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Liftings of Kernels Shift-Invariant
in Scattering Systems
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To Daniel J. Goldstein, without whom this story could not have unfolded.

ABSTRACT. The Generalized Bochner Theorem (GBT) provides both in-
tegral representations and extensions of forms and kernels invariant under
the shift operator. Even in the simplest setting of trigonometric polynomi-
als, it allows a unified approach encompassing the Nehari approximation
theorem and the Helson—Szeg6 and Helson—Sarason prediction theorems. It
also gives results on weighted Lebesgue spaces that had been out of reach
of classical methods.

The GBT’s lifting approach is valid in abstract algebraic and hilber-
tian scattering systems, with one or several evolution groups (not neces-
sarily commuting), and integral representations of Toeplitz extensions of
Hankel forms are obtained in many such systems. These integral represen-
tations lead to applications to harmonic analysis in product spaces, such
as the polydisk, and in symplectic spaces. In a different direction, a non-
commutative extension of the GBT is given for kernels defined in terms of
completely positive maps.

Introduction

The study of the generalized Toeplitz kernels and forms started as an attempt
to apply Krein’s moment theory methods to the Hilbert transform. In particular,
a generalization of the classical Herglotz—Bochner theorem, the GBT, yields a
characterization of the pairs of measures for which the Hilbert transform operator
is continuous in the corresponding weighted L? spaces. Yet the GBT, unlike the
Bochner theorem, provides not only integral representations of bounded forms,
but invariant extensions of them without norm increase. The GBT, therefore, is
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closely related with the far-reaching lifting theory of Sz.-Nagy and Foias: their
lifting theorem for intertwining contractions can be obtained as a corollary of its
abstract generalization to scattering systems (see Section 2 below). Moreover,
immediate applications to harmonic analysis follow through appropriate integral
representations of the extended forms.

This paper is a self-contained exposition of research, joint with Mischa Cotlar,
extending over two decades. (The abbreviation C-S is used in references to our
papers.) Shortly after initiating this program, we collaborated with Rodrigo
Arocena, who later carried on this lifting approach in his significant work in a
somewhat different direction. Developments parallel to ours occurred during the
same period in the work of other schools, some of which is represented in this
volume. In many cases the relation between these other developments and ours
still remains obscure, and should be investigated further.

This exposition concentrates on the basic lifting results, presents sketches of
their proofs, and outlines some applications. It traces the historical development
of our approach, starting with the concrete example of kernels on the integers,
followed by the abstraction of that example in the setting of scattering systems.
For background material, the reader can consult [Nikol’skii 1986].

Section 1 centers on the GBT, introducing it as a result on integral represen-
tation of positive generalized Toeplitz kernels, and then as an extension property
for bounded Hankel forms. The Helson—Szeg6 theorem for the Hilbert transform
and the Nehari theorem for Hankel operators are given as corollaries, as well as
our results on boundedness for those operators acting in two different weighted
spaces. It is observed that the GBT holds for matrix- and operator-valued ker-
nels, with essentially the same proof as presented here.

In Section 2, algebraic and hilbertian scattering structures appear as the nat-
ural settings for bounded Hankel forms. Thus the lifting theorems 2.1 and 2.2
emerge as a natural extension of the GBT. A constructive proof is sketched for
them, based on the Wold-Kolmogorov decomposition. Satisfactory integral rep-
resentations of the Hankel forms are obtained in the special cases of Adamyan—
Arov and Lax—Phillips scattering systems. Section 2 also includes a lifting the-
orem for forms defined in general semi-invariant subspaces, such as the internal
state space of a hilbertian scattering system, under a condition of “essential in-
variance.” The Sarason representation theorem for contractions commuting with
a compression of the shift, and the Sz.-Nagy—Foiag lifting theorem for intertwin-
ing contractions are given as corollaries. Section 2 ends with a conditional lifting
theorem from which follows the abstract Adamyan—Arov—Krein (AAK) theorem
for singular numbers of Hankel operators, and some of its applications.

In Section 3 the Lifting Theorem is extended to bounded Hankel forms in pairs
of scattering systems with several evolution groups (not necessarily commuting).
This result is one of the most significant features of our program. Although a
physical interpretation of this setting is not yet clear, it allows many applications
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to function spaces in several variables. In particular, it yields a noncommutative
Nehari theorem for forms acting in the space of Hilbert—Schmidt operators.

Section 4 shows another sense in which noncommutativity can usefully be
introduced into our theory: the GBT can be extended from positive definite
numerical-valued kernels to completely positive kernels whose values are operator-
valued sesquilinear forms on a C*-algebra. A Nehari theorem for sequences de-
fined in a C*-algebra is given as an application. The results of this section are
being published here for the first time.

This whole paper is focused on liftings in discrete scattering systems, where
the evolution group is a unitary representation of Z. Alternatively, continuous
scattering systems can be considered, where the evolution group is a unitary
representation of R. The lifting theorems of Section 2, as well as those of Sec-
tion 3 for several evolution groups, also hold in the continuous case [C-S 1988;
1990a; 1994b]. The continuous version of the theory is invoked in the present
paper only at the end of Section 3, when we consider operators in the symplectic
plane.

The object of this paper is to show that invariant (Hankel) forms, bounded
with respect to quadratic invariant norms, have invariant (Toeplitz) liftings. Two
significant extensions of the theory —left out of this exposition for the sake of
brevity — treat the cases when those norms are invariant but not quadratic (e.g.,
L? norms for p # 2), or quadratic but not invariant (e.g., Sobolev norms). For the
first case, see [C-S 1989a], where the pertinent previous papers are summarized,
and [C-S 1990b], where the Hilbert transform in weighted L?(T?) is studied. For
the second, see [C-S 1991], where the problem is related to unitary extensions
in Krein spaces and to scattering systems with evolution operators unitary with
respect to an indefinite metric.

Other significant extensions not presented here are the (local) nonlinear the-
orems of [C-S 1989b], and the study of stationary, harmonizable and generalized
stationary processes in scattering systems [C-S 1984/85; 1988; 1989b].

1. The General Bochner Theorem
and Some of Its Applications

Positive definite functions admit integral representation as Fourier transforms
of positive measures. This classical result, fertile in applications, is the starting
point of our exposition.

In the simplest case, a positive definite sequence, that is, a sequence s : Z — C
satisfying

Z s(m —n)A(m)A(n) >0 for all \:Z — C finitely supported,  (1-1)

m,n
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is characterized as the Fourier coefficient sequence of a finite positive measure
defined on T:
s(n) = a(n) = / e~ dy foralln € Z. (1-2)
T
Note that we do not require strict inequality in (1-1).
Since (1-1) stands for the positive definiteness of the kernel K: Z x Z — C,
defined by K(m,n) := s(m — n), and thus satisfying the Toeplitz condition

Km+1,n+1)=K(m,n) forallnecZ, (1-3)
the result can be stated as

THEOREM 1.1 (HERGLOTZ-BOCHNER). A kernel K : Z xZ — C is positive def-
inite and Toeplitz if and only if there exists a uniquely determined finite measure
w >0 onT such that

K(m,n)=jp(m—mn) forallm,n¢€Z. (1-4)

In this section, this integral representation of positive kernels is extended to a
class that includes the Toeplitz kernels and more. In this process a lifting prop-
erty appears, having as corollaries classical theorems such as those of Helson—
Szeg6 and Nehari—seemingly unrelated to the Herglotz—Bochner theorem — as
well as new results.

