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Introduction

The purpose of this article is to survey recent interactions between statistical
questions and integrable theory. Two types of questions will be tackled here:

(i) Consider a random ensemble of matrices, with certain symmetry conditions
to guarantee the reality of the spectrum and subjected to a given statistics. What
is the probability that all its eigenvalues belong to a given subset E? What
happens, when the size of the matrices gets very large? The probabilities here
are functions of the boundary points ¢; of E.

(ii) What is the statistics of the length of the largest increasing sequence in
a random permutation, assuming each permutation is equally probable? Here,
one considers generating functions (over the size of the permutations) for the
probability distributions, depending on the variable x.

The main emphasis of this article is to show that integrable theory serves as a
useful tool for finding equations satisfied by these functions of z, and conversely
the probabilities point the way to new integrable systems.

These questions are all related to integrals over spaces of matrices. Such
spaces can be classical Lie groups or algebras, symmetric spaces or their tangent
spaces. In infinite-dimensional situations, the “oco-fold” integrals get replaced by
Fredholm determinants.

During the last decade, astonishing discoveries have been made in a variety
of directions. A first striking feature is that these probabilities are all related to
Painlevé equations or interesting generalizations. In this way, new and unusual
distributions have entered the statistical world.

Another feature is that each of these problems is related to some integrable
hierarchy. Indeed, by inserting an infinite set of time variables tq,¢s,%3,... in
the integrals or Fredholm determinants —e.g., by introducing appropriate expo-
nentials e27 %¥" in the integral — this probability, as a function of ¢y, s, ts, ...,
satisfies an integrable hierarchy. Korteweg-de Vries, KP, Toda lattice equations
are only a few examples of such integrable equations.

Typically integrable systems can be viewed as isospectral deformations of dif-
ferential or difference operators L. Perhaps, one of the most startling discoveries
of integrable theory is that £ can be expressed in terms of a single“r-function”
7(t1,ta,...) (or vector of T-functions), which satisfy an infinite set of nonlin-
ear equations, encapsulated in a single “bilinear identity”. The t; account for
the commuting flows of this integrable hierarchy. In this way, many interest-
ing classical functions live under the same hat: characters of representations,
O-functions of algebraic geometry, hypergeometric functions, certain integrals
over classical Lie algebras or groups, Fredholm determinants, arising in statis-
tical mechanics, in scattering and random matrix theory! They are all special
instances of “7-functions”.

The point is that the probabilities or generating functions above, as functions
of t1,t2, ... (after some minor renormalization) are precisely such 7-functions for
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the corresponding integrable hierarchy and thus automatically satisfy a large set
of equations.

These probabilities are very special 7-functions: they happen to be a solution
of yet another hierarchy of (linear) equations in the variables ¢; and the boundary
points ¢;, namely .J]](f)T(t;C) = 0, where the q]],(f) form —roughly speaking —a
Virasoro-like algebra:

1P, 1P = k-3, +---

Each integrable hierarchy has a natural “vertex operator”, which automatically
leads to a natural Virasoro algebra. Then, eliminating the partial derivatives in ¢
from the two hierarchy of equations, the integrable and the Virasoro hierarchies,
and finally setting ¢t = 0, lead to PDEs or ODEs satisfied by the probabilities.

Table 1 gives an overview of the different problems discussed in this article,
the relevant integrals in the second column and the different hierarchies satisfied
by the integrals. To fix notation, H;, 8;, J; refer to the Hermitian, symmetric
and symplectic ensembles, populated respectively by | X [ Hermitian matrices,
symmetric matrices and self-dual Hermitian matrices, with quaternionic entries.
Hi(E), 8;(E), Ti(E) are the corresponding set of matrices, with all spectral
points belonging to E. U(l) and O(l) are the unitary and orthogonal groups
respectively. In Table 1 we have V;(z) := Vy(z) + Y. t;2%, where Vy(z) stands
for the unperturbed problem; in the last integral 17}(2) is a more complicated
function of ¢1,¢5,... and z, to be specified later.

1. Matrix Integrals, Random Matrices and Permutations

1.1. Tangent Space to Symmetric Spaces and Associated Random
Matrix Ensembles. Random matrices provided a model for excitation spectra
of heavy nuclei at high excitations (Wigner [74], Dyson [27] and Mehta [49]),
based on the nuclear experimental data by Porter and Rosenzweig [56]; they
observed that the occurrence of two levels, close to each other, is a rare event
(level repulsion), showing that the spacing is not Poissonian, as one might expect
from a naive point of view.

Random matrix ideas play an increasingly prominent role in mathematics:
not only have they come up in the spacings of the zeroes of the Riemann zeta
function, but their relevance has been observed in the chaotic Sinai billiard and,
more generally, in chaotic geodesic flows. Chaos seems to lead to the “spectral
rigidity”, typical of the spectral distributions of random matrices, whereas the
spectrum of an integrable system is random (Poisson)! (e.g., see Odlyzko [53]
and Sarnak [59]).

All these problems have led to three very natural random matrix ensembles:
Hermitian, symmetric and symplectic ensembles. The purpose of this section is
to show that these three examples appear very naturally as tangent spaces to
symmetric spaces.
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Probability problem underlying ¢-perturbed

integral, T-function of —

corresponding
integrable
hierarchies

P(M € Hn(E)) Sty iy €7V ADTET M) g

P(M c Sn(E)) fsn(E) e’I‘r(*V(M)-i-Zixj t; M*) dM

P(M € T,.(E)) Sy, (y €TV ADFET 1M gpg

P((M17M2) € fg’fn(E) dMl dMg
Hn(Er) Hn(E2)) e~ Tr(V (M1)=V (M )= MiM )
P(MeXH (B)) det( — +«(, ) e ()

(Fredholm determinant)

longest increasing sequence | [ ()eTrZTO(“Mi_ MY g

in random permutations

longest increasing sequence | [ O T MV (M) gpp

in random involutions

A symmetric space

involution such that

=z , (@)==z .
Then the following identification holds:

= ()

induces a map of the Lie algebra,

with ,
and the involution

— , suchthat 2=1,

where
= with = ()= and =
and
L L 0
Then  acts on by conjugation: &k k ! for all k

tangent space to at the identity. The action of on

is given by a semisimple Lie group

Toda lattice
KP hierarchy

Pfaff lattice
Pfaff-KP hierarchy

Pfaff lattice
Pfaff-KP hierarchy

2d-Toda lattice
KP-hierarchy

KdV equation

Toeplitz lattice
2d-Toda lattice

Toda lattice
KP-hierarchy

and a Lie group

and is the

induces a root space
decomposition, with being a maximal abelian subalgebra in
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Then, according to Helgason [35], the volume element on is

V= (2) 21... %,

where | is the set of positive roots; see [35; 36; 60; 61]. This will subsequently
be worked out for the three so-called  -symmetric spaces. I like to thank
Chuu-Lian Terng for very helpful conversations on these matters.

