 1< n�, noticing that for k2 2 R,

<
�
aT

k ..w; v/; .w; v//
�
D .Ar.w�v/;r.w�v//D�k2..n.w�v/; .w�v//D

C ..I �A/rv;rv/D C ..1� n/v; v/D/;

where the isomorphism T is defined by T .w; v/ D .w � 2v;�v/, one easily
deduces that the first real transmission eigenvalue k1 such that k1 ¤ 0 satisfies

k2
1 �A��1.D/=n�

where �1.D/ is the first Dirichlet eigenvalue of �� on D which is also proved
in [Cakoni and Kirsch 2010] using a different technique.

We end this section with a result on the location of transmission eigenvalues,
again requiring the sign assumption on the contrasts only on a neighborhood of
the boundary @D.

Theorem 4.4. Under the hypothesis of Theorem 4.2 there exist two positive
constants � and ı such that if k 2C satisfies jkj> � and j<.k/j< ı j=.k/j, then
k is not a transmission eigenvalue.

Proof. Here we give the proof only in the case of A.x/�A?I < I and n.x/�

n? < 1 almost everywhere on V.@D/. The case of A.x/�A?I > I and n.x/�

n? > 1 almost everywhere on V.@D/ can be treated using similar adaptations as
in the proof of Lemma 4.2.

Consider again the isomorphism T defined by T .w; v/ D .w � 2�v;�v/

where � is as in the proof of Lemma 4.2 where we already proved that for � 2 R
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with j�j large enough, the following coercivity property holds:ˇ̌
aT

i�..w; v/; .w; v//
ˇ̌

� C1.kwk
2
H 1.D/

Ckvk2
H 1.D/

/CC2�
2.kwk2D Ckvk

2
D/; (112)

where the constants C1;C2 > 0 are independent of �. Take now k D i�ei� with
� 2 Œ��=2I�=2k. One hasˇ̌
aT

k ..w; v/; .w; v//� aT
i�..w; v/; .w; v//

ˇ̌
� C3

ˇ̌
1� e2i�

ˇ̌
�2.kwk2D Ckvk

2
D/; (113)

with C3 > 0 independent of �. Combining (112) and (113), one findsˇ̌
aT

k ..w; v/; .w; v//
ˇ̌

�
ˇ̌
aT

i�..w; v/; .w; v//
ˇ̌
�C3�

2
ˇ̌
1� e2i�

ˇ̌
.kwk2D Ckvk

2
D/

� C1.kwk
2
H 1.D/

Ckvk2
H 1.D/

/C .C2�C3j1� e2i�
j/�2.kwk2D Ckvk

2
D/:

Choosing � small enough, to have for example C3j1�e2i� j �C2=2, one obtains
the desired result. �

As mentioned in Section 3D, Theorem 3.15, proven in [Hitrik et al. 2011a],
provides a more precise location of transmission eigenvalues in the case when
AD I . We also remark that related results on the discreteness of transmission
eigenvalues are obtained in [Lakshtanov and Vainberg 2012].

Existence of transmission eigenvalues. We now turn our attention to the existence
of real transmission eigenvalues which unfortunately can only be shown under
restrictive assumptions on A� I and n� 1. The proposed approach presented
here follows the lines of [Cakoni and Kirsch 2010] which, inspired by the
original existence proof in the case A D I discussed in Section 3B, tries to
formulate the transmission eigenvalue problem as a problem for the difference
u WDw�v. However, due to the lack of symmetry, the problem for u is no longer
a quadratic eigenvalue problem but it takes the form of a more complicated
nonlinear eigenvalue problem as is explained in the following.

