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Metric Entropy of the Grassmann Manifold

ALAIN PAJOR

ABSTRACT. The knowledge of the metric entropy of precompact subsets of
operators on finite dimensional Euclidean space is important in particular
in the probabilistic methods developped by E. D. Gluskin and S. Szarek
for constructing certain random Banach spaces. We give a new argument
for estimating the metric entropy of some subsets such as the Grassmann
manifold equipped with natural metrics. Here, the Grassmann manifold is
thought of as the set of orthogonal projection of given rank.

1. Introduction and Notation

Let A be a precompact subset of a metric space (X, 7). An e-net of A is a
subset A of X such that any point x of A can be approximated by a point y of
A such that 7(z,y) < €. The smallest cardinality of an e-net of A is called the
covering number of A and is denoted by N (A, T, ¢). The metric entropy (shortly
the entropy) is the function log N(A, 7, .).

When X is a d-dimensional normed space equipped with the metric associated
to its norm || . ||, we will denote by N (A, ||.||,e) the covering number of a subset
A of X and by B(X) the unit ball of X. The metric entropy of a ball A = rB(X)
of radius r is computed by volumic method (see [MS] or [P]): for € €]0, 7],

(5) < NeBE)- 10 < (35)". )

The space R™ is equipped with its canonical Euclidean structure and denoted
by £5. Its unit ball is denoted by B, the Euclidean norm by |.| and the scalar
product by (., .). For any linear operator T between two Euclidean spaces and
any p, 1 < p < oo, let

1/p
op(T) = <Z Si(T)|p>

i>1
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where s;(T"), ¢ = 1,... denote the singular values of T In particular, o is the
nuclear norm, o9 is the Hilbert-Schmidt norm and o, the operator norm. The
Schatten trace class of linear mapping on the n-dimensional Euclidean space
equipped with the norm o), is denoted by Sj. More generally, we consider a
unitarily invariant norm 7 on L(¢3); it satisfies 7(USV') = 7(95) for any S € L(¢%)
and any isometries U,V on £5. It is associated to a l-symmetric norm on R”
and 7 is the norm of the n-tuple of singular values. For any Euclidean subspaces
E,F of £%, T induces a unitarily invariant norm on L(E, F) still denoted by 7.

Let G, 1 be the Grassmann manifold of the k-dimensional subspaces of R".
For any subspace E € G,, ;, we denote by Pg the orthogonal projection onto E.
We will denote by o, the metric induced on G, j; by the norm o,, when G, j, is
considered as a subset of Sj. Similarly, we denote by 7 the metric induced onto
G, by the norm 7.

We are mainly interested in estimating N(B(S7),0p,€). The computation
of N(Gy k,0p,¢) was done in [S1] and is the basic tool in [S2] for solving the
finite dimensional basis problem (see also [G1], [G2] and [S3]). For computing the
metric entropy of a d-dimensional manifold, we first look for an atlas, a collection
of charts (U;, pi)1<i<n and estimate N. The situation is particularly simple if
for each of the charts, ¢; is a bi-Lipschitz correspondence with a d-dimensional
ball. Locally, the entropy is computed by volumic method. To estimate the
number N of charts in the atlas, we look at the Grassmann manifold in L(R™)
with the right metric. Such an embedding that does not reflect the dimension
of the manifold cannot give directly the right order of magnitude of the entropy,
but as we will see, it gives an estimate of the cardinality N of a “good” atlas.
The two arguments are combined to give the right order of magnitude for the
entropy of Gy, ;. We did not try to give explicit numerical constant and the same
letter may be used to denote different constants.

2. Basic Inequalities

Let G be a Gaussian random d-dimensional vector, with mean 0 and the
identity as covariance matrix. The following result is the geometric formulation
of Sudakov’s minoration (See [P]).

LEMMA 1. There exists a positive constant ¢ such that for any integer d > 1,
any subset A of R% and for every e > 0, we have

ev/1og N(A,|.|,e) < cEsup(G,t). (2)
teA
LEMMA 2. There exists a positive constant ¢ such that for any integer n > 1,
for any p such that 1 < p < oo and for every € > 0, we have

n372/p

— 3)

log N(B(S” <
0og ( (Sp)70235)—c c
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PROOF. Let A be a subset of the Euclidean space S§ equipped with its scalar
product given by the trace. Applying the inequality (2) where G is a stan-
dard Gaussian matrix whose entries are independent N(0, 1) Gaussian random
variables, we get that

ev/1og N (A, 02,¢) < cE sup trace(GT).

TecA

Let ¢ such that 1 < ¢ < 0o and 1% + % = 1. By the trace duality,
[trace(GT)| < 04(G)op(T) < 04(G),
for any T' € B(S}). Now it is well known that
Eoy(G) < nt B0y (G) < an'/1y/n, (4)

for some universal constant « (see [MP], Proposition 1.5.). Therefore

1
\/logN(B(Sg),ag,e) < can'%/n =,
5
which gives the estimate (3). O

The next inequality is in some sense dual to (2). Again G is a Gaussian d-
dimensional random vector.