Examples
Consider the non-co pact sy  etric space'
SL(, ) S ()
with ()= . Then
SL(, ) S ()= SL( , )
= positive definite matrices with det = 1
with

= SL(, ) ()= = SL(, ) ‘= =8 ()

Then ()= —  and the tangent space to is then given by the space
= H of Hermitian matrices

sl(, )= =su( ) H (ie, = 14+ ogwith ; sul ), 2 H).
If H , thenthe 4, Re ; andIm ; (1 ) are free variables,
so that Haar measure on H takes on the form

1 1 <
A maximal abelian subalgebra = H is given by real diagonal matrices
z = diag(z1,...,z ). Each =H can be written as
=e ze , e =S (),
with?
= ( wilew —ew)+ wlew +ew)) =su( ), »n=0. (L12)
1 k1

Notice that ex; — e and (eg; + eix) belong to = su( ) and that

lext — eix, 2] = (21 — 2&) (ers + €ir) =H,
[ (ekl + elk), Z] = (Zl — Zk) (ekl — elk) =KX . (113)
1The corresponding co pact sy  etric space is SU SU SU

2 is the atri with all eroes, e cept for at the -th entry.
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Incidentally, this implies that ex; + e and (ex; + ex) are two-dimensional
eigenspaces of (ad z)? (where ad is defined by ad z( ) := [z, ]) with eigenvalue
(21 — 2x)?. From (1.1.2) and (1.1.3) it follows that

[ 2] = (21— z) ( wiler +ew)+  wilen —ew)) =H (1.1.4)

and thus, for small , we have3

= (e ze )= (z+[,2l+-)

= 2; ((z1 = 2zx) k) (21— 2k) k1) using (1.1.4) and (1.1.1)
1 1k 1
= Zi 2(2:) kl kl- (1.1.5)
1 1 k1
Therefore ?(2) is also the acobian determinant of the map (2,U), such
that =UzU ' 3 , and thus admits the decomposition in polar coor-
dinates:
= 2(2) z1... 2 U U S (). (1.1.6)

In random matrix theory, H is endowed with the following probability,
( y=cet () | (2)=e () g (1.1.7)

where is Haar measure (1.1.6) on H{ and ¢ is the normalizing factor. Since

as in (1.1.6) contains U and since the probability measure (1.1.7) only
depends on the trace of V( ), U completely integrates out. iven E ,
define

H (E) = H with all spectral points FE H . (1.1.)
Then
. 2z 2k
( H (E)) = » )c e ) =— QEZ; 1 E Zk;. (1.1.9)
As explained in the excellent book by Mehta [49], V'(z) is quadratic ( aussian
ensemble) if the probability ( ) satisfies
(i) invariance under conjugation by unitary transformations U U ! and

(ii) the condition that the random variables ;, Re ;,and Im ;, for 1
, be independent.

n is the Vander onde deter inant.
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Here we consider the non-co pact sy  etric space

SL(, ) SO( )with ()= 1 Then

SL( , ) 8O( )= SL( , )
= positive definite matrices with det =1

with

Then () = — and the tangent space to is then given by the space
=8 of symmetric matrices appearing in the decomposition of sl( , ),

sl(, )= =so( ) 8 (ie, = 1+ 2with 1 so( ), 2 8),

with Haar measure = i onsg .
1
A maximal abelian subalgebra = & is given by real traceless diagonal
matrices z = diag(z1,...,z ). Each = § conjugates to a diagonal
matrix z:

=e ze , e =50( ), so( ).
A calculation analogous to example (1.1.5)(i) leads to
= (2) z1... z U U SO().
Random matrix theory deals with the following probability on § :
( y=celt () | (2)=e () g (1.1.10)

with normalizing factor ¢ . Setting as in (1.1. ): § (E) 8 is the subset of
matrices with spectrum E. Then

) . (2) 1 ( 2K)

( 8§ (E)) = ce ( = . (1.1.11)
n( ) o (20 (z)
As in the Hermitian case, ( ) is aussian, if ( ) satisfies
(i) invariance under conjugation by orthogonal conjugation O O 1!, and
(ii) the condition that ;;,  ( ) be independent random variables.

The co pact ersionisgi en y SU SO
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Consider the non-co pact sy  etric space
S (2) Sp()
with ()= 11 where isthe2 x2 matrix
01
-10
01
= =10 with 2=— | (1.1.12)
01
-10
and
-5 (2)= sLe,) = 1,
= S (2) ()= =5Sp(, ) UQ2)
sL2 , ) = sLe, ) 1=
= SL(2 y ) 1_ and = 1
=: Sp( )
Then ()=-— ! and
= su(2) ()= =sp(, ) (2)
= su(2) ()=- =su(2) (2)
W w
_ _ : _ 2 2
= =( mt &kt >, w= O with = g
kl Kl
= self-dual x Hermitian matrices, with quaternionic entries
= TQ -
The condition on the 2 X 2 matrices ; implies that ;= & , with

and the 2 x 2 identity
the tangent space

The corresponding co pact sy

. Notice that Sp( ) acts naturally by conjugation on

to . Haar measure on Ty is given by

(0) (1)
ki

0 1
o m (1.1.13)

etric space is SU 2 Sp



INTEGRABLE LATTICES: RANDOM MATRICES AND PERMUTATIONS 329

since these ; are the only free variables in the matrix Ty . A max-
imal abelian subalgebra in is given by real diagonal matrices of the form
z = diag(z1, 21, 22,22,...,2 ,2 ). Bach = T3 can be written as

=e ze , e = Sp( ), (1.1.14)
with ( k1, &t,Ckt, K1)

0 0 1 1 3
= (el(cl) el ))‘i‘ ki(e Ecl) +e§k))+ckl(e§c ) _ez( ))"‘ ki(ey ¢ )+e§k))

1k 1
(1.1.15)
in terms of the four 2 x 2 matrices
10 0 01 0
(0) — 1) — (2) — (3) —
¢ 01 ° ° o - = ° 10 > € 0
Since
0 0 0
[egcl) - e;k)’ ] (21 — Zk)(ekl) + e( )) )
1 1 1 1
[egcl) ;k)’ ] (2 — zk)(eil) el(k)) )
2 2 2 2
[ef? — egk), 2l =(a—z)(efy) +eif)
3 3 3
[egcl) lk , ] (z1 — zk)(e,(cl) - el(k)) , (1.1.16)

[ ,2] has 2 x 2 zero blocks along the diagonal, and from (1.1.16) and (1.1.15),

(k,)-th block in [ ,2] = (m—z) KT & Gt gy
—Ckl+ Rkl Kkl Kl
(1.1.17)
Therefore, using (1.1.17), Haar measure on Ty equals

= (e ze )= (+ +o( = )= @[ L2+

= 2k (zr—2z)(m+ w) (zi—2) i — ®))
1k 1 k1
X ((m—zu)em+ w) (21— 2z6)(—cti+  w1))
= (2) 21+ 2 4 K okl CKl R
1 k1

As before, define Ty (E) T2 as the subset of matrices with spectrum FE
and define the probability

( T2 (B)= ce () = o (LL1)

E Ty is called the symplectic ensemble, although the matrices in =
Ty are not at all symplectic; rather, it s the matrices in that are.