Examples of numerical positive definite Toeplitz kernels are the autocorrela-
tion kernels of stationary discrete (Hilbert space valued) stochastic processes X :
Z — H, for H a Hilbert space, with autocorrelation K(m,n) = (X(m), X (n)).
Not only is this kernel given by the Fourier coefficients of a positive measure
i (Herglotz—Bochner), but the process itself can be identified with the Fourier
sequence of an orthogonally scattered bounded H-valued measure v (Bochner—
Khinchine):

X(n)=70(n) forallneZ. (1-5)

Among the simplest nonstationary processes (i.e., those whose kernels are not
Toeplitz) are the harmonizable and the generalized stationary processes. Harmo-
nizable processes admit a weakened version of representation (1-5) in terms of
bounded (but not necessarily orthogonally scattered) v. Alternatively, their ker-
nels can be represented by an integration formally similar to (1-4), but involving
not measures on T but bimeasures on T x T. On the other hand, generalized
stationary processes (those stationary except for one point) admit both a rep-
resentation (1-4) in terms of positive numerical matrix-valued vector measures
and a representation (1-5) in terms of pairs of bounded (mutually orthogonally
scattered) vector-valued vector measures. This follows from Theorem 1.2 below.

DEFINITION. A kernel K : Z x Z — C is a generalized Toeplitz kernel (GTK) if

K(m+1, n+1) = K(m,n) except possibly when m = —1 or n=—1. (1-6)
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The autocorrelation kernel of a generalized stationary process is a GTK. The
analog of the Herglotz—Bochner theorem for these kernels is the following result,
whose proof will be sketched later in the section.

THEOREM 1.2 (THE GENERALIZED BOCHNER THEOREM [C-S 1979]). A kernel
K : Z x7Z — C is positive definite and a GTK if and only if there exists a
positive 2 X 2 matriz p = (i) of (complex) measures defined on T such that

K(m,n) = fi;;(m —n) for (m,n) € Z; xZ;, i,j57=1,2, (1-7)
where Z1 ={k€Z:k >0} andZy ={k € Z : k < 0}.

For 1 = () a 2 X 2 matrix of complex measures on T, saying that p is positive
(denoted p > 0) is equivalent to saying that

p11 >0, poo >0, poy =2, and

1-8
|p12(D)|? < p11(D)paz(D)  for every Borel set D in T. (1-8)

Since every Toeplitz kernel is obviously a GTK, the GBT (Theorem 1.2)
includes the Herglotz—Bochner representation of the kernel, but here p is not
unique. This fact is at the heart of what makes the GBT not only a result on
integral representation but on extension of forms. To show this it is helpful to
rewrite the result as follows.

Let P be the set of trigonometric polynomials on T. That is, P consists of
finite sums of the form f = Y ¢,e™’. Given a hermitian kernel K, a sesquilinear
form B : P x P — C can be defined by setting

B(e'™, ™) = K(m,n) for all m,n € Z,

and extending by linearity.

A form B : P x P — C is positive (that is, B(f, f) > 0 for all f € P) if and
only if the corresponding kernel K is positive definite. If B is positive we write
B >0.

A kernel K is Toeplitz if and only if the corresponding form B is invariant
under the shift operator S : f +— e f, that is,

B(Sf,59) = B(f,9) forall (f,g) € P xP. (1-9)

The forms B satisfying (1-9) are called Toeplitz or S-invariant in P x P.
In this setting, the Herglotz—Bochner theorem translates to: B is positive and
S-invariant in P x P if and only if there exists u > 0 such that

B(f,g9) = /fgdu for all f,g € P. (1-10)

Setting Py = {f € P : f analytic} and Py = {f € P : f antianalytic}, we
have P = P; + P, and the domain of the form B splits into the four pieces



308 CORA SADOSKY

Pi x Pj, for i,j =1,2. A weaker concept than S-invariance in P x P as in (1-9)
is S-invariance in each P; x P;; the form B has this property if

B(Sf,Sg) = B(f,g) forall (f,g) € (P1xP1)U(S™ Pyx S 1Py )U(Py xS~ Py).

Then the GBT asserts that B is positive in P x P and S-invariant in each P; x P;
if and only if there exists j = (pij) > 0 such that

B(fi+f2 g1+g2) =Y /figj dui;  for all fi,g1 €P1, fo,92€ P2, (1-11)
i,j=1,2

SKETCH OF THE PROOF OF THE GBT (FOR EITHER FORMS OR KERNELS).
B > 0in P x P (or K positive definite) gives rise to a (possibly degenerate)
scalar product in P. Under the usual procedure, there is a Hilbert space H and
a linear operator J : P — H such that JP is dense in H and B(f,g) = (Jf, Jg)
for f,g € P. Consider the operator V defined by V(Jf) := J(Sf) for f € P.
If B were S-invariant in P x P (or K Toeplitz), V would extend to a unitary

operator in H. As B is S-invariant only in each P; x P; (K is a GTK), V extends
to an isometry in H, with domain JP; + J(S~!Py) and range J(SP1) + J(P2).
As is well known, such an isometry extends to a unitary operator U in a larger
Hilbert space 3 D H. The cyclic pair & = J(1), & = J(e™%) in H gives
B(e™, ™) = K(m,n) = (UmU Vg, UmUg;)
itmeZ;,nelZ,, fori,j=1,2. Now define pu = (u;5) by
wij (D) = (E(D)¢&;, &) for any Borel set D in T,

where E is the spectral measure of U. This gives the representation (1-7),
(1-11). O

This proof holds also for operator-valued kernels K : Z x Z — L(N), where N
is a Hilbert space. Then B : P(N) x P(N) — C is the corresponding form, for

P(N) the set of vector-valued trigonometric polynomials, f = > &,e™ a finite

sum with &, € N, and B(f,g9) = >_,, ,(K(m,n)&m, &n).
Observe here that if B is S-invariant in P x P we have

B>0 < p >0,

whereas if B is S-invariant in each P; x P; we have
B>0 < Z/fzfj duij > 0 only for f; € Py and fo € Po, (1-12)
,J
which is far less than

p>0 < Z/fifjdu,»j >0 for all fi, fo €P, (1-13)
i.j

To unveil what this discrepancy means, we look at the restrictions of B > 0 to
PixP;. Therestrictions By = B|(P1xP1) and By = B|(P2xP3) are also > 0, and
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thus define (possibly degenerate) scalar products; in contrast, By = B|(P1xP2)
is not positive, but it is bounded in the sense that

|Bo(f1, f2)| < Bi(f1, f1)/2Ba(fa, f)/? forall f € Py, fo € Py (1-14)

Conversely, if By : P1 x Py = C, By : P1 x P, = C,and By : P, x Py — C
satisfy (1-14), the form B : P x P — C coinciding with each of them in the
respective domain is positive.

If B > 0is S-invariant in P; x P;, by the GBT, the positive forms By and B,
are given by the positive measures pq1 and oz, while

Bo(f1, f2) = /flfz dpyo  only for fi € Py, fo € Po.

Furthermore, by (1-14) By is bounded on L?(ju11) x L?(ug2), with ||Bo|| < 1.
But the complex measure p12, which is bounded by p117 and pos in the sense of
(1-8), defines a form B’ in all of P x P:

B'(f1, f2) == /f1f2 dpyo  for all f1, fo € P. (1-15)

Thus the GBT not only gives an integral representation of B, but extends By to
all of P x P, without increasing its norm!