Setting � WD k2, the transmission eigenvalue problem reads: Find

.w; v/ 2H 1.D/�H 1.D/

that satisfies

r �ArwC �nw D 0 and �vC �v D 0 in D; (114)

w D v and � �Arw D � � rv on @D: (115)
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We first observe that if .w; v/ satisfies (87)–(88), subtracting the second equation
in (114) from the first we obtain

r �AruC �nuDr � .A� I/rvC �.n� 1/ v in D; (116)

� �AruD � � .A� I/rv on @D; (117)

where u WD w� v, and in addition we have

�vC �v D 0 in D; (118)

uD 0 on @D: (119)

It is easy to verify that .w; v/ in H 1.D/�H 1.D/ satisfies (6)–(7) if and only
if .u; v/ is in H 1

0
.D/�H 1.D/ and satisfies (116)–(118). The proof consists in

expressing v in terms of u, using (116), and substituting the resulting expression
into (118) in order to formulate the eigenvalue problem only in terms of u. In the
case AD I , that is, A�I D 0, this substitution is simple and leads to an explicit
expression for the equation satisfied by u. In the current case the substitution
requires the inversion of the operator r � Œ.A�I/r � �C�.n�1/ with a Neumann
boundary condition. It is then obvious that the case where A� I and n� 1 have
the same sign is more problematic since in that case the operator may not be
invertible for special values of � . This is why we only treat the simpler case of
A� I and n� 1 having opposite signs almost everywhere in D.

To this end we see that for given u2H 1
0
.D/, the problem (116) for v2H 1.D/

is equivalent to the variational formulationZ
D

�
.A�I/rv �r �� .n�1/ v  

�
dx D

Z
D

�
Aru �r ��n u 

�
dx (120)

for all  2 H 1.D/. The following result concerning the invertibility of the
operator associated with (120) can be proven in a standard way using the Lax–
Milgram lemma.

Lemma 4.3. Assume that either .A��1/ > 0 and .n��1/ < 0, or .A��1/ < 0

and .n� � 1/ > 0. Then there exists ı > 0 such that for every u 2 H 1
0
.D/ and

� 2C with<� >�ı there exists a unique solution v WD vu 2H 1.D/ of (120). The
operator A� WH

1
0
.D/!H 1.D/, defined by u 7! vu, is bounded and depends

analytically on � 2 fz 2 C W <.z/ > �ıg.

We now set vu WDA�u and denote by L�u 2H 1
0
.D/ the unique Riesz repre-

sentation of the bounded conjugate-linear functional

 7!

Z
D

�
rvu � r � � vu  

�
dx for  2H 1

0 .D/;
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that is,

.L�u;  /H 1.D/ D

Z
D

�
rvu � r � � vu  

�
dx for  2H 1

0 .D/: (121)

Obviously, L� also depends analytically on � 2 fz 2 C W <z > �ıg. Now we are
able to connect a transmission eigenfunction, i.e., a nontrivial solution .w; v/ of
(6)–(7), to the kernel of the operator L� .

Theorem 4.5. (a) Let .w; v/ 2H 1.D/�H 1.D/ be a transmission eigenfunc-
tion corresponding to some � > 0. Then u D v � w 2 H 1

0
.D/ satisfies

L�uD 0.

(b) Let u 2 H 1
0
.D/ satisfy L�u D 0 for some � > 0. Furthermore, let v D

vu D A�u 2H 1.D/ be as in Lemma 4.3, i.e., the solution of (120). Then
.w; v/2H 1.D/�H 1.D/ is a transmission eigenfunction where wD v�u.

The proof of this theorem is a simple consequence of the observation that the
first equation in (118) is equivalent toZ

D

�
rv � r � � v  

�
dx D 0 for all  2H 1

0 .D/: (122)

The operator L� plays a similar role as the operator A� � �B in (69) for the case
of AD I . The following properties are the main ingredients needed in order to
prove the existence of transmission eigenvalues.

Theorem 4.6. (a) The operator L� W H
1
0
.D/! H 1

0
.D/ is selfadjoint for all

� 2 R�0.