)

The notation in .. 5 refers to putting the 2 2 atri () at place
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1. . n nite ermitian Matrix Ensembles. Now consider the limit of the
probability

() 1 (=)
M2y ()

Dyson [27] (see also Mehta [49]) used the following trick to circumvent the prob-

when 0. (1.2.1)

lem of dealing with oco-fold integrals.  sing the orthogonality of the onic
ort o onal polyno ials r = g(z) for the weight ( 2) on , and the 2-norms
k= 2(2) ( 2) of the s, one finds, using (det )? = det( ),
2(2) (=)= det(;a1(z))1 ¢ det( &k 1(2))1 ki ( zk)
" 1 " k1
= (-1 * ) 1(zk) @) 1(zx) ( 2)
n E 1
1 1
= ! () (2)= ! - (1.2.2)
0 0
For the integral over an arbitrary subset F , one stops at the second equality,

since the s are not necessarily orthogonal over E. This leads to the probability
(1.2.1),

( H(E)=——  det () 1) (z)
R S S 1 1kl 1
:l' . det( (Zkazl))l k1l ( Zi), (123)
in terms of the kernel
(,2):= 1) 1) (1.2.4)

=
[
=

The orthonormality relations of the x( ) & lead to the reproducing property
for the kernel  ( ,z2):

(,2) (&) (2= () (2,2) (2)= . (1.2.5)

pon replacing E by If Zi X k¥ in (1.2.3), integrating out all the remaining
variables zxi1,...,2 and using the reproducing property (1.2.5), one finds the

-point correlation function

(one eigenvalue in each [z;, z; + 2z, for =1,...,k)

=c det (z,2) ,, , ( z). (1.2.6)
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Finally, by Poincaré s formula for the probability E; , the probability that
no spectral point of  belongs to E is given by a Fredholm determinant

(9 (E)=det — )
k
=14+ (= ) det (zir2 ) | & & ( z),
ko1 1 1
for the kernel (,2)= (,2) (2.

i ner s se icircle la : For this ensemble (defined by a large class of s, in
particular for the aussian ensemble) and for very large , the density of eigen-
values tends to Wigner s semicircle distribution on the interval [- 2 , 2 [:

1 —- —

. . — 2 —22 z for 2 2,
density of eigenvalues =

0 for z 2

ul scalin li dt: From the formula above, it follows that the average number

of eigenvalues per unit length near z = 0 (“the bulk”) is given by 2  and

thus the average distance between two consecutive eigenvalues is given by 2.
pon using this rescaling, one shows (see [43; 4 ; 52; 55; 39]) that

lim — 1‘_, _ - (z= ) (sine kernel)
2 2 2 (z—)
and
(o
(exactly k eigenvalues in [0, ]) = 0 det( — 0o )
! 1
with
det( — o )=exp (), (1.2.7)
0 x

where (z, ) is a solution to the following differential equation (where the prime
stands for differentiation with respect to x), due to the pioneering work of imbo,
Miwa, Mori, and Sato [39]:

(x P=4x - ) ?—-2 + ), with (z; )=——zforz 0.
( ainle e ) (1.2.)

oft ed e scalin li it: Near the edge 2 of the Wigner semicircle, the scaling
is 2 ! and thus the scaling is more subtle (see [21; 30; 51; 49; 63]):

= 2 4 71 (1.2.9)
and so for the kernel as in (1.2.4), with the s being Hermite polynomials,
lim — 3 3 -
1m T + 5 1 + § 1 - ( ) )a
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where

(,)= (z+ ) (z+ )z, ()= ¢ 2
0
Relating and by (1.2.9), the statistics of the largest eigenvalue for very large
is governed by the function

( )= 2 %23 -1 , for 00,

2
=det( — (,2)( ()=exp — ( —=)2%() ,

with (z) a solution of

=z +23
e 23 ( ainle e ) (1.2.10)
(2) =———=——forz oc.

2 xl
The latter is essentially the asymptotics of the Airy function. In Section 5, I shall
derive, via Virasoro constraints, not only this result, due to Tracy and Widom
[63], but also a PDE for the probability that the eigenvalues belong to several
intervals, due to Adler, Shiota, and van Moerbeke [11; 12].

ard ed e scalin li t: Consider the ensemble of X random matrices for
the Laguerre probability distribution, thus corresponding to (1.1.9) with ( z) =
z 2e 2 2z One shows the density of eigenvalues near z = 0 is given by 4 for
very large . At this edge, one computes for the kernel (1.2.4) with Laguerre

polynomials  [52; 30]:
1
im — () — — — ()
lim 1 101 (,), (1.2.11)

where ()( , )isthe essel ernel, with Bessel functions

O()=3 = @) @)

Then
(no eigenvalues in [0,z]) =exp —  —= ,
with  satisfying
(x P-4z — ¢+ (z— Y - =0. ainle e (1.2.13)

This result of Tracy and Widom [64] and a more general statement from [11; 12]
will be shown using Virasoro constraints in Section 5.
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1. . ntegralso er lassical ro ps. Integration on a compact, semisimple,
simply connected Lie group is given by the formula

)

1
() =— 2sin—— t (¢ o, t=e (1.3.1)
(see Helgason [36]), where is a maximal subgroup, and ¢t are Haar
measures on and  respectively, satisfying t= =1, the symbol

denotes the set of roots of with respect to ( and being the Lie algebras of
and ), and is the order of the Weyl group of

nte ration for wula (1.3.1) il be applied to inte rals of =eXi % " over
t e roups SO(2 ) SO(2 +1) and Sp( ) Their Lie algebras (over ) are given
respectively by , , , with the following sets of roots (see [20], for example):
= e 1 k (es+e ), (e;—e) 1 ,
where
0 for =s0(2),
= 1 for =s0(2 +1),
2 for =sp( ).
Setting = , we have, in view of formula (1.3.1),

)

2si t
sin —
2
c sin —* sin Rl for
2 2
_ 1k 1
= 2
c sin —* sin * ok sin? — for
2 2 2 ’
1k 1
for
1
1—cos
=c (cos —cos )2 5 for
1k !
(1—cos® ) for
1
c %z Z for
1 122
— ¢ %2 (1-=z2 );— for
1 1- 27
c %z (1—2%) for
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= = —% for
—c 2(2) (1-2z) (14+z) =z with :%,1:_% for
! = =3 for
For SO(2 ), Sp( ), the eigenvalues are given by e and e * , for
1 ; therefore, setting = exp(>_txtr *) in formula (1.3.1) leads to
Xt t S D 25 D (L A R 2X%.t  k
1
= ext O (1.3.2)

1

where  (z) are the Chebyshev polynomials, defined by  (cos ) :=cos ;in
particular (z) = z.