COROLLARY 1.3 (EXTENSION PROPERTY FOR BOUNDED S-INVARIANT FORMS
IN P1 xP3). Given two positive measures p11 and poo and a form By : P1x Py —
C satisfying

Bo(Sf1, f2) = Bo(f1, 57" f2) (1-16)
and

[ Bo(f1, f2)| < I1f1ll 22 ) 121l 22 (paza) (1-17)
there exists an S-invariant form B’ : P x P — C such that B'|(P1xP2) = By
and || B'|| = || Bol|-

Furthermore, B' has the integral representation (1-15) in terms of a complex
measure [12 satisfying inequality (1-8) with respect to the given p11 and pas.

The value of the GBT as an extension result is highlighted when the forms are
already given by an integral representation through measures. Such is the case
for the first application of the GBT [C-S 1979], still the most striking, since, as
we shall show, it provides a direct link between the lifting theory of Sz.-Nagy
and Foiag and the continuity of the Hilbert transform in weighted spaces.

Let H be the Hilbert transform operator, defined in P = P, + P by

H(fi+ fo) =—ifi+ifs for f1 € P1, fo € Pa. (1-18)

The problem now is to characterize the positive measures p and v on T for which
the weighted norm inequality

JALIRVES T A (1-19)
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holds for all f € P. By (1-18), this can be rewritten as

[15=fPdu<ar [1fi+ pPav tor i€y, fae P,

or, equivalently, as

> /fzfg dpij 20 for fi € Py, fa € Pa, (1-20)
ij=1,2
where
pi1=pa2=M?v—p, pi2=po=Mv+p (1-21)

are positive measures on T.

Define B: P x P — C by

B(f,9) =B(fi+ f2, 1 +92) = > /figj dpij.
i,j=1,2
Then B is S-invariant in P; x P; by definition. Furthermore, if the p;;’s are
related with p, v, M via (1-21), condition (1-19) is equivalent to B > 0. Then,
by the GBT, there exist measures pu;;, for ¢, j = 1,2, satisfying (1-8) and such
that p11(n) = fi11(n), paa(n) = figa(n) for all n € Z, while p12(n) = fi12(n) only
for n < 0. By the uniqueness of the Fourier transform and the theorem of F. and
M. Riesz for analytic measures, this is equivalent to

p11 = pigg = M?v — pand py9 = M?v 4+ p — h with h € HY(T).  (1-22)
Therefore, (1-8) implies this result:

THEOREM 1.4 (HELSON-SZEGO THEOREM FOR TWO MEASURES [C-S 1979]).

Given p > 0 and v > 0, the Hilbert transform H is a bounded operator from
L?(v) to L?(u) with norm M if and only if there exists h € HY(T) such that

‘(M2V + u)(D) — / hdt| < (M?v — u)(D) for all Borel sets D C T. (1-23)

D

In particular, u is an absolutely continuous measure: dyu = w dt for some w € L!
satisfying w > 0.

In the case p = v, we have:

COROLLARY 1.5 ([C-S 1979]; see also [C-S 1983]). For weights w € L(T)
satisfying w > 0, the following conditions are equivalent:

(i) The Hilbert transform H is a bounded operator in L*(w) with norm M.
(ii) There is a positive constant M and an h € H*(T) for which

|(M? + Dw(t) — h(t)|< (M? = 1)w(t) a.e. inT.
(iii) There is some h € HY(T) such that, for appropriate constants c,C, e,
Reh(t) > cw(t), |h(t)] < Cw(t), |argh(t)|<m/2—¢, a.e. inT.
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(iv) There exist real-valued bounded functions u,v such that, for appropriate
constants C and e, we have ||u]|oo < C, ||V||oc < 7/2—¢, and w = exp(u+ Hv).

(v) There exists a real-valued function w such that, for appropriate constants
¢,C, M', we have cw(t) < w(t) < Cw(t) and

|Hw(t)] < M'w(t) a.e. inT.

The constants in (1)—(v) are related; in particular, the same M can be taken in
(i) and (ii).

REMARK. The equivalence of (iv) with (i) for some M is the Helson-Szegd
theorem [Helson and Szegd 1960]. The sufficiency of condition (v) had already
appeared in work of Gaposhkin in the late 1950’s, as noted in [Helson and Szegd
1960]; its direct equivalence with (i) is the most significant sharpening of the
Helson—Szeg6 theorem provided by the GBT. In fact, it opened the way for the
characterization of weights for which the Hilbert transform is bounded in L?(w),
for 1 < p < o0, equivalent to the A, condition (see [C-S 1983], and also [C-S
1990b] for further results in product spaces).

REMARK. In the same context, another corollary of the GBT is the Helson—
Sarason theorem on past and future [Helson and Sarason 1967], obtained by
replacing P; by e**P; for a positive integer k [Arocena, Cotlar, and Sadosky
1981]. The flexibility for making this change is an essential feature of this ap-
proach, as will be seen in Section 2.

On the other hand, the integral representation provided by the GBT for the
extension of the S-invariant form By : P; x P2 — C bounded in L?(p1) x L?(112)
is essential for obtaining another significant corollary, the Nehari theorem for
Hankel operators.

Let H? be the closure of Py in the norm of L?, and H?, that of P,. A linear
operator I' : H2 — H? is Hankel if

I'S=(1-P)ST for P:L? — H? the orthoprojector. (1-24)
An example of a bounded Hankel operator is given by a bounded symbol ¢, i.e.,
L,:f— (1—P)ef, wherepe L>®(T). (1-25)

In fact,

0ot g)] = \ / sofgdt{ < llglloe [Fll2 lglle for all f € Py, g € Pa,

and [|T',|| < [|¢]/cc. Hankel operators may have many symbols, and
',=Ty < ¢@—¢¥=h for h an analytic function. (1-26)

Set By(f,9) = (T'ypf,g). Then B, : Py x Py — C is S-invariant and bounded,
with || By || = ||Ty||. Conversely, if B : P; x Py — C is bounded in L? x L? and
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S-invariant, the associated bounded operator I' such that (I'f,g) = B(f,g) is
Hankel. This justifies calling the S-invariant forms in Py x Py Hankel forms.

The Nehari theorem shows that all bounded Hankel operators are as those
in the example above. This important result, key to the solution of many in-
terpolation and moment problems, and essential in modern H °°-control theory,
follows immediate from Corollary 1.3.

THEOREM 1.6 [Nehari 1957]. Let ' : H? — H2 be a Hankel operator. Then T is
bounded if and only if there exists ¢ € L™ such that ' =T, and ¢l = ||T].

PROOF. Let By : P; x Po — C be the bounded Hankel form corresponding to I,
and consider the absolutely continuous measures dyp11 = duge = ||T|| dt. From
Corollary 1.3, there exists a complex measure p12 such that

(Tf.g) = /fgd/m for all f € P1,g € P,

satisfying
|pi2(D)| < ||IT|||D| for all Borel sets D C T.
Therefore, du12 = @ dt, with ||¢]|ee < ||T'||, while I' =T',. O

Thus, Corollary 1.3 is the Nehari theorem for Hankel operators in weighted Hardy
spaces, T : H?(j11) — H? (u22), where H?(u11) is the closure of Py in the norm
of L?(p11), while H? (ju22) is the closure of Py in the norm of L?(pa2).

In [C-S 1993b] it was shown that when L2(uga) = H?(u22) every finite-rank
Hankel operator is zero, while if L?(uo2) # H?(ue2) such operators admit a
Kronecker-type representation of their symbols, in terms of the reproducing ker-
nel of H?(jig2).

In the case of absolutely continuous measures, we have the following charac-
terization of the symbols of Hankel operators in two different weighted spaces.