(b) Let � D 1 if .A� � 1/ > 0 and .n� � 1/ < 0, and � D �1 if .A� � 1/ < 0

and .n� � 1/ > 0. Then �L0 W H 1
0
.D/ ! H 1

0
.D/ is coercive, that is,

.�L0u;u/H 1.D/ � c kuk2
H 1.D/

for all u 2H 1
0
.D/ and c > 0 independent

of u.

(c) L� � L0 is compact in H 1
0
.D/.

(d) There exists at most a countable number of � > 0 for which L� fails to be
injective with infinity the only possible accumulation point.

Proof. (a) First we show that L� is selfadjoint for all � 2 R�0. To this end for
every u1;u2 2H 1

0
.D/ let v1 WD vu1

and v2 WD vu2
be the corresponding solution

of (120). Then

.L�u1; u2/H 1.D/

D

Z
D

�
rv1 � ru2� � v1u2

�
dx

D

Z
D

�
Arv1 �ru2��n v1 u2

�
dx�

Z
D

�
.A�I/rv1 �ru2�� .n�1/ v1 u2

�
dx:

(123)
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Using (120) twice, first for uD u2 and the corresponding v D v2 and  D v1

and then for uD u1 and the corresponding v D v1 and  D u2, yields

.L�u1; u2/H 1.D/ D

Z
D

�
.A� I/rv1 � rv2� � .n� 1/ v1 v2

�
dx

�

Z
D

�
Aru1 � ru2� �n u1 u2

�
dx (124)

which is a selfadjoint expression for u1 and u2.

(b) Next we show that �L0 WH
1
0
.D/!H 1

0
.D/ is a coercive operator. Using the

definition of L0 in (121) and the fact that v D vu D uCw we have

.L0u; u/H 1.D/ D

Z
D

rv � ru dx D

Z
D

jruj2 dxC

Z
D

rw � ru dx: (125)

From (120) for � D 0 and  D w we haveZ
D

rw � ru dx D

Z
D

.A� I/rw � rw dx: (126)

If .A�� 1/ > 0 then
R

D.A� I/rw � rw dx � .A�� 1/krwk2
L2.D/

� 0; hence

.L0u; u/H 1.D/ �

Z
D

jruj2 dx:

From Poincaré’s inequality in H 1
0
.D/ we have that krukL2.D/ is an equivalent

norm in H 1
0
.D/ and this proves the coercivity of L0. If .A��1/ < 0, from (124)

with u1 D u2 D u and � D 0 we have

�.L0u; u/H 1.D/

D�

Z
D

.A� I/rv � rv dx C

Z
D

Aru � ru dx �A�

Z
D

jruj2 dx;

which proves the coercivity of �L0 since A� > 0.

(c) This now follows from the compact embedding of H 1
0
.D/ into L2.D/.

(d) Since .�L0/
�1 exists and � 7! L� is analytic on fz 2 C W <.z/ > �ıg, this

follows directly from the analytic Fredholm theory. We remark that this part is
also a consequence of the more general result of Theorem 4.3. �

We are now in the position to establish the existence of infinitely many real
transmission eigenvalues, i.e., the existence of a sequence of �j 2 R, j 2 N, and
corresponding uj 2H 1

0
.D/ such that uj 6D 0 and L�j uj D 0. Obviously, these

� > 0 are such that the kernel of I�T� is not trivial, where

��.�L0/
�1=2.L� � L0/.�L0/

�1=2
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is compact, which corresponds to 1 being an eigenvalue of the compact self-
adjoint operator T� . From the discussion above we conclude that transmission
eigenvalues k > 0 have finite multiplicity and are such that � WD k2 are solutions
to �j .�/D 1 where f�j .�/g

C1

1
is the increasing sequence of the eigenvalues of

T� . Note that from max-min principle �j .�/ depend continuously on � which
the core of the proof the following theorem (see e.g. [Päivärinta and Sylvester
2008] for the proof).

Theorem 4.7. Assume that

(1) there is a �0 � 0 such that �L�0
is positive on H 1

0
.D/ and

(2) there is a �1 > �0 such that �L�1
is non positive on some m-dimensional

subspace Wm of H 1
0
.D/.

Then there are m values of � in Œ�0; �1� counting their multiplicity for which L�

fails to be injective.

Using now Theorem 4.7 and adapting the ideas developed in Section 3B and
Section 4A, we can prove the main theorem of this section.

Theorem 4.8. Suppose that the matrix valued function A and the function n are
such that either .A��1/ > 0 and .n��1/ < 0, or .A��1/ < 0 and .n��1/ > 0.
Then there exists an infinite sequence of transmission eigenvalues kj > 0 with
C1 as their only accumulation point.

Proof. We sketch the proof only for the case of .A��1/> 0 and .n��1/< 0 (i.e.,
� D 1 in Theorem 4.7). First, we recall that the assumption (1) of Theorem 4.7
is satisfied with �0 D 0 i.e., .L0u;u/H 1.D/ > 0 for all u 2H 1

0
.D/ with u 6D 0.

Next, by the definition of L� and the fact that v D wCu have

.L�u; u/H 1.D/ D

Z
D

�
rv � ru� � v u

�
dx

D

Z
D

�
rw � ru� � w uCjruj2� � juj2

�
dx: (127)

We also have that w satisfiesZ
D

�
.A� I/rw � r � �.n� 1/ w  

�
dx D

Z
D

�
ru � r � � u 

�
dx (128)

for all  2H 1.D/. Now taking  D w in (128) and substituting the result into
(127) yields

.L�u; u/H 1.D/

D

Z
D

�
.A� I/rw � rw� � .n� 1/ jwj2Cjruj2� � juj2

�
dx: (129)
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Let now Br �D be an arbitrary ball of radius r included in D and let

O� WD k2
1 .A�; n

�;Br /;

where k1.A�; n
�;Br / is the first transmission eigenvalue corresponding to the

ball Br with constant contrasts ADA�I and nD n� (we refer to [Cakoni and
Kirsch 2010] for the existence of transmission eigenvalues in this case which
is again proved by separation of variables and using the asymptotic behavior
of Bessel functions). Let Ov, Ow be the nonzero solutions to the corresponding
homogeneous interior transmission problem, i.e., the solution of (87)–(90) with
D D Br , ADA�I and nD n� and set

Ou WD Ov� Ow 2H 1
0 .Br /:

We denote the corresponding operator by OL� . Of course, by construction we have
that (129) still holds, i.e., since OL O� OuD 0,

0D
�
OL O� Ou; Ou

�
H 1.Br /

D

Z
Br

�
.A�� 1/jr Owj2� O� .n�� 1/j Owj2Cjr Ouj2� O� j Ouj2

�
dx: (130)

Next we denote by Qu2H 1
0
.D/ the extension of Ou2H 1

0
.Br / by zero to the whole

of D and let Qv WD vQu be the corresponding solution to (120) and Qw WD Qv� Qu. In
particular Qw 2H 1.D/ satisfiesZ

D

�
.A� I/r Qw � r � O� p Qw 

�
dx

D

Z
D

�
r Qu � r � O� Qu 

�
dx D

Z
Br

�
r Ou � r � O� Ou 

�
dx

D

Z
Br

�
.A�� 1/r Ow � r � O� .n�� 1/ Ow 

�
dx (131)

for all  2 H 1.D/. Therefore, for  D Qw we have, by the Cauchy–Schwarz
inequality,Z

D

.A�I/r Qw �r Qw� O� .n�1/j Qwj2 dx D

Z
Br

.A��1/r Ow �r QwCO� jn��1j Ow Qwdx

�

�Z
Br

.A��1/jr Owj2CO� jn��1jj Owj2 dx

�1
2
�Z

Br

.A��1/jr Qwj2CO� jn��1jj Qwj2 dx

�1
2

�

�Z
Br

.A��1/jr Owj2� O� .n��1/j Owj2 dx

�1
2
�Z

D

.A�I/r Qw �r Qw� O� .n�1/j Qwj2 dx

�1
2

;
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since jn� 1j D 1� n� 1� n� D jn�� 1j and thusZ
D