For SO(2 + 1), the eigenvalues are given by 1, ¢! and e ¢ | for
1 , which is responsible for the extra-exponential eX* appearing in
(1.3.2).
Before listing various integrals, define the acobi weight
(2) z:=(1—-2) (142) =z, (1.3.3)

and the formal sum
(2):=2 t; i(2).
1
The arguments above lead to the following integrals, originally due to H. Weyl
[73], and in its present form, due to ohansson [40]; besides the integrals over
SO(k) = O (k), the integrals over O (k) and U( ) will also be of interest in the
theory of random permutations:

e g"titr i — (z)2 e( ) (t l)(zk) 2k,
(2) 1= ko1
e e gtr ¢ —e Tt (2)2 6( ) (1 l)(zk) Zk,
(2 +1) rie ko1
GZ? t;tr ¢ — (z)2 e ) (1 l)(zk) 2k
() 1in k1
1
eZi"’titI’ i — 21 2t 1(2)2 e () (1 ;)(Zk) 2k,
@) Lt ko1
e titr * — X DL (2)* el ) ¢ 11y(2k) 2k,
(2 +1) 1w ko1
seee foeh 21 2 EEm . H_ Pk
o3 — (Z) ess1 y (134)

) N 1 2 2z
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1. . erm tations and ntegrals o er ro ps. Let be the group of

permutations and J the subset of fixed-point free involutions © (this means

that ( ©)2 = and °%k)=kfor1 &k 2 ). Put the uniform distribution

on and 9§ —that is, give all permutations and all involutions
9 9 equal probability:
=1 ! and 0y 2 1.4.1
()= - oan (2)-@- (1.4.1)
An increasin subse uence of or Yisasequencel 1 e k
such that (1) --- ( &) Define
() = length of the longest increasing subsequence of . (1.4.2)

Example: for = (3,1,4,2,6,7,5), we have ( )=4.
Around 1960 and based on Monte Carlo methods, lam [6 ] conjectured that

)

lim ——= = c exists.

An argument of Erdos and Szekeres [2 |, dating back from 1935 showed that
E( ) i -1 andthusc 3. In 1972, Hammersley [33] showed rigorously
that the limit exists. Logan and Shepp [46] showed the limit ¢ 2, and finally
Vershik and Kerov [72] that ¢ = 2. In 1990, I. essel [31] showed that the

following generating function is the determinant of a Toeplitz matrix:

t 2 . :

— ( I) = det 2t gk ) : (1.4.3)
o ° 0 0k 11

The next major contribution was due to ohansson [41] and Baik, Deift, and

ohansson [17], who prove that for arbitrary z , we have a “la  of lar e

", where (z) is the statistics (1.2.10),

bl

nu bers’ and a “central li it t eore

-2
lim 2—_=1 and — = — (z)for — oo
The next set of ideas is due to Diaconis and Shashahani [26], Rains [57; 5 |,
and Baik and Rains [1 ]. For a nice state-of-the-art account, see Aldous and
Diaconis [14]. An illustration is contained in the following proposition; the first

part is essentially essel s and the second can be found in [26; 5 ; 1 ].

O OST ON

M L) p= el () (1.4.4)
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(ii) ! ((9) D= el . (1.4.5)

The proof of this statement will be sketched later. The connection with integrable
systems goes via this chain of ideas:

Combinatorics
Robinson Schensted Knuth correspondence
Theory of symmetric polynomials
Integrals over classical groups

Integrable systems

All arrows but the last will be explained in this section; the last arrow will
be discussed in Sections 7 and . We briefly sketch a few of the basic well
known facts going into these arguments. They can be found in MacDonald [47],
Knuth [45], and Aldous and Diaconis [14]. seful facts on symmetric functions,
applicable to integrable theory, can be found in the appendix to [1]. To mention
a few:

A oun dia ra is a finite sequence of non-increasing, non-negative integers
1 9 - 1 0; also called a partition of = = 144+ g
with being the weight. It can be represented by a diagram, having 1
boxes in the first row, 5 boxes in the second row, etc., all aligned to the
left. A dual oun dia ra =( o ---) is the diagram obtained by
flipping the diagram about its diagonal.
A oun tableau of shape is an array of positive integers ; (at place (, )in
the oung diagram) placed in the oung diagram , which are non-decreasing
from left to right and strictly increasing from top to bottom.
A standard oun tableau of shape is an array of integers 1,..., placed in
the oung diagram, which are strictly increasing from left to right and from
top to bottom. There are several formulae for the number of oung tableaux
of a given shape =( 1 --- ):

=  standard tableaux of shape

=coe cient of z1z3...2 in the Schur polynomial (z) (see next entry)

= ldet (Y] (with ; == ;+ — — +1=hook length)

~ (im ) = (with s:= i— + , = 1)  (146)
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The ¢ wr polyno ial  associated with a oung diagram is a symmetric

function in the variables z1,z2,... (finite or infinite), defined by
(x1,xa,...) = z, . (1.4.7)
The linear space of sy  etric polyno ials in x1,...,x with rational

coe cients comes equipped with the inner product

1 Z
, =5 (z1,..52 ) (#1,---,2 ) -2 2 5 b
() 1 k! 1 Zk
= ()Cc) . (14.)
)
An ort onor al basis of t e space is given by the Schur polynomials
(z1,...,2 ), in which the numbers ; are restricted to 1,..., . There-

“

fore, each symmetric function admits a “ ourier series”

(Z1,...,2 )= , (x1,...,z ), with = . (149
1

In particular, one proves (see (1.4.6) for the definition of )

(@14 4o )F= , (1.4.10)
1 n
¥ =(, - ;1 0),with ;=1 , then obviously =0.
obinson ¢ ensted mnut correspondence There is a 1-1 correspondence
(, ),two standard oung
- tableaux from 1,..., , where

and have the same shape

iven a permutation 1,..., ,the correspondence constructs two standard
oung tableaux , having the same shape . This construction is inductive.
Namely, having obtained two equally shaped oung diagrams , j from
1y---5 k, with the numbers ( 1,..., &) in the boxes of  and the numbers
(1,...,k) in the boxes of , one creates a new diagram 1, by putting the
next nu ber i1 int e rstro of ,according to the following rule:

(i) if g41  all numbers appearing in the first row of j, then one creates a
new box with k41 in that box to the right of the first column,

Re e erfro thede nition of the dual oung diagra that i is the length of the rst
colu nof .



338 PIERRE VAN MOERBEKE

(ii) if not, place g41 in the box (of the first row) with the smallest higher
number. That number then gets pushed down to the second row of
according to the rule (i) or (ii), as if the first row had been removed.

The diagram is a bookkeeping device; namely, add a box (with the number
k+1init) to  exactly at the place, where the new box has been added to
k- This produces a new diagram 1 of same shape as 1.
The inverse of this map is constructed essentially by reversing the steps
above.