COROLLARY 1.7 (NEHARI THEOREM IN TWO WEIGHTED SPACES [C-S 1993b]).
Let T : H*(wy) — H? (w2) be a Hankel operator, where wy,wy are weights. The
following conditions are equivalent:

(@) TN = 1T 2 1) — 12 () = 1-

(b) There exists p € L™ such that ||¢|lec = 1 and pr/wi/wy is a symbol of T,
ice., Df = Pypr/wi/waf for all f € H*(w), where Py : L*(w2) — HZ2 (ws)
is the orthoprojector.

(c) T1 is the unique symbol in H? (wy).

(d) If ¢ is a symbol of T, then 1p = T'1 — h/wa, for some analytic function h.

To summarize, even in the most elementary setting of trigonometric polynomials

in T, the GBT

e unifies the solution of problems from different areas,
e sharpens known results, and
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e solves new problems, with the same proofs with which it solves old ones, while
those new problems were not approachable with the classical methods.

The extensions and integral representations given by the GBT are valid (with
essentially the same proofs) for vector-valued functions (i.e., for operator-valued
kernels), as noted above. Thus, results such as the Nehari-Page theorem for
Hankel operators ' : H2(H) — H2(H), for H a Hibert space [Page 1970], are
part of the theory.

2. Lifting Theorems in Scattering Systems
and Integral Representations

Results analogous to those in Section 1 are valid in abstract settings, provided
they have an underlying “scattering structure.” The Lax—Phillips scattering the-
ory considers systems defined in a Hilbert space H, with outgoing and incom-
ing spaces being closed subspaces of H, and evolutions given by one-parameter
groups of unitary operators in L(H). In classical mechanics, however, one some-
times deals with groups of linear isomorphisms in other vector spaces, thus it is
natural to consider also algebraic scattering systems, defined as follows.

A (discrete) algebraic scattering system [V;WT, W ;0] consists of a vector
space V, two subspaces W, W~ of V, and a linear isomorphism o : V — V
such that the discrete group {o™ : n € Z} satisfies the scattering property

o"WT CcWT and o "W~ CW~ foralln>0. (2-1)

W+ and W~ are called, respectively, the outgoing and the incoming spaces of
the system.

The trigonometric polynomials of Section 1 (with scalar or vector-valued co-
efficients) are an example of such a system for V. =P W+ =P, W~ = P, and
o = 5. A more general example is a function system [V (E); W*(E), W~ (E); T,
defined by an arbitrary set F, two subsets £; C E and Fo C F, and a bijection
T:E — E such that TE, C Ey, T"'E, C Es, with

V(E) :={f: E — C finitely supported},
WH(E) :={f eV :suppf C Er},
W=(E):={f €V :supp f C Es},
Tf(x) := f(Tx),
forall f€V and z € E. Setting E =7, E1 =71, Es =Zo,and T : n—n+1,
we get back to the previous example by identifying the trigonometric polynomials
with the finite sequences of their Fourier coefficients. In this example we have

E\UE,=E, E\NE,=go. (2-2)

In general, neither of the equalities in (2-2) need hold. But if both hold for some
FE| E1, Es, then for every kernel K : Ex E — C there exists a unique sesquilinear
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form B = By : V(E) x V(E) — C satisfying B(1,1,) = K(z,y), the corre-
spondence K +— B is bijective, and statements concerning kernels translate to
statements on forms and vice versa.

If V is a Hilbert space, the outgoing and incoming spaces are closed subspaces
of it, and ¢ is a unitary operator acting in V, then [V; W T W ~;0] is called a
hilbertian scattering system. This name is justified by the fact that, under the
additional conditions

(VoW ={0} =)o "W~ (2-3)
n>0 n>0
and
V=V'vV? where V':i=\/ o"W*, V.= \/ o"W", (2-4)
nez nez

[V;WH W, 0] is an Adamyan—Arov (A-A) scattering system, with evolution
group {o™ : n € Z}. If, furthermore,
Wt LW (2-5)

and

V=v=Vv2 (2-6)
then [V; W+, W ;0] is a Lax—Phillips (L-P) scattering system. Condition (2-3)
implies that the trajectory {o"f : n € Z} of every f € W™ contains some
element of the complement of W, and similarly for the trajectory of every
f € W, while (2-4) means that V is spanned by the trajectories.

Let [V; W+, W~;0] be any scattering system. By analogy with the trigono-
metric case, a sesquilinear form B : V x V — C is called Toeplitz in the system
if

B(of,o09) = B(f,g) forall figeV, (2-7)
while a form By : W x W~ — C is called Hankel in it if

By(of,g) = Bo(f,0'g) forall fe Wt geW . (2-8)
This is the analog to Corollary 1.3 in algebraic scattering systems:

THEOREM 2.1 (LIFTINGS OF HANKEL FORMS BOUNDED WITH RESPECT TO
TOEPLITZ FORMS IN ALGEBRAIC SCATTERING SYSTEMS [C-S 1987]). Given an
algebraic scattering system [V; W+ W =; 0] and two positive Toeplitz forms By
and By in it, for every Hankel form By : W+ x W~ — C bounded by By and
Bs in the sense that

‘BO(f,g)|2SBl(f,f)B2(g,g) fO?” allf€W+vg€W_7 (279)
there exists a Toeplitz lifting B : V x V. — C such that B|(W+xW ™) = By and

|B(fag)|2 SBl(faf)BQ(gag) fOT all f7g€V' (2710)
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A short simple proof of this result is sketched in [C-S 1987]; see also [C-S 1990a]
for details. Alternatively, Theorem 2.1 can be seen as a special case of Theorem
2.2 for hilbertian scattering systems, as follows.

Observe that, given an algebraic scattering system [V; W, W ™; g], a positive
Toeplitz form By : V x V — C can provide an inner product for a hilbertian
system [Hy; W,", W, ;01], where H; is the Hilbert space in which V can be
identified as a dense subspace, W;" and W, are the closures in H; of W+ and
W, and o extends to o1 € L(H;) as a unitary operator.

Thus, given an algebraic scattering system [V; W, W~; 0] and two positive
Toeplitz forms By and Ba, for any Hankel form By satisfying (2-9), we can
consider By : Wf x W5 — C as bounded in Hy x Ha, where, for i = 1,2, H;,
Wf7 and W, are the closures of V, W, and W™, respectively, in the norm
induced by B;.

A form By : Wi" x W — C bounded in H; x Hj is called bounded in the
pair of scattering systems [Hy; Wi, Wy ;01] and [Ha; Wy, Wy 09].

In the next theorem, the hilbertian scattering systems satisfy only the defining
condition (2-1), which is sufficient to insure the existence of Toeplitz liftings, and
even to provide some form of integral representation for them. The case of A—A
systems will be treated separately because the functional realization of these
systems [Adamyan and Arov 1966] permits simplified integral representations.

THEOREM 2.2 (LIFTING THEOREM FOR HANKEL FORMS BOUNDED IN A PAIR
OF HILBERTIAN SCATTERING SYSTEMS [C-S 1988; 1993a]). Given two hilbertian
scattering systems [Hy; Wi, Wi s 01] and [Ho; Wi, W5 s 09], every Hankel form
By : Wi x W, — C, bounded in the pair has a Toeplitz lifting B : Hy x Hy — C,
B|(W;"xWy) = By, such that || B|| = || Bo||.