�
.A� I/r Qw � r Qw� O� .n� 1/ j Qwj2

�
dx

�

Z
Br

�
.A�� 1/ jr Owj2� O� .n�� 1/ j Owj2

�
dx:

Substituting this into (129) for � D O� and uD Qu yields�
L O� Qu; Qu

�
H 1.D/

D

Z
D

�
.A� I/r Qw � r Qw� O� .n� 1/ j Qwj2Cjr Quj2� O� j Quj2

�
dx

�

Z
Br

�
.A�� 1/jr Owj2� O� .n�� 1/ j Owj2Cjr Ouj2� O� j Ouj2

�
dx

D 0; (132)

by (130). Hence from Theorem 4.7 we have that there is a transmission eigenvalue
k > 0, such that in k2 2 .0; O��. Finally, repeating this argument for balls of
arbitrary small radius we can show the existence of infinitely many transmission
eigenvalues exactly in the same way as in the proof Theorem 3.8. �

We can also obtain better bounds for the first transmission eigenvalue:

Theorem 4.9 ([Cakoni and Kirsch 2010]). Let BR � D be the largest ball
contained in D and �1.D/ the first Dirichlet eigenvalue of �� on D. Further-
more, let k1.A.x/; n.x/;D/ be the first transmission eigenvalue corresponding
to (87)–(90).

(1) If .A�� 1/ > 0 and .n�� 1/ < 0 then

�1.D/ � k2
1 .A.x/; n.x/;D/ � k2

1 .A�; n
�;BR/

where k1.A�; n
�;BR/ is the first transmission eigenvalue corresponding to

the ball BR with ADA�I and nD n�.

(2) If .A�� 1/ < 0 and .n�� 1/ > 0 then

A�

n�
�1.D/ � k2

1 .A.x/; n.x/;D/ � k2
1 .A
�; n�;BR/

where k1.A
�; n�;BR/ is the first transmission eigenvalue corresponding to

the ball BR with ADA�I and nD n�.

We end our discussion in this section by making a few comments on the case
when .A�I/ and .n�1/ have the same sign. As indicated above, if one follows
a similar procedure, then one is faced with the problem that (120) is not solvable
for all � . Thus we are forced to put restrictions on � , .A� I/ and .n� 1/ which
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only allow us to prove the existence of at least one transmission eigenvalue. In
particular, skipping the details, we set

O�.r;A�/ WD k2
1 .

A�C 1

2
; 1;Br /

(with the notation of Theorem 4.9 for the right-hand side), where the ball Br of
radius r is such that Br �D. Then if .n�� 1/ > 0 is small enough such that

.n�� 1/ <
�.D; n/

2 O�.r;A�/
.A�� 1/ (133)

where

�.D; n/ WD inf
 2H 1.D/R

D.n�1/ dxD0

kr k2
L2.D/

k k2
L2.D/

;

then there exists at least one real transmission eigenvalue in the interval�
0; k1

�
A�C1

2
; 1;Br

�i
: (134)

In fact, if .n� � 1/ is small enough such that (133) is satisfied for an r > 0

such that in D we can fit m balls of radius r , then one can show [Cakoni and
Kirsch 2010] that there are m real transmission eigenvalues in the interval (134)
counting their multiplicity. It is still an open problem to prove the existence of
infinitely many real transmission eigenvalues in this case.