E Wetake =(5,1,4,3,2) and follow the construction rules for
and

b) 1 14 13 12 1 1 13 13 13
5 5 4 3 2 2 2
5 4 4 4
5 5
12 13
Hence — ( (), ()= i , i and so () = 2 = number
of columns of or
5 5
The Robinson Schensted Knuth correspondence has these properties:
if (, )then 1 (| )
length (longest increasing subsequence of ) = (columnsin );
length (longest decreasing subsequence of ) = (rows in );
if 2= ,then (, )
if 2 = with k fixed points, then  has exactly k¥ columns of odd length.
(1.4.11)

From representation theory (see Weyl [73] and especially Rains [57]), one proves:

E e follo in perpendicularity relations old:
(i) ()y )y =, =
()
(ii) () _ 1 for =(1 - k 0), k , i even,
() 0 ot er ise.
(i) () = 1 Jorseveny o2, (14.12)

() 0 ot er ise.
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00 O O OS T ON On the one hand,

(£ +---+z )k,(a;‘l—i—---—i—.r )k
= o= ()= ()

= (, )standard oung tableaux, each of arbitrary

shape with =k, 1
= k g such that ( %) . (1.4.13)
On the other hand, notice that, upon setting = 4 ; for 2 , the

7

expression ; , e —¢€° 2 is independent of ;. Then, setting zx = €'

one computes:

(x1_+_...+a:- )k, (m1+...+x )l

1 ) .
= (1442 ) +---+2) e —e 2o
‘o2 n Tk
1 ik 1 k, il 1 1
== o e¥* 11425+ --+2z )re (1429442 )
e et 2
1k
and upon setting = 4+ 1, for 2 and z, = e
1 ik 1) 1 .
= e 1 X an ( —1)-fold integral
‘o
= (@m+-+z ) (@442 ) = ™ . (1414)
()
It follows that
k k k
(tr( + ) = (tr ) (tr )
() 0k ()
0 if k£ is odd,
- ka () tr k if k is even. (1.4.15)
(The equality for k£ odd follows because then = k — for all 0 k.)
Combining the three identities (1.4.13), (1.4.14) and (1.4.15) leads to
2% ok
k¥ & such that ( ) = (Tx( + ) . (1.4.16)

k 0)
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Finally
t t () 1
- (C) = ,
0 0
¢ 2 !
= (e (tr( + ))?
o\ - Q)
(v? 2
= (tr( + )
o o
= et (+)
U]
_1 e 1t + + Y el _el 2 _k
o2 1 k1 1k 1
(where z; = €' )
1
1 ; 7
— i el et 2 2t 2_19,
02 1 k1 E 1

1 _
- 1(2) 1(2) e W+ ) _Zk
l (Y k1 2 Zk
l
I det 21 1 o+ )Rk
TR TEOF O af 2 2
1 7 Zk
== det 2k 1y le O )T
I 1 k k 2 2k 1 k 1
2 _
=det 2t etk ) ,
0 1k 1

confirming essel s result (1.4.3).

The proof of the second relation (1.4.5) of Proposition 1.1 is based on the
following computation:

()(Tﬁr o= . () using (1.4.10)
k

= using Lemma 1.2
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= using duality

ko1
B (,) standard oung tableau of
B shape with =k, 1 , 4 even
= v 9 no fixed points and ( 9) . (1.4.17)

In the last equality, we have used property (1.4.11): an involution has no fixed
points if and only if all columns of  have even length. Since all columns ; have

even length, it follows that = k is even and then only is )(Tr )k 0;
otherwise this integral equals 0. Finally, one computes
(t* 2) 0 0 0
%l ( 2x) )y 2k 2k
E 0
t2k 2kf ,
= ok 2R) o o (o) using (1.4.1)
k0
tk
ko
1k
= = (Tr )k using (1.4.17)
k!
E 0O )
= et 5

)
ending the proof of Proposition 1.1.

. Integrals, ertex erators and irasoro Relations

In Section 1, we discussed random matrix problems over different finite and
infinite matrix ensembles, generating functions for the statistics of the length of
longest increasing sequences in random permutations and involutions. One can
also consider two Hermitian random matrix ensembles, coupled together. All
those problems lead to matrix integrals or Fredholm determinants, which we list
in the following formulas (where =2,1,4):

e ) =c (2) (zx) 2k
n( ) () n( ) " 1

1 2€
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)
det — (,z) (2), with (,2)asin (1.2.4). (2.0.1)

Each of these quantities admits a natural deformation, by inserting time vari-
ables t1,ts,... and possibly a second set 1, 2,..., seemingly ad oc. Each
of these integrals or Fredholm determinant is then a fixed point for a natural
vertex operator, which generates a Virasoro-like algebra. These new integrals in
t1,ta,... are all annihilated by the precise subalgebra of the Virasoro generators,
which annihilates 79. This will be the topic of this section.

1. ntegrals
Consider weights of the form
(2) z:==e () 2
onaninterval =[ , ] , with rational logarithmic derivative and subjected

to the boundary conditions
V=== Zo—iz., lim (z) (2)zF =0 fork 0, (2.1.1)
Yo i

and a disjoint union of intervals,

E = [Cgi 1,62i] . (212)
1

These data define an algebra of differential operators

2
S

Ci) S (2.1.3)
1

Take the first type of integrals in the list (2.0.1) for general 0, thus gener-

alizing the integrals appearing in the probabilities (1.1.9), (1.1.11) and (1.1.1 ).

Consider t-deformations of such integrals, for general (fixed) 0; they can be
written as follows, with ¢ := (t1,t2,...), ¢ = (¢1,¢a,...,¢2 ) and z = (21,...,2 ):
(t,c; )= (2) Xt (zx) zr for 0. (2.1.4)

" k1

The main statement of this section is Theorem 2.1, whose proof will be outlined
in the next subsection. The central charge (2.1.9) has already appeared in the
work of Awata et al. [16].

EO E (Adler and van Moerbeke [3; 6]). e ultiple inte rals

(tye; )o= (2) e=TH " () @, for 0, (2.15)
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and

4 oo i
t,e;— = (2) et ti (2x) 2zx , for 0, (2.1.6)
it o =1, satisfy respectively t e irasoro constraints

— I - I ) (e ) =0,

i 0
() t 2 i g t_2 4
- k+ 7 "]]k+z' _?a__ + 9 «]]k+i+1 _77__ t,C,— _07
i0
(2.1.7)
forallk —1,inter soft ecoe cients ;, ; of t erational function (—log )
and t e end points ¢; of t e subset E, as in (2.1.1) to (2.1.2). or all ,te

Jg) (t, ) and q]]g) (t, ) for a idrasoro and a eisenber al ebra respectively,
interactin wvia t e for ulas

k3 —k
(12, 3P =k-1) I, +c kol

12
[P, 30 == 30), +ek(k+1) k o
k
(30, 1V ==4& 4 (2.1.)
it central c ar e
12 12 2 1 1
— 1 _ _ — — — _— = 2.1.
c 6 5 5 and ¢ 5 (2.1.9)
E The q]],(f) s are defined by
=5 D) 3k 1o k) B kLY L (21.00)
i+ k
Componentwise, we have
W)= P P - 0o
and
P )=5 &2+ +k+p1-5 P4 (D541 0

hen equals the whole range , then the s are a sent in the for ulae 2. .7.
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where
1
= — T (=R}t &,
k
2
2 _ 2 1
' - + — ‘ tiT+—2 ' t; t . (2.1.11)
i+ k i+ k 7 k

We put  explicitly in .J]l(z) (t, ) to indicate the -th component contains
b

explicitly, besides t. For =2, (2.1.10) becomes particularly simple:

chz) , . 2,]11(.1) 2J(1) .
itk
E The Heisenberg and Virasoro generators satisfy the following duality
properties:
_ t 2
I L
2
- () (1) t
t —— - . 2.1.12
B4 =5 B -, 0 (2:1.12)

In (2.1.7), JEQ) (— t 2,—2 ) means that the variable , which appears in the
-th component, gets replaced by 2 and t by — ¢ 2.