SKETCH OF PROOF. Since By : Wi x Wy — C is bounded in H; x Hy, the
hermitian form

((f1, f2), (91, 92)) == (f1,91)m, + (f2,92)m, + Bo(f1,92) + Bo(g1, f2) (2-11)

is positive and gives a pre-Hilbert structure to W, x Wy, where o : (f1, f2) —
(01f1,09f2) is an isometry, with domain W, x o5 'W, and range o1 W;" x Wy .
Then there is a unitary operator T' € L(N) in a larger Hilbert space N D
Wi x W5, such that T = o on its domain and 7-! = o~! on the range.
Identifying W;" with Wit x {0} and W5 with {0} x W, we can consider W;"
and Wy~ as subspaces of N. Set

Ry =W/ coW;" and Ry =W, ©o,'W,. (2-12)

As a consequence of the Wold—Kolmogorov decomposition, H; and Hs can be
expressed with respect to o1 and o9, respectively, as

H =otRioH & H{, Hy=@o,"R;®H)® H;, (2-13)
nez nez
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where H{ = (1,5, 07W;" and Hy =, 05 "W; , so that

o HY =HY, oH =H}, o,'HY=HY o,'H)=H;,
and every f; € H; can be written as

fi= @D o fui+ 0+ f with fo,; € Ry, f) € HY, fl € H!, fori=1,2.

neL
(2-14)
For f; as in (2-14), set
=T fun + £, [l =T " fuz+ 3,
and, for i = 1,2, set J; : H; — N by J; f; = [fi]-
Observing that H[fz]HN < \fillm,, for i = 1,2, define a scalar product in

H1 XH2 by

((f1, f2), (91,92)) := (1, 90) 11, + (f2, 92) b, + ([ 1] [92]) 5 + ([o1], [fa]) 5y (2-15)

and, as before, call H the Hilbert space obtained from it. Hence, H contains

Hy, = Hy x {0} and Hs = {0} x H> as subspaces, and U € L(H) is the unitary

operator such that U(f1, f2) = (o1 f1,02f2) for (f1, fo) € Hy x Hs.
Define B : H; x H, — C by

B(f1, f2) = (f1. fo)u forall f1 € Hy, fo € Ha. (2-16)
Then ||B|| < 1, and it is not difficult to check that B is Toeplitz since
<[01f1]7 [02f2]>N = <[f1], [f2]>N’ for all f1 € Hl, fg € Hs. (2*17)

Furthermore, for any f; € W™ and fo € Wy, we have [f1] = f1 and [fa] = fo.
Therefore B|(W,;" xW, ) = By, since

B(f1, f2) = (f1, f2)m = (L1l [f2]) y = (1, f2)v = Bo(f1, f2).
This completes the proof that B is the desired lifting of By. O

REMARK. The spaces Ry = W;™ © 01 W," and Ry = W, © 0, 'W, play in this
proof the role played in the proof of the GBT (Section 1) by P1 © SP; = {cl}
and Py © S71Py = {ce "}, where J(1) and J(e~%) were a cyclic pair. Here R;
and Rs need not be one-dimensional, but they are still cyclic sets.

The essence of the proof above is that there are two metrics defined in W, x
W5 C Hy x Hs, one by By in (2-11), and the other induced in Hy x Hy by
(2-15). The maps J; : H; — N and Js : Hy — N allow the transference of the
metric in W;~ x W, to the whole of Hy x Hs, providing the lifting.

From the proof of Theorem 2.2 it follows that, if £ is the spectral measure
of the unitary operator T' € L(N), for each pair of elements (f1, f2) € Hy x Ha
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there is a numerical measure pf, r, defined on T by its values on the Borel sets
DcCT:

figr,1,(D) = (E(D) 1 f1, Jofa) - (2-18)

On the pair (f1, f2) € H1 X Ha, equation (2-14) gives the representation of the
lifting B : H; x Hy — C as

B(f1, f2) = Z/ei(m_")tdufm,l,fn,z

m,n

int imt
+Z/e diigi 1. +Z/€ ditf,,. 13 +/dﬂf§,f§~ (2-19)

In the particular case of forms acting in A-A scattering systems (including
the Lax—Phillips type), the number of measures necessary for the integral repre-
sentation can be substantially reduced (compare [C-S 1986; 1988]), which is not
surprising since, for starts, Hi = H3 = {0} in that situation.

A more economical integral representation of the lifting B : Hy X Hy —
C in A-A scattering systems can be given by just one operator-valued mea-
sure, as done in [C-S 1988]. This is obtained through the functional real-
ization of the systems given by Adamyan and Arov [1966]. For a scatter-
ing system [H; W™, W~;0] satisfying (2-3) and (2-4), their realization pro-
vides a scattering function s : T — L(Ry, Rz), where Ry = W+ © cWT and
Ry =W~ 00 'W~, with |s(t)|| <1 for all t € T, and an isometric mapping F
of H onto L?(Ry) ® L% (R1) for which F(o f)(t) = e®*F(f)(t) for all f € H and
t € T. Here L?(R;) = L*(T; R;), for i = 1,2, and L4 (R,) is the closure of the
space

{¢p € L*(Ry) : ¢ = Ah for h € L*(Ry)},

where A(t) = (Ir, — s*(t)s(t))'/2.
Furthermore, there are two isometries, j; : W — H?(R;) and jo : W~ —
H?(Ry), such that, for (f1, f2) € W+ x W~ we have

F(f2) = jaf2 © {0},
F(f1) = sjrfr © Ajufu,
jilofr)(t) = e (j1f1)(t),
Ja(o ™ fa) () = e (jafa)(2).

Let us consider this in the simpler case of a pair of scattering systems con-
sisting of two copies of the same [H; W™, W~ ;0]. Then By : Wt x W~ — C
is a Hankel form bounded in [H; W, W™;0], an A-A scattering system. Now,
through the functional realization of the system, the Toeplitz extension B :
H x H — C of By can be written explicitly in all of H x H as

B(c™f1,0" f2) = /(du ™oy, e py)  for all m,n € Z, (2-20)
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for o1 = j1f1, p2 = jafo, f1 € WT, fo € W, where u is an L(Ry, Ry)-valued
measure on T. Since J respects scalar products, we have

BO(flan) = <(f170)7 (Oaf2)>H = <?(f1a0)v §(07f2)>L2(R2)®L2A(R1)
= [(0a10. 020 ar

so that du = s(t) dt is given by the scattering function of the system. In the case
of a Lax—Phillips scattering system, s coincides with the Heisenberg scattering
function as defined in [Lax and Phillips 1967]. Details are given in [C-S 1988].

REMARK. The role of the operator-valued scattering function in the integral
representation of the bounded Hankel form is played, in the trigonometric case,
by the BMO functions. In fact, for ¢ € L?(T), a real-valued function, B :
P1 x Py — C is defined by By(f,g9) = | fg¢. Then B, is bounded in L? x L?
if and only if By = B, for some ¢ € L™ with ||¢|« < ||Bg|| and ¢ — ¢ = h,
an analytic function. Then ¢ = Re¢p = Rep + Reh = Rep — H(Imh) =
Rep + H(Imy) € L*>® + HL*>® = BMO(T).

Liftings of forms defined on general semi-invariant spaces. Whereas in
the trigonometric example V = P = P +P, = WT+W~, in the general case of a
hilbertian scattering system [H; W T, W~; o] in which W+ 1 W~ the subspace

W=HeWraW") (2-21)

will be nontrivial, and will deserve study in itself. In major applications, it is
normal to call this subspace the internal state space.

A subspace V' C H is called semi-invariant relative to a unitary o € L(H) if
there exist V3 and V5 C Vi, both invariant under o, such that

Vzvle%a

or, equivalently, if there exist V{ and V4 C V/, both invariant under o1, such
that
V=V/ioev. (2-22)

Observe that in the setting of [H;W™*,W™;0] the internal state space W
defined in (2-21) is semi-invariant. For that matter, so are W, W~ and their
orthogonal complements.