5. Conclusions and open problems

In this survey we have presented a collection of results on the transmission
eigenvalue problem corresponding to scattering by an inhomogeneous medium
with emphasis on the derivation of the existence, discreteness and inequalities
for transmission eigenvalues. Although we have focused on theoretical results,
computational methods for transmission eigenvalues as well as their use in
obtaining information on the material properties of inhomogeneous media from
scattering data can be found in [Cakoni et al. 2009; 2007; 2010d; Colton et al.
2010; Cossonnière 2011; Giovanni and Haddar 2011; Sun 2011]. A similar
analysis has been done in [Cakoni et al. 2012; Cossonnière 2011] for inhomoge-
neous media containing obstacles inside. The transmission eigenvalue problem
has also been investigated for the case of Maxwell’s equation where technical
complications arise due to the structure of the spaces needed to study these
equations (see [Cakoni et al. 2011; 2010d; 2010e; Cakoni and Kirsch 2010;
Cakoni and Haddar 2009; Cossonnière and Haddar 2011; Haddar 2004; Kirsch
2009)]. The transmission eigenvalue problem associated with the scattering
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problem for anisotropic linear elasticity has been investigated in [Bellis et al.
2012; Bellis and Guzina 2010]. As previously mentioned, [Hitrik et al. 2010;
2011b] investigate transmission eigenvalues for higher-order operators with
constant coefficients.

Despite extensive research and much recent progress on the transmission
eigenvalue problem there are still many open questions that call for new ideas.
In our opinion some important questions that impact both the theoretical under-
standing of the transmission eigenvalue problem as well as their application to
inverse scattering theory are the following:

(1) Do complex transmission eigenvalues exists for general nonabsorbing media?

(2) Do real transmission eigenvalues exist for absorbing media and absorbing
background?

(3) Can the existence of real transmission eigenvalues for nonabsorbing media
be established if the assumptions on the sign of the contrast are weakened?

(4) What would the necessary conditions be on the contrasts that guaranty the
discreteness of transmission eigenvalues?

(5) Can Faber–Krahn type inequalities be established for the higher eigenvalues?

(6) Can completeness results be established for transmission eigenfunctions,
that is, nonzero solutions to transmission eigenvalue problem corresponding to
transmission eigenvalues? (We remark that in [Hitrik et al. 2011b] the complete-
ness question is positively answered for transmission eigenvalue problem for
operators of order higher than 3. The proof breaks down for operators of order
two which are the cases considered in this paper and are related to most of the
practical problems in scattering theory.)

(7) Can an inverse spectral problem be developed for the general transmission
eigenvalue problem? We also believe that a better understanding of the physical
interpretation of transmission eigenvalues and their connection to the wave equa-
tion could provide an alternative way of determining transmission eigenvalues
from the (possibly time-dependent) scattering data.
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signe. Application aux mt́amatŕiaux, Ph.D. thesis, École Polytechnique, Paris, 2012.

[Colton 1979] D. Colton, “The construction of solutions to acoustic scattering problems in a
spherically stratified medium. II”, Quart. J. Mech. Appl. Math. 32:1 (1979), 53–62. MR 58
#19822b Zbl 0431.73023

[Colton and Kress 1983] D. L. Colton and R. Kress, Integral equation methods in scattering
theory, Pure and Applied Mathematics, Wiley, New York, 1983. MR 85d:35001 Zbl 0522.35001

[Colton and Kress 1998] D. Colton and R. Kress, Inverse acoustic and electromagnetic scattering
theory, 2nd ed., Applied Mathematical Sciences 93, Springer, Berlin, 1998. MR 99c:35181
Zbl 0893.35138

[Colton and Kress 2001] D. Colton and R. Kress, “On the denseness of Herglotz wave functions
and electromagnetic Herglotz pairs in Sobolev spaces”, Math. Methods Appl. Sci. 24:16 (2001),
1289–1303. MR 2002k:78008 Zbl 0998.35034

[Colton and Monk 1988] D. Colton and P. Monk, “The inverse scattering problem for time-
harmonic acoustic waves in an inhomogeneous medium”, Quart. J. Mech. Appl. Math. 41:1
(1988), 97–125. MR 89i:76080 Zbl 0637.73026

[Colton and Päivärinta 2000] D. Colton and L. Päivärinta, “Transmission eigenvalues and a
problem of Hans Lewy”, J. Comput. Appl. Math. 117:2 (2000), 91–104. MR 2001c:35165
Zbl 0957.65093

[Colton and Sleeman 2001] D. Colton and B. D. Sleeman, “An approximation property of
importance in inverse scattering theory”, Proc. Edinb. Math. Soc. .2/ 44:3 (2001), 449–454.
MR 2002j:35304 Zbl 0992.35115

[Colton et al. 1989] D. Colton, A. Kirsch, and L. Päivärinta, “Far-field patterns for acoustic waves
in an inhomogeneous medium”, SIAM J. Math. Anal. 20:6 (1989), 1472–1483. MR 90i:35072
Zbl 0681.76084

[Colton et al. 2007] D. Colton, L. Päivärinta, and J. Sylvester, “The interior transmission problem”,
Inverse Probl. Imaging 1:1 (2007), 13–28. MR 2008j:35027 Zbl 1130.35132

[Colton et al. 2010] D. Colton, P. Monk, and J. Sun, “Analytical and computational methods
for transmission eigenvalues”, Inverse Problems 26:4 (2010), 045011. MR 2010m:35559
Zbl 1192.78024

[Cossonnière 2011] A. Cossonnière, Valeurs propres de transmission et leur utilisation dans
l’identification d’inclusions a partir de mesures eléctromagnétiques, Ph.D. Thesis, Institut
National des Sciences Appliquées, Toulouse, 2011, Available at http://eprint.insa-toulouse.fr/
archive/00000417/.



TRANSMISSION EIGENVALUES IN INVERSE SCATTERING THEORY 579

[Cossonnière and Haddar 2011] A. Cossonnière and H. Haddar, “The electromagnetic interior
transmission problem for regions with cavities”, SIAM J. Math. Anal. 43:4 (2011), 1698–1715.
MR 2012h:35374 Zbl 1229.78014

[Davis 1963] P. J. Davis, Interpolation and approximation, Blaisdell Publishing Co., New York,
1963. MR 28 #393 Zbl 0111.06003

[Erdélyi 1956] A. Erdélyi, Asymptotic expansions, Dover, New York, 1956. MR 17,1202c
Zbl 0070.29002

[Giovanni and Haddar 2011] G. Giovanni and H. Haddar, “Computing estimates on material
properties from transmission eigenvalues”, research report RR-7729, INRIA, 2011.

[Haddar 2004] H. Haddar, “The interior transmission problem for anisotropic Maxwell’s equations
and its applications to the inverse problem”, Math. Methods Appl. Sci. 27:18 (2004), 2111–2129.
MR 2005i:35255 Zbl 1062.35168

[Hickmann 2012] K. Hickmann, “Interior transmission problem with refractive index having
C 2-transition to the background medium”, Applicable Analysis 91:9 (2012), 1675–1690.

[Hitrik et al. 2010] M. Hitrik, K. Krupchyk, P. Ola, and L. Päivärinta, “Transmission eigenval-
ues for operators with constant coefficients”, SIAM J. Math. Anal. 42:6 (2010), 2965–2986.
MR 2011j:35053 Zbl 05936776

[Hitrik et al. 2011a] M. Hitrik, K. Krupchyk, P. Ola, and L. Päivärinta, “The interior transmission
problem and bounds on transmission eigenvalues”, Math. Res. Lett. 18:2 (2011), 279–293.
MR 2012c:35079 Zbl 1241.47057

[Hitrik et al. 2011b] M. Hitrik, K. Krupchyk, P. Ola, and L. Päivärinta, “Transmission eigen-
values for elliptic operators”, SIAM J. Math. Anal. 43:6 (2011), 2630–2639. MR 2873234
Zbl 1233.35148