E Theorem 2.1 states that the integrals (2.1.5) and (2.1.6) satisfy two
sets of differential equations (2.1.7) respectively. Of course, the second integral
also satisfies the first set of equations, with  replaced by 4

Theorem 2.1 can
be established by using the invariance of the integral under the transformation
zi  Zi+ (zi)zf"'l of the integration variables. However, the most transparent
way to prove Theorem 2.1 is via vector vertex operators, for which the -integrals
are fixed points. This is a technique that we have used already in [2]. Indeed,
define the (vector) vertex operator, for ¢t = (¢1,t2,...) , , and setting

(2) == (1,2,22,...):

t, )= 1e&Tte LT (). (2.1.13)
It acts on vectors (t) = ( o(¢), 1(t),...) of functions, as follows:
(t ) (@) =e=Th7 L= D

For the sake of these arguments, it is convenient to introduce the vector Virasoro
generators ,]]g) () = ( .,]]g) (t, )

21 . The operator is the shift atri with
eroes e erywhere e cept for s ust a o e the diagonal: n n+tl-

For , de ne

D=
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O OST ON e ultiplication operator z* and t e di erential operators

—z2Ftl gt 2 , actin on t e vertex operator  (t,z), ave reali ations as
. . ) 1

co  utators, inter soft e eisenber and irasoro enerators ,]I,(c )(t, ) and

2, ) -
& () =[IN®), (42)]

— t,2)=[ IP@), (t2)]. (2.1.14)

00 By explicit computation; see [3].

Co o vena el t (z) zon satisfyin (2.1.1), e ave
—# (@) (1) (9)= C 50— a0, (62 ()
i 0
(2.1.15)

= ((j)) (z) SR+l (t,z) (Z)+ (z)_z Lkt (z) (t,z)
= — PLanas (t,z) (2)+ (z)_z ;2L (t,2)
=— B 62 () + 10, (4,2) (), (2.1.16)

establishing (2.1.15).

iving the weight () = () () ,with and E as before, define the
integrated vector vertex operator
t )= () @) (2.1.17)
and the vector operator
k= kT ok
2
2 1
= g7 (a)— - 1B — s I, (211)
1 do0

consisting of a c-dependent boundary part j and a (¢, )-dependent Virasoro
part .

O OS T ON e follo in co  utation relation olds:

[ & (& )]=0. (2.1.19)
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00 Integrating both sides of (2.1.15) over E, one computes:

2
i— () (42) () = (DT (@) (ba) (@)
1
2
= g (a) (t,2) () =
1 1
=[ & & ), (2.1.20)
while, on the other hand,
z i J](CQ_L_ % "]]gcl—})—i-l-l ) (t,Z) (Z)
i 0
- R T )
i 0
=[% & ) (2.1.21)

Subtracting both expressions (2.1.20) and (2.1.21) yields

O=[ k— Kk (ta ):I:[ k> (ta ):I
O OSTON e colu n vector

(t) := (2) eETE T () 2
" ko1 0
is a zed point for t e vertex operator (¢, ) (see definition (2.1.17)):
C @& )) =, L. (2.1.22)

00 We have

(t) = (2) eETE " () (m) 2
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i

= () ( DEft Py XU 0

= (¢ )@ . (2.1.23)
00 O EO E Proposition 2.4 implies that, for 1,
0=[ & ( & )]
= % (¢, ) - @& ) & (2.1.24)

Taking the -th component for land k& —1, setting

(t, Y=eSt ‘e T

i

and using (2.1.22), we get

0= % — (& ) &
=( %) - () &I ) ' () &) &)
=(x)
Indeed ( % )o =0for k& —1, since 90 = 1 and  involves ,52), ,gl) and
Igo) for k —1:

,Ez) is pure differentiation for & —1;
,gl)is pure differentiation, except for £ = —1; but
(11) appears with coe cient , which vanishes for = 0;
,EO) appears with coe cient ( —1)z + 1, vanishing for =0.

The weight and the ; and ,, as in (2.1.1),
are given by
(z)=e U=e | V= =2z,
o=1, 0=0, 1 =2, and all other ;, ; =0.
From (2.1.7), the integrals

= (2) e Tt g (2.1.25)
" E o1
satisfy the Virasoro constraints, for & —1,
2
— == M = P 42 N, (2.1.26)

Cs
1 T
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Introducing the notation

+1 +1
i= ——— o+ +1— o= -— + +1, (2.1.27)
and setting =log , the first three constraints have the form
- 1 = 2— - t; - 1,
L, ti 1
_ - 9 _ fi—
0 t2 i tz 2 1
i1
— = 2— - 1—— t; 2.1.2
! i3 Y tit1 ( )
For later use, take the linear combinations
1=—% 1, 2=—-% 0 3=-3 1+31 1, (2.1.29)
such that each ; contains the pure term ti, e, i =( t)+ -

Here the weight and the ; and ;, as in
(2.1.1), are given by

e =ze , V =-= £ ,
z
0=0, 1=1, g=—, 1 =1, and all other ;, ; = 0. Thus, from Theorem
2.1, the integrals
= (2) zpe TRt Yoz (2.1.30)
" E 1
satisfy the Virasoro constraints, for £ —1:
2
k 2 1 1
-k =7 G +27 = - ‘]]1(9421 - Jl(chl + Ji&lz - (21.31)
1 (3
Introducing the notation
+1 +1
i== ——F7 + +1= 0= -——— + +1+,
2 2
and setting =  =log , the first three have the form
_ - t— _
1 tl T ti 2( 1 + )
i 1
_ - L t
° t2 7 tit1
2 2
- = — o _ t; — -
! ts 2ty tira 2 12 2 4
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Again, replace the operators ; by linear combinations ;, such that ; =
( tl) + cee

1=— 1, 2=— 0— 1 1, 3=— 1— 2 o— 1 2 1. (2.1.32)

This case is particularly important, because it
covers not only the first integral, but also the third integral in the list (2.0.1),
used in the problem of random permutations. The weight and the ; and ,, as
in (2.1.1), are given by

- +( + )z
(Z)::e :(1—z)(1+z), V:-:#,
1-=2
o=1, 1=0, o=-1, o= — , 1= + ,and all other ;, ; = 0. The
integrals
- (2) (1—z) (1+2) eXTat " 4 (2.1.33)
" E 1
satisfy the Virasoro constraints (K —1):
2
k1
-k == . Ci+ (I_C?) C
= 3%, - 1P+ 018, + 1Y, L (2139)
. +1
Introducing ; = e + 41+ 1, the first four (k = —1,0,1,2) have
the form
- 1 = 1—+ ti——— t; + (o—t1),
tq i1 tit1 i 9 ti 1
2 2
— 0 = 2—to—+ ti ——— o Az —
0 ST tiza & 2 2 2 4
510,
2
T T gt b S Y
bty
B TS S A L B e
2 2 2 2 2
- 19 - 9
3 t2 t§+ t1 t3 *3 ta t1 + t1 ts

(2.1.35)
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o ble Matrix ntegrals. Consider now weights of the form

(2, ) == Y (@)7(), (22.1)
defined on a product of intervals ; X o 2 with rational logarithmic deriv-
ative

i o it T Yol

——=—= - and — — === —

2 o it 2o i’

satisfying
lim (z) (z)zF= lim ()7()*=0 forallk O. (2.2.2)
1 Yy

Consider subsets of the form

E = E1 X E2 = [Cgi 1,021'] X [521' 1,621'] 1 X 9 2. (223)
i1 i1
A natural deformation of the second integral in the list (2.0.1) is given by the
following integrals:

(t, , ;E) = (@) () eETal T W) (g ) @ g (22.4)
" ko1

In the theorem below, ,]]fj) and jg) are vectors of operators, whose components
are given by the operators (2.1.10) for =1; i.e.,
=100 ,, IP0O)= 190

1t !

thus, from (2.1.10) and (2.1.11), one finds
1
Pw=5 PO+ +k+) PO+ (41, (2:2.5)

satisfying the Heisenberg and Virasoro relations (2.1. ), with central ¢ ar e c =
—2and ¢ = %

The 4,74, iy i) Ci, G, ¢ given by (2.2.1), (2.2.2) and (2.2.3) define differential
operators

2
k+1 (2) (1)
E = ¢ (ci) o i Iy t l T ietivr
1 L 11 thtil
2
T ~k+1 "~ -~ 72 - 71
k = C; (Ci) . - i "]]k+i + l 1 - iJk+i+1
1 i 0 1 l+k+1i

(2.2.6)
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EO E (Adler and van Moerbeke [3; 4]). dven (z, ) asin (2.2.1),t e
inte rals
(t , 3 B) = (@ () Tl V) (@ ) me ok (227)
" ko1
satisfy t o fa ilies of irasoro e uations for k —1:
v (t, , ;E)=0 and  (t, , ;E)=0. (2.2.)

00  The proof of this statement is very similar to the one for -integrals.
Namely, define the vector vertex operator,

12(ta Y ): 162;0(“ ’ i z)(2 El (T_z i

D), (2.2.9)

WhiCh, as a consequence of Proposition 2.2 for = 1, interacts with the operators
.,]]](;) (t) = J;(;) (t, ) as follows:

B, ) =000, o, )

— k1 12 (t, y ) = [J§<:2) (t), 12 (t, y )] . (2210)
A similar statement can be made, upon replacing the operators kand — k1

by *and — **!) and upon using the jg)( ) s.
Finally, one checks that the integral vertex operator

(ta ) ):: T ('Ta ) 12(t7 3 Ly ) (2211)

commutes with the two vectors of differential operators = ( x ) ,asin
(2.2.6):
[ & @& =[x & ; )]=0,
and that the vector = (g =1, 1,...) of integrals (2.2.7) is a fixed point for
& 5 )
&5 )&, E)= (&, ;E).
Then, as before, the proof of Theorem 2.6 hinges ultimately on the fact that

ko annihilates ¢ = 1.

ntegrals o er t e nit ircle. We now deal with the fourth type of
integral in the list (2.0.1), which we deform, this time, by inserting two sequences
of times t1,t3,... and 1, 2,.... The following theorem holds:

EO E (Adler and van Moerbeke [7]). e ultiple inte rals over t e

unit circle !,

t, )= ()2 X . H_Zk 0, (2.3.1)
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it o =1, satisfy an SL(2, )-al ebra of irasoro constraints:

k=-1, =0,
(t, )=0, onlyfor k=0, arbitrary, (2.3.2)
k=1, =1,
ere t e operators , = . (t,, ), k , 0 are iven by

po=300 ) -1 (=, )=k IV @ )+ I (=, ), (233)

it IO, Vo= 39 (t, ) |, asin (2.1.11).

17
The explicit expressions are
1 = (+Dtiya——- (-1 i1—+ t+— =0
. i i 1
i 1 i 2
i1 K3 1
1 = — (+1)i+1_+ (—1)ti 1— + 1+ — =0.
, i t; i1
i 1 i 2
Here the key vertex operator is a reduction of 12(¢, ; , ), defined in the
previous section (formula (2.2.9)). For all k , the vector of operators
k(ta ) = k (ta ) )
forms a realization of the first order differential operators ( ) *+1 using the
vertex operator 15(t, ; 1), namely
t. - 1 t. - 1
k41 12(a ) ) — k(t’ ), 12(a ) ) . (235)
Indeed,
B 12 (ta PR 1)
— _ kt+1 _lk_k k—k’(].—) k 12(t,;,)

2 2 1 1
=320 -3%) -k O+ )5 ), w2l )
:[ k@), 12(t 5, 1)]
The ,:= (¢, ) satisfy Virasoro relations with central charge zero:

[ k> l]:(k_l) k41 (2.3.6)

thus, from (2.3.5) we have the commutation relation

[ k(ta )7 (ta )] =0, with (ta ):: L9 12(t, ’ 1)' (237)
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The point is that the column vector (¢, ) = ( ¢, 1,-..) of integrals (2.3.1)
is a fixed point for (¢, ):

(®)) =, 1 (23.)
which is shown in a way similar to Proposition 2.5.

00 O EO E Here again the proof is similar to the one of Theorem
2.1. Taking the -th component and the -th power of (¢, ), with 1, and
noticing from the explicit formulae (2.3.4) that  ,(¢, ) , = 0, we have, by
means of a calculation similar to the proof of Theorem 2.1,

. Integra le stems and ssociated Matrix Integrals

.1. Toda lattice and ermitian matrix integrals

iven a weight (2) =e () defined as in (2.1.1), the inner product over

L= (2) (2) 12) 7, with 4(2):=eXb (2), (3.1.1)

leads to a moment matrix

@) =(i®)o =(z%z o (3.1.2)

which is a an el atriz'®, thus symmetric. This is tantamount to =
, where  denotes the shift matrix; see footnote 9. As easily seen, the

semi-infinite moment matrix evolves in ¢ according to the equations
i & commuting
—= and thus = . 3.1.3
tx itk tx vector fields ( )
Another important ingredient is the factorization of into a lower-triangular

times an upper-triangular matrix!!

=" @®

where (t) is lower triangular with non-zero diagonal elements.

The main ideas of the following theorem can be found in [2; 5]. Remember
that ¢ = (e1,...,c2 ) denotes the boundary points of the set E; further,
refers to properly normalized Haar measure on H .

10 ankel eans that depends on only.

11 This factori ation is possi le for those s for which ,, : det 0 for all 0.
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EO E e deter inants of t e o ent atrices
1 2
T () :=det  (t,c) = (2) t(26) 2k
T k1
= et O (X7t ) (3.1.4)
n( )
satisfy t e follo in relations:
(i) _irasoro constraints (2.1.7) for =2,
2
2 1
S (e)— + J% - 10, T (=0 (315)
1 i
(i) e - derarc y**(k=0,1,2,...)
1 1 1 2 0
S —_— e, = — - = T
M2 13 1 2ty tris ’
of ic t e rste uation reads:
2 2 2 2
— 3 — —4 1 6 —1 0. 3.1.6
PR S ot 8T TO TpieeT (3.1.6)
(iii) e standard oda lattice, i.e., t e sy  etric tridia onal atriz
T Tor2
— log X otz 0
tl & T0 ’7'12
12 12
7072 1 T2 7173
.o w%n @
)= () @ = T 1o (3.1.7)
T173 T:
0 — — log =
’7'22 tl 8 T2
satis est e co  utin e uations'3
k
- = [%( ), ] (3.1.)
(iv) i envectors of : e tridia onal atriz ad itst o independent ei en-
vectors:
12Gi en a polyno ial 1 2 , de ne the custo ary irotasy ol
t : -
1 2 ) 0
The s are the ele entary Schur polyno ials 1 *i °: 0 . For later use, set

12 2

1 The notation eans the skew-sy  etric part of for details, see Section 3. .2.
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(t;2) = ( (t2)) o satisfyin ( (t) (8;2)) =z (t;2), 0, ere
(t;z) are -t de ree polyno ials in z, dependin ont , ort onor al
it respect to t e t-dependent inner product' (3.1.1)

k(t;52), 1(t52) ¢ = s

t ey are ei envectors of ,i.e., (t) (t;2) =2z (t;2), and en oy t e follo -
in representations, ere (z)=(1,2,2%,...) :

1 (t) z
659 =(0) () = s et
=z 127 (tT_([tZ) l]), it = TTHt()t) (3.1.9)
(t,z)=( (t2) o, it
== Sy

satisfyin  ( (t) (t;2)) =z (t2) for 1; t e function (t;z) en oys
t e representations

(t;2) = M EhH = @ @
127 st +[z 1)

=z 0 (3.1.10)

In the case = 2, the Virasoro generators (2.1.11) take on a particularly elegant
form, namely for 0,

o= 3P0 m:= Jo+2 PO+ e
i+ k
=0+ o
with!
1 _
E- 3(=k)t &,
e ti tit. (3.1.11)
itk itk ik
Statement (i) is already contained in Section 2, whereas statement (ii) will be
established in Section 3.1.2, using elementary methods.

1 The e plicit dependence on the oundary points will e o itted in this point i
(1)

1 The e pression anishes for 0.
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rt o onal polyno ials and T-function representation Representation (3.1.4) of
the determinants of moment matrices as integrals follows immediately from the
fact that the square of a Vandermonde determinant can be represented as a sum
of determinants

2( Tyeooy ): det Ik 2

(k) 1 k!
Indeed,
It (t) = !det (t) = det ZH(}?) 2 «(z (k:)) Z (k)
1 ki
= det 257 1B ) 2w
= 2(2)  ol=)
" k1

whereas the representation (3.1.4) in terms of integrals over Hermitian matrices
follows from Section 1.1.

The Borel factorization of is responsible for the orthonormality of the
polynomials  (¢;2) = ( (¢) (2)) ; indeed,

k(t;2), 1(t2) 0 k1 = (2)( (2) (2) z= =

Note that  (z)( (2)) should be viewed as a semi-infinite matrix obtained by
multiplying a semi-infinite column and row. The determinantal representation
(3.1.9) follows at once from noticing that  (¢t;2),2F =0for 0 k -1,
because taking that inner product produces two identical columns in the ma-
trix thus obtained. From the same representation (3.1.9), one has (¢;z) =
Y22 4., where =17 4 7 (2).

The “Sato” representation (3.1.9) of  (¢; z) in terms of the determinant 7 ()
of the moment matrix can be shown by first proving the Heine representation of

the orthogonal polynomials, which goes as follows:

1
(t) z

12 (42)= idet

NN N =

det  : : : e(6)

\]|,_.

+1 . 2
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0 0 0
1 2
. T2 Uz
= 7—_ det ? % ! t( 1) i
’ 1 ! 2 ! Hz 1 1
1 2 V4
0 0 0
o @ O
1 1 o1 2
1 (1 (2 ()
—_— . . . 0 1 1
= det Dol @ @ () (@) @
1 1 1 1 1
n @ OF ; _
.. 2 or any permutation
o @ ()
0 0 0
1 2
1 oo s
= fet : N E -1 %4 '@ (1) t( i)
1 1 5 1 1, 1 1
1 2 ‘Z
1 9 ‘
=5 () (= &) r) & upon summing over all
) " k1

Therefore, using again the representation of 2(z) as a sum of determinants,
Heine s formula leads to

12 Z I+k 2 (k)
(t,z): = . det JEk) 1 k1 1- . t( (k)) (k)»
n k1
z 1
— det +k 2 _ = I4+k 1 t( A ) %
1T . ) (k) PO . (k) (k)
= —det A |
T Z 0 3 1
z
= T—det i (t - [Z 1]) 0 3 1
t— 1
R el 2 (3.1.12)
7 ()
invoking the fact that
d-l )= TR T () = o ()T
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Formula (3.1.10) follows from computing on the one hand () (z) using
the explicit moments ; , together with (3.1.12), and on the other hand the
equivalent expression L(t) (2 ). Indeed, using ( (¢) (2)) = (t;2) =

Yo k(B2

0 0 1o
= 2 @) )
0 1o
= () ! P ¢( )
1o 0
6O

Mimicking computation (3.1.12), one shows that

Ttz 1)

12 Mty 2 =—""r_ "y
i =20

from which (3.1.10) follows, upon using = !. Details of this and
subsequent derivation can be found in [5; 6].

e vectors and are ei envectors of . Indeed, remembering (z) =
(1,2,2%,...) , and the shift ( ) = i, we have

(z) =z (2) and (z )=z (z ') —zeq, withe; =(1,0,0,...) .
Therefore, (z) = (2) and (z) = L (2 1) are eigenvectors, in the sense
that

= 1 Yz Y=z Yz Y-z ley=2 —2 ey
Then, using =, one is led to
( —z) =0 for 0,
(—z) =0 for 1.

oda lattice and ie al ebra splittin  The Lie algebra splitting of semi-infinite
matrices and the corresponding projections (used in (3.1. )), denoted by () and
() , are defined as follows:

= skew-symmetric matrices ,

1 = ith
gl(o0) W = lower-triangular matrices .
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Conjugating the shift matrix by (¢) yields a matrix

W= @ @©"°

1 1
= using (3.1.3)
using =
= (! Y) using (3.1.3) again
- ( 1) = (t) )
which is symmetric and thus tridiagonal. Moreover, from (3.1.3) one computes
p— k _ — k 1 _ - 1 1
0= tk tr ( )
_ k1 1
B * 133 + ty

Taking the () and ( )o parts of this equation (  means the lower-triangular
part of the matrix , including the diagonal and ¢ the diagonal part) leads to

(" +— '+ Il =0 and — ! =-1(",
173 e o 123 0
pon observing that, for any symmetric matrix

c 0 c c
= :2 —
c 2c c c

it follows that the matrices (¢), (¢) and the vector (¢;2) = ( (¢2)) o=
(t) (z) satisfy the (commuting) differential equations and the eigenvalue prob-
lem

—=-lH O B)=2 (), (3.1.13)
and thus

—==[3",], —=-3" (Standard Toda lattice).

e bilinear identity The functions 7 (t) satisfy the following identity, for
+ 1, t,t , where one integrates along a small circle about oo,

Tt—[z YD1 ot +[z D=t Wy 1 4. (3.1.14)

An elementary proof can be given by expressing the left hand side of (3.1.14),
in terms of  (¢;z) and (¢, 2), using (3.1.9) and (3.1.10). One uses below the
following identity (see [2]):

(2) (2) 2= —
















































































































