The forms By : W x Wy — C defined in a pair of (semi-invariant) internal
state spaces are of special interest. Given a pair of hilbertian scattering systems
[Hy; W, W, ;01] and [Ha; Wy, Wy ;5 02], the condition under which the lifting
for bounded forms By : Wt x W5 — C was obtained is that of invariance with
respect to o1 and o3, that is,

Bo(o1, f1, f2) = Bo(f1,05 ' f2) for fy € W, fo € Wy . (2-23)

This condition makes sense since, by the scattering property (2-1), the domain
W, x Wy is invariant under (oq,05%).
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This need not be true for By : W7 x Wy — C, where W; = H; & (W{“ eW.),
for ¢ = 1,2, are only semi-invariant subspaces.

Thus we consider an invariance condition for By : W1 x W5 — C that, although
weaker than the Hankel condition (2-23), is still sufficient for the existence of
invariant liftings in H; x Ho.

A form By : Wi x Wy — C is called essentially invariant in a pair of scattering
systems if

Bo(P1O'1f1,f2) = Bo(fl,Pg(Tglfg) for all f1 S Wl, f2 S Wg, (2724)

where P; : Hi — Wy and P5 : Hy — W5 are the orthoprojectors. In the special
case when Wf“ = {0} = W, , we have o1 W, C W; and 02_1W2 C Wa, and the
condition (2-24) reduces to By : Wi x W5 — C being Hankel. Conversely, for
[Hi; W W 0] and W; = H; © (W;F & W), setting

Vi=WieW! and Vo=Wo@ Wy,
it is easy to see that
oVicVi and o,V C V. (2-25)

Let a bounded essentially invariant form By : Wi x Wy — C be given. If we
define BY : Vi x Vy — C by

B (fr+ fi, fo+ f2) i= Bo(f1, fo), (2-26)

it is not difficult to check that || BF || = ||Bol|, and that B¥ is Hankel in V; x Vj.
From (2-26) and Theorem 2.2 we obtain:

COROLLARY 2.3 (LIFTINGS FOR BOUNDED ESSENTIALLY HANKEL FORMS DE-
FINED IN SEMI-INVARIANT SUBSPACES IN SCATTERING SYSTEMS [C-S 1993al).
Consider two scattering systems [Hy; Wi, Wy ;01] and [Ha; Wb, Wy ; 00] with
internal spaces W; = H; © (W, @ W;7), for i = 1,2, and a bounded form
By : W1 x Wy — C, essentially Hankel in the sense of (2-24). Then:

(a) There exists a Toeplitz form B : Hy x Hy — C such that B|(W1xWs) = By
and || B|| = [|Bol|-
(b) Furthermore, B =0 on Wi x Wy, Wy x Wy, and W;~ x Wh.

Corollary 2.3 has important applications. For example, we now use both parts of
it to provide a simple proof of Sarason’s interpolation theorem, without relying
on Beurling’s characterization of the invariant subspaces of H?(T).

THEOREM 2.4 [Sarason 1967]. Let W C H*(T) be a subspace invariant under
the shift, S, let K = H?> © W be the model space, and let T = PgS|K be the
compression of S to K. For each contraction A € L(K) commuting with T, there
exists a bounded holomorphic function a satisfying ||allec <1 and

Af = Pk(af) fordl fe K. (2-27)
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PrOOF. In Corollary 2.3, take Hy = Hy = L2(T), Wy = Wy = K, W, = W =
W, Wy =W, =L?6H?=H?, 0, =0y =29, and define By : W; x Wy — C
by

Bo(f,g):=(Af,g) forall f,g € K. (2-28)

Then ||A|| < 1is equivalent to ||By|| < 1, and AT = T'A is equivalent to By being
essentially Hankel as in (2-24). Then, by Corollary 2.3, there is a bounded
Toeplitz lifting B : L? x L? — C of By, with ||B|| < 1. The restriction to
trigonometric polynomials of the Toeplitz lifting B is given by B(f,g) = L(fg),
for L a linear functional. Since |B(f,g)| < || fll2 llgll2, we have |L(f)] < || fll1,
and there exists a € L™ with [ja]l < 1 and such that B(f,g) = [afgdt.
From B = By in K x K follows the representation (2-27), while from B = 0 in
(K®W)x H? = H% x H? it follows that al | H?, which means a € H?NL>® =
He. O

The most important result for which Corollary 2.3 gives an immediate proof is
the Lifting Theorem for intertwining contractions of Sz.-Nagy and Foias:

THEOREM 2.5 [Sz.-Nagy and Foiag 1967]. Let Ty € L(Hy) and Ty € L(Hz) be
two contractions, with strong unitary dilations Uy € L(H1) and Uy € L(Hy). If
X : Hy — Hs is a contraction intertwining Ty and Ts, that is, such that XT) =
To X, then there exists a contraction Y : Hy — Ho such that Y intertwines
Ul, U2 that iS, YUl = UYQYV7 and

X = Pp,Y|Hy, (2-29)

where Py, : Ho — Hy is the orthoprojector.

PROOF. By Sarason’s Lemma [Sarason 1965], for i = 1,2, the fact that U; is a
strong dilation of T; means that H; = H; & H:r ® H;, where UZ-H;r C Hf and
U;lH; C H;7 and Tz == PHlele Deﬁning Bo : H1 X H2 — C by

Bo(f1, f2) = (X f1, f2)m, forall fi € Hy, f2 € Hy,
the intertwining condition for X is equivalent to By being essentially Hankel

in Uy,Us. From B : H; x Hy — C, the lifting of By in Corollary 2.3, define
Y: 9{1 — 9{2 by

(Y f1, f2)sc, := B(f1, f2) forall fi € Hy, fo € Hs.

Then ||B]| <1 is equivalent to ||Y]| < 1, and the property that B is Toeplitz for
U1, Us is equivalent to YU, = UsY. Finally, B = By in Hy x H, is equivalent to
(2-29). O
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Conditional liftings. To every form By : W;" x W5 — C bounded in a pair of
hilbertian scattering systems we associate a bounded operator I : W1+ — Wy,
by setting (I'f, g) = Bo(f,g). Then ||T'|| = ||B]|. If the form By is Hankel, the
operator satisfies the Hankel condition

I'oy = P_ool' for P_: Hy — W, the orthoprojector. (2-30)
The singular numbers s,, of By, for n > 0, are
$n(Byp) :=s,(T") = inf{HF — Ty : rank T,, < n} (2-31)

A form B™ : Hy x Hy — C is called an n-conditional lifting of By if there
exists a subspace M,, C W;" of codimension at most n such that

B™|(M,xW5;) =By and |B™| < s,(By). (2-32)

THEOREM 2.6 (EXISTENCE OF n-CONDITIONAL LIFTINGS FOR HANKEL FORMS
BOUNDED IN HILBERTIAN SCATTERING SYSTEMS [C-S 1993b]). Given a Hankel
form By : W;" x Wy — C, bounded in a pair of hilbertian scattering systems
[Hy; W, W, 01] and [Ha; Wy, Wy 5 09], there exists for every integer n > 0 a
Toeplitz n-conditional lifting of By.

SKETCH OF PROOF. Given n, let s, = s,(Bp), and let I' be the bounded Hankel
operator associated with By. Considering the set

K ={fewW |Tf| <salfl}

it is easy to check that o1 K C K. By a particular case of [Treil’ 1985, Theorem 2],
there exists a subspace M, C Wf such that codim M, < n, M, C K, and
oM, € M,. Since oM, C M, and 051W{ Cc Wy, and since M,, C K
implies that the restriction Bg|(M, xW5 ) has norm bounded by s,, we can
apply Theorem 2.2 to the Hankel form By |(M,, xW5 ), bounded in the systems
[Hy; M, W, ;01] and [Ho; W5, Wy ; 03], to obtain a Toeplitz form B™ : H; x
Hjy — C such that BM™|(M,xW, ) = By and | B™|| < s,,. O

COROLLARY 2.7 (ABSTRACT ADAMYAN—-AROV-KREIN THEOREM [C-S 1993b)).
Given a pair of hilbertian scattering systems [Hy; Wit Wi 01] and [Ha; Wy, Wy
03], and a bounded Hankel operator T : Wl+ — Wy, there exists for each integer
n > 0 a Hankel operator Ty, of finite rank at most n and such that

HF_FnH :Sn(r) (2733)
PROOF. For B as in Theorem 2.6, let T' : W;" — W, be the operator
associated to the form B|(W," xW,"). Setting T',, := I'—T', we have | —T,|| =
IT|| < s = $,(T"). Furthermore, T';, is Hankel, and since by definition it vanishes
on M, its rank is at most n. O

In the case when, for i = 1,2, H; = L?(T;u;) for u; a positive measure on T,
while Wit = H?(T; p1) and W, = H2(T; u2), we have the following consequence
of Theorem 2.6 together with Corollary 1.7:
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COROLLARY 2.8 (WEIGHTED AAK THEOREM [C-S 1993b]). Given a bounded
Hankel form B : H*(T;u1) x H?(T;ps) — C, where py and us are positive
measures on T, there exist for every integer n > 0 a complex measure j1 on T
and a subspace M, C H*(T;u1), of codimension at most n, such that

B(f,g) = / Jgdu for all f € My, g € H2(T; o), (2-34)

while

)
sn(B) > SDP 111(D) /21y (D)1/2”

where the supremum is taken over all Borel sets D C T.

REMARK. When both p; and uo are the Lebesgue measure on T, Corollary 2.8
is the classical AAK theorem [Adamyan, Arov and Krein 1971]. If, moreover,
n = 0, we recover the classical Nehari theorem [1957]. Furthermore, if ps is a
deterministic measure, i.e., if L?(u2) = H?(us2), then every Hankel form of finite
rank in H?(u1) x H? (u2) is zero, while in the opposite case such a form can be
represented in terms of the reproducing kernel of H?(us) [C-S 1993b].

3. Lifting of Forms Invariant
with Respect to Several Evolution Groups.
Some Applications to Analysis in Product Spaces

The lifting theorems of the preceding section extend to forms invariant in
scattering systems having several evolution groups. In order to avoid notational
complications, here we present only the case of two evolutions, but all concepts
and results are general.

For simplicity, we consider only hilbertian scattering systems of the form
[H; W+ W~;0,7|, where both ¢ € L(H) and 7 € L(H) are unitary operators
satisfying

o7 = €10 for some a € R, (3-1)
and such that W™ is invariant with respect to both o and 7, while W~ is
invariant with respect to both =1 and 7~!. Compare (2-1).

We are now concerned with forms invariant with respect to both evolution
groups {o™ :n € Z} and {7 : n € Z}. More precisely, given a pair of scattering
systems [Hy; W, W 01, 71] and [Ha; Wy, Wy ;02,72 as described above, a
form B : H; x Hy — C is Toeplitz in the pair if

B(oif1,02f2) = B(f1, f2) = B(rifi,m2f2) forall fi € Hi, fo € Ho.  (3-2)
A form By : Wi x Wy — C is Hankel in the pair if

Bo(o1f1, f2) = Bo(f1,05 ' f2) and  Bo(rif1, f2) = Bo(f1,75 " f2)
for all fy e W;T, fao € W, . (3-3)
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Theorem 2.2 applied to a Hankel form in a scattering system with two evo-
lutions ¢ and 7 provides two liftings of the form, one invariant with respect
to {o™} and the other invariant with respect to {7}, but it does not provide
liftings invariant with respect to both groups.

A full extension of Theorem 2.2 providing lifting with respect to all evolu-
tions of the scattering systems cannot hold in general. This follows from the
relation between Theorem 2.2 and the Sz.-Nagy—Foiag Lifting Theorem (com-
pare Section 2, as well as [C-S 1987; 1993a]), since the latter does not have a full
extension to two pairs of intertwining operators. What we can obtain is partial
liftings, in the following sense.

Given a Hankel form By : Wfr x Wy — C, two Toeplitz forms B’ : Hy x Hy —
C and B” : Hy x Hy — C form a Toeplitz lifting pair (B', B") for By if

1B < I1Boll,  [1B"]| < | Boll; (3-4)
B'|(WiF xWg) = By, and B"|(W;" xWJ) = By, (3-5)
where

Wyg ={feWy :o5fecWy forallkecZ},
Wy ={feWy :17hfecW; foralkcZ}.
The following result provides Toeplitz lifting pairs for bounded Hankel forms
in a pair of scattering systems with two evolutions. Its proof does not follow
directly from a repeated use of Theorem 2.2, where a system with two evolutions
[H; W+, W~;0,7] is taken as two single-evolution systems [H; W T, W~; o] and

[H; W+, W~; 7], but requires an argument based on Banach limits.

(3-6)

THEOREM 3.1 [C-S 1990a; 1993a]. Given a pair of scattering systems with two
evolutions, [Hy; Wi, Wi ;01,71] and [Ho; Wb, W5 509,72, every Hankel form
By : Wit x Wy~ — C bounded in the pair has a Toeplitz lifting pair (B', B") in
the sense of (3-4)—(3-6).

REMARK. Theorem 3.1 holds equally when Wy, W7 are replaced by W7, W7,
or by WZ , W3, or by Wg W7, defined similarly to (3-6).

SKETCH OF PROOF. Consider By as a Hankel form in the pair [H;; W;t, W, ; 0y],
t = 1,2. Then Theorem 2.2 gives a lifting B : H; x Hy — C satisfying
||BJ|| = ||B()H, Bg‘(W;_XWQ_) = Bo, and Bg(alfl,UQfQ) = Bg(fl,fg) for all
f1 € Hy, fo € Hy. Similarly, Theorem 2.2 gives another lifting B : Hy x Hy — C
satisfying ||BT|| = ||B()||, BT‘(W;_XWQ_) = Bo, and BT(Tlfl,TQfQ) = BT(fl,fQ)
for all f; € Hy, fo € Hs.

For a fixed pair (f1, f2) € H1 X Hy and any positive integer k, we have

BT (01 f1,05 f2)l < |B7| 1o fillm o5 fell e = 1BV full ey 1 Ff2llbrae (3-7)

and {B7 (o} f1,05f2)} is a bounded numerical sequence, for which there is a
Banach—Mazur limit. Thus, define B’ : H; x Hy — C by

B'(f1, f2) = LIMy, B" (0} f1,05 f2) for all fi € Hy, f2 € Ha. (3-8)
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The form B’ is sesquilinear by the properties of the Banach—Mazur limits, and
IB| < |B7]| = |[Bo|l by (3-7). Also, for fy € Hy, fo € Hy, we have

B'(01f1,02f2) = LIMy BT (01" f1,057" f2) = LIMy B7 (0% f1,0% f2) = B'(f1, fa)-
Furthermore, (3-1), the sesquilinearity of BT, and its invariance with respect to
T, To yield
B'(r1f1,72f1) = LIMy B (0771 f1, 0572 f2) = LIMy, B7 (1107 f1, 7204 f2)
= LIMy B" (07 f1, 05 fo) = B'(f1, fo)-

Finally, since BT = By in W;" x Wy, and since (f1, f2) € W, x Wy implies
(0% f1,05 fa) € WF x Wy for all k > 0, we have

BT (07 f1,05 f2) = Bo(0% f1,05 f2) = Bo(f1, f2) for all k >0,
and B’ = By in Wi x W¥.