[Kirsch 1986] A. Kirsch, “The denseness of the far field patterns for the transmission problem”,
IMA J. Appl. Math. 37:3 (1986), 213–225. MR 90b:35059 Zbl 0652.35104

[Kirsch 2009] A. Kirsch, “On the existence of transmission eigenvalues”, Inverse Probl. Imaging
3:2 (2009), 155–172. MR 2010m:35346 Zbl 1186.35122

[Kirsch and Grinberg 2008] A. Kirsch and N. Grinberg, The factorization method for inverse
problems, Oxford Lecture Series in Mathematics and its Applications 36, Oxford University
Press, Oxford, 2008. MR 2009k:35322 Zbl 1222.35001

[Lakshtanov and Vainberg 2012] E. Lakshtanov and B. Vainberg, “Ellipticity in the interior
transmission problem in anisotropic media”, SIAM J. Math. Anal. 44:2 (2012), 1165–1174.
MR 2914264 Zbl 06070883

[Lax and Phillips 1967] P. D. Lax and R. S. Phillips, Scattering theory, Pure and Applied Mathe-
matics 26, Academic Press, New York, 1967. MR 36 #530 Zbl 0186.16301

[Leung and Colton 2012] Y.-J. Leung and D. Colton, “Complex transmission eigenvalues for
spherically stratified media”, Inverse Problems 28:7 (2012), 075005.

[Markus 1988] A. S. Markus, Introduction to the spectral theory of polynomial operator pencils,
Translations of Mathematical Monographs 71, American Mathematical Society, Providence, RI,
1988. MR 89h:47023 Zbl 0678.47005

[McLaughlin and Polyakov 1994] J. R. McLaughlin and P. L. Polyakov, “On the uniqueness of a
spherically symmetric speed of sound from transmission eigenvalues”, J. Differential Equations
107:2 (1994), 351–382. MR 94m:35311 Zbl 0803.35163

[McLaughlin et al. 1994] J. R. McLaughlin, P. L. Polyakov, and P. E. Sacks, “Reconstruction
of a spherically symmetric speed of sound”, SIAM J. Appl. Math. 54:5 (1994), 1203–1223.
MR 95f:34017 Zbl 0809.34024



580 FIORALBA CAKONI AND HOUSSEM HADDAR

[Päivärinta and Sylvester 2008] L. Päivärinta and J. Sylvester, “Transmission eigenvalues”, SIAM
J. Math. Anal. 40:2 (2008), 738–753. MR 2009m:35358 Zbl 1159.81411

[Rynne and Sleeman 1991] B. P. Rynne and B. D. Sleeman, “The interior transmission problem
and inverse scattering from inhomogeneous media”, SIAM J. Math. Anal. 22:6 (1991), 1755–1762.
MR 93f:76088 Zbl 0733.76065

[Serov and Sylvester 2012] V. Serov and J. Sylvester, “Transmission eigenvalues for degenerate
and singular cases”, Inverse Problems 28:6 (2012), 065004.

[Sun 2011] J. Sun, “Estimation of transmission eigenvalues and the index of refraction from
Cauchy data”, Inverse Problems 27:1 (2011), 015009. MR 2012d:65261 Zbl 1208.35176

[Sylvester 2012] J. Sylvester, “Discreteness of transmission eigenvalues via upper triangular
compact operators”, SIAM J. Math. Anal. 44:1 (2012), 341–354. MR 2888291 Zbl 1238.81172

[Weck 2004] N. Weck, “Approximation by Maxwell–Herglotz-fields”, Math. Methods Appl. Sci.
27:5 (2004), 603–621. MR 2005b:35271 Zbl 1044.35097

cakoni@math.udel.edu Department of Mathematical Sciences,
University of Delaware, Newark, DE 19716, United States

haddar@cmap.polytechnique.fr INRIA Saclay Ile de France/CMAP École Polytechnique,
Route de Saclay, 91128 Palaiseau Cedex, France