LEMMA 3 (see [PT]). There exists a positive constant ¢ such that for any integer
d>1, any norm || .|| on R¢ and for every ¢ > 0, we have

ey/log N(B, | |1.€) < cE[G]|. (5)

LEMMA 4. There exists a positive constant ¢ such that for any integer n > 1
and for any q such that 1 < ¢ < 0o, we have

nit2/q

log N(B(55),04,€) < ¢ (6)

22
for every e > 0.

PRrROOF. The proof follows from the formulae (4) and (5) applied with the norm
oq- (]

PROPOSITION 5. There exists a positive constant ¢ such that for any integer
n > 1, for any p,q such that 1 < p < 00, 2 < q < 0o and for every € > 0, we
have

n(2=1/p=1/a)d

; , (7)

log N(B(S}),74,2) < ¢ ——

where 1/q+1/¢' = 1.
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PROOF. We observe that

N(B(SP),04,6) < N (B(Sg),og,

5) N(B(S3).0,.0).

Therefore inequalities (3) and (6) give us

3—2/1)92 14+2/q
log N(B(Sy),04;¢€) §c<n + 2 ) .

g2 62
Optimizing with 62 = en=1+1/P+1/4 we arrive at
n2-1/p+1/q
log N(B(Sy),04,¢) < 2(:?. (8)

In particular for ¢ = 0o, we get

n271/p

log N(B(S)),00,€) < 2¢ E

Letnow2§q§oo,)\:%,sothatog)\g1and%:)\%+(1—)\)
Holder’s inequality, for every x,y > 0, we have

N(B(SL), 04,20y ) < N(B(S]), 02, 2)N(B(S}), 0. )-

This relation and inequalities (3) and (9) yield

. n3—2/p n2-1/p
logN(B(Sp),Uq75)§8c< =7 +(s/z)1/1>‘)’ z2>0
and the optimal choice z = (¢ — 2)(a=2)/ala=1) c1/(a=1) 5, (1=1/p)(a=2)/a(4=1) gives
the estimate (7). O

REMARKS. 1) Estimates (7) and (8) are relevant when p < 2 < g, their accuracy
depends on the range of ¢, particularly with respect to 1/n(1/p*1/‘1).
2) Note that when p = 1, inequality (7) becomes

log N(B(S}), 0,,) < ¢ =

3) All the computation of entropy above, could have be done by the same method
for the trace classes of operators between two different finite dimensional Eu-
clidean spaces. One can use Chevet inequality [C] to get the relation corre-
sponding to (4).

3. Metric Entropy of the Grassmann Manifold

We consider now the Grassmann manifold G, as a subset of Si', which
means that G, i is equipped with the metric o4 (E, F) = 04(Pg — Pr). In view
of evaluating the cardinality of a “good” atlas of the Grassmann manifold, we

begin with a first estimate for its entropy.
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PROPOSITION 6. There exists a positive constant ¢ such that for any integers
1 <k <n and for every € > 0, we have

d
log N (G, 000,€) < €, (10)

where d = k(n — k).

PrOOF. We may suppose that k£ < n — k. Since for any rank k orthogonal
projection o1 (P) = k, inequality (7) with p = 1 gives by homogeneity,
10g N (G i, 0o0,€) < 1og N(B(ST), 000, ek~ 1)
<c n—k <2c é [l
€ €

Let E,F € G, and U € O,, such that U(F) = E, then clearly
(PpiPg)" = (Pr UPRU*)* =UPpU*Ppy = UPp P U".

Therefore Prpi Pp and PrPgi have the same singular values. Moreover, since
Pr — Pp = Pr1 Pg — PrpPpg. is an orthogonal decomposition, for any unitarily
invariant norm 7 we have 7(Pp. Pg) = 7(PpPg.) and

T(PFLPE) S T(E, F) S QT(PFLPE) .
Denote by Pp|g the restriction over E of the orthogonal projection onto F'

and consider its polar decomposition

k

PF|E = Zsiei ®f17 S; 2 07 (€i7fj) = 61]‘9171 S 7’7] S ka
i=1

with (e;)1<i<k an orthonormal basis of E and (f;)1<;< an orthonormal basis of

F. Let €, = (—s;e; + fi)//1 — s? and f] = (—e; + s;fi)/+/1 — s? when i is such

that s; # 1. The families (e}) and (f/) are respectively orthonormal systems in

E* and F' and we have the following polar decomposition:
Pg—Pp=PpPp. —PpPpi=>» J1-slej@fi+ Y JI-s7e;®f].
si#l s;#1
Consequently, for 1 < g < oo

k 1/q
0q(E, F) = (04(Ppr|p))" + 0q(Prip)?) /1 = <2 Z(l - Sf)qm) .
i=1
Note that the Riemannian metric is given by o,(E, F) = (Zle arccos? si)l/2
and therefore
02(B, F) < \20,(E,F) < goz(EF).
Let E be a k-dimensional Euclidean subspace of R™. For any 0 < p < 1, let
Vo(E) ={F € Gp : 0c(E,F) < p}.
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Let us recall a standard chart: (V,(E),¢g) where ¢ : V,(E) — L(E,Et) is
defined by