Defining the form B” : H; x Hy — C by

B”(fl,fg) = LIM;, BU(lefl,Tévfg) for all f1 € Hl,fg € Ho,

we obtain the lifting pair (B’, B”) for By. O

Observe that while the lifting B for a Hankel form in a pair of scattering systems
with one evolution group determines the form By in the whole of its domain
Wit x Wy, the lifting pair (B’, B”) in the case of systems with two evolution
groups determines By only in the two subspaces W™ x W¢ and W™ x WJ of
the domain. Thus, the value of Theorem 3.1 in applications is determined by
the relation between these subspaces. When, for instance,

Wy =W3 + W3 (3-9)

holds, in the sense that for each f € W, there are ¢ € Wy and h € Wy
such that f = g + h, the lifting pair determines By. This is the case in many
examples in analysis, as shown below. In particular, Theorem 3.1 provides as
corollaries multidimensional analogs of the one-dimensional Helson-Szeg6é and
Nehari-Adamyan—Arov—Krein theorems that were given in Section 1 as corollar-
ies of the GBT, as well as related results in symplectic spaces and the Heisenberg
group [C-S 1990a].

Applications to some classical operators in the two-dimensional torus.
In what follows, fix H; = Hy = L?*(T?),

Wit = H¥(T?) = {f € L* : f(m,n) =0 for m < 0 or n < 0},

and Wy = L?6H? = H*!. Let 0 = S, and 7 = S, be the shifts in each variable
of T?, that is, S, : f(z,y) — € f(z,y) and Syt f(x,y) — e f(z,y). Then

W =H?,={feL?: f(m,n)=0 for m >0},
WQU:HEy:{fGLQ:f(m,n):OfornZO}.
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Therefore (3-9) holds in this case, since H*>- = H2  + H?, .

REMARK. If, with the same H;, Hy, W;" and the same two shifts, we define
Wy, = {f e L?: f(m,n) = 0 for m > 0}, then W§ = {0}, while WJ = W, .
This example has applications that will not be explored here. On the other
hand, choosing Wy = H2 = {f € L? : f(m,n) = 0 for m > 0 or n > 0}, we
have Wg§ = W7 = {0}, and no lifting is obtained.

In this setting, since the Bochner theorem is valid in Td, for any d > 1, every
positive Toeplitz form B : L*(T?) x L?(T?) — C can be represented in terms of
a positive measure p on T2, by B(f,g) = [ fgdp.

By Theorem 3.1, any bounded Hankel form By : H? x H?>* — C has a
lifting pair of Toeplitz forms B’ and B”. If i/ and p’ are the measures on T2
corresponding to B’ and B”, respectively, By has an integral representation

Bo(f.g) = B'(f,9) = [fgdy for fe H? ge H?,,
o\»9) = B"(f,g)= [ fgdu" for f € H? g€ H?,,

which implies @'(m,n) = g”"(m,n) for m < 0 and n < 0. Since both forms B’
and B" are bounded in L? x L2, (3-10) implies that

(3-10)

dp' = prdady, dp’ = @ dzdy, with [|¢1]le < | Boll, ll¢2llee < [|Boll. (3-11)

As in the one-dimensional case, to the bounded form By is associated a
bounded operator I' : H? — H?-, called a big Hankel operator, which satis-
fies

rs, = (1-P)S,I', I'S, = (1-P)S,T, for P: L? — H? orthoprojector. (3-12)

Again, a function ¢ € L?(T?) is called a symbol of ' if I = T'y for (Tyf, g) =
I fa¢.

COROLLARY 3.2 (NEHARI THEOREM FOR BIG HANKEL OPERATORS IN THE
TORUS [C-S 1993b]). Let ' : H*(T?) — H?*(T*)* be a big Hankel operator.
Then ||T|| < 1 if and only if there exist two bounded functions @1, s € L=(T?)
satisfying |e1lleo < 1, |l02]lee < 1, @1(m,n) = $2(m,n) for m < 0 and n < 0,

and - ) )
o= { e e S
[ fg¢2 for feH? geH?,.
Hence, we fail to assign a bounded symbol to I', but we get a “pair of partial
symbols” ©1, ©s.
In [C-S 1994a] we introduced the space BMOr of functions ¢ € L?(T?) that
can be expressed as

¢ =1+ he = s+ hy =y +h* (3-13)

for some @1, P2, 90 € L°°(']I‘2) and some h, € H2, hy € Hg, and h*+ € H?-.
BMOr is a normed space under

llollBMor = inf{ max {||©1 oo |¥2]l0os |€0]loo } : all decompositions (3713)}.
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Then Corollary 3.2 can be rewritten as: A big Hankel operator I' is bounded if
and only if there exists ¢ € BMOr such that I' =I'y, and

I¢llBpor < T < V2| 8llBmor-

The notion of BMOr and this formulation of the Nehari theorem in T2 have been
fully explored in [C-S 1996].

Here we want only to underline that the Lifting Theorem 3.1 is the appro-
priate tool for obtaining a new description of the bounded Hankel operators in
several-dimensional spaces, which presents important differences with the classi-
cal one-dimensional theory [C-S 1993b; 1994a; 1996]. To give the flavor of these
fundamental differences, we state two results, omitting the proofs, which are
based on the Lifting Theorems 3.1 and 2.6 and their corollaries.

THEOREM 3.3 [C-S 1993b]. Given a bounded big Hankel operator T : H?(T?) —
H?(T*)L, its singular numbers s, (T') satisfy

sn(T) > 27Y2|T|| for all n > 0.

An immediate consequence of this result is that there are no nonzero Hankel

operators in T? either of finite rank or compact; thus no AAK theory of approxi-

mation, in the sense of [Adamyan, Arov and Krein 1971], can be developed. (For

a substitute approach based on so-called “sigma numbers,” see [C-S 1996].)
The structure of the space BMOr provides the next result:

THEOREM 3.4 [C-S 1996]. There are bounded big Hankel operators in T? without
bounded symbols.

Obviously, the big Hankel operators defined by bounded symbols are them-
selves bounded. The surprising result of Theorem 3.4 leaves open the question:
Given the bounded big Hankel operator T',, defined by ¢ € L>®(T?), is there
¢ € L>(T?) such that Ty, = Ty, and |9« is equivalent to ||T',||? This question
was posed in lectures and in [C-S 1996], with the suggestion that a positive an-
swer was unlikely. Recently, two ingenious constructive negative answers have
been given independently by Ferguson [1997] and by Bakonyi and Timotin [1997].
This inequivalence establishes the essential role of BMOr.

Another interesting consequence of the Lifting Theorem 3.1 is the following
characterization of the weights w for which the product Hilbert transform H =
H,H, is continuous in L?(w).

THEOREM 3.5 (HELSON-SZEGO THEOREM IN T? [C-S 1990b]). For a weight

0 <w € LY(T?) the following conditions are equivalent (with related constants):

(i) The product Hilbert transform H = H,H, is continuous in L*(w) with norm
M.

(i) There exist real-valued functions uy,us,v1,vs € L®(T?) and constants C,e
such that ||uil|co < C and ||vi||oc < 7/2 —¢ fori=1,2, and

logw = uy + Hyvi = ug + Hyvs.
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(iii) There exist real-valued functions wy