¢5(F) = Pgiypo (Pgr) "
In other words, F' is the graph of u = pg(F) and F = {z+u(z) : x € E}. With
this notation, we have:

LEMMA 7. Let0< p <1, E,F,G € Gy, and F,G € V,(E), let u = pgp(F') and
v =@g(G), let T be a unitarily invariant norm on L({3), then we have

ou(V,(E)) = {w € L(E,B) : on(w) < \/1”7/)2}, (11)
91/2

- 7(F, G). (12)
PRrROOF. Let H € V,(E) and w = @g(H). The relation (11) follows immediately
from

Ooo(PpiPr) = 00o(E, H) = sup |w(z)|/v/14 [w(@)]? = 0oo(w)/v/1+ 0o (w)?.

lz]=1

Recall that F' = {z +u(z) : « € E} and G = {x + v(x) : z € E}. To prove the
second relation, let x,y € E such that Pg(z + u(x)) =y + v(y), then

27 (F,G) < 1(u—v) < 3

|Pox(z + u(x))] = | —y +u(z) —v(y)| = |z -yl
Therefore
(@) —v(@)|? = |(@+u(@)) - (2+0())]
= |Pge (z+u(@) P +|(y—2) +oy —2)
< (2400 (1)) Pos (2 +u(@)) 2,
and for every x in E we have
|Po (@ +u(2))] < Ju(z) = v(@)] < (2+ 000 (0)*)?|Pas (2 + ul@))]-
The left-hand side inequality means that
| P Pr(2)] < |(u—v)(Pgz)| forany ze€ F.
It is well known that if S, T € L(¢£%) satisty |Sz| < |Tx| for every x then 7(5) <
7(T). Hence
T(PgL Pr) < 1(u —v).
Applying the same observation to the operators S = (u — v) Pg and
T = (2+ 000(v)?)/?Pos Pr(Pp + uPg)
and using the right-hand side of the same inequality above, one gets
T(u—v) < (24 000 (v)?) 21+ 000 (w)?) /27 (Pg Pr).

We conclude using (11) and the relation between 7(Pg. Pr) and 7(E, F). O
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We now give a new proof of a result of Szarek.

PROPOSITION 8 (see [S2]). For any integers 1 < k <n such that k <n —k, for
any q such that 1 < q < oo and for every € > 0, we have

c

g

where we set d = k(n — k) and ¢,C > 0 are universal constants.

PRrROOF. The relation (11) of lemma 7 shows that if we fix p, say p = 1/2, then
¢ is a bi-Lipschitz correspondence from the “ball” V;,5(E) onto the ball of
L(E,E+) of radius 1/4/3 (in the operator norm) and from (12), the Lipschitz
constants are universal. Therefore the metric entropy of Vi /5(E) for the metric
0w is equivalent to the entropy of a d-dimensional ball of radius 1/v/3 for its
own metric. From (1) we get

(2= Mt = (2)'

for some positive universal constants ¢; and cz. From inequality (10) of Propo-
sition 6, there is an atlas (Vi 2(Es), 95, )1<i<n with

log N <log N(Gp k000, 1/2) < 2cd.
Since for a fixed k-dimensional subspace F,
N(Gn,k7aooa5) S N(Gn,k70w7 1/2)N(V1/Q(E>7Uooa5)a

we get

(E)d < N(Gn o O 6) < 0262(1 d . (14)
e/ — el = €

The computation of o,(.) on G, shows that (2k)~'/90,(E,F) is an in-
creasing function of ¢ € [1,00) if E,F € G, and so the same is true about
log N(Gp i ,04,€(2k)1/9). Therefore the upper bound in (13) is a consequence
of (14).

To get a lower bound of the entropy, it is sufficient to look at only one chart,
say (Vi/2(E),pr) and for the nuclear norm. Using lemma 7 with ¢ = 1, we
reduce the problem to a minoration, for the nuclear metric, of the entropy of
the unit ball of L(E, E+) with the operator norm. Now we join the method of
[S2]; a lower bound for the covering number is obtained by evaluating the ratio
of the volume of the operator norm unit ball of L(E, E*) and the volume of the
nuclear norm unit ball. This concludes the proof. O
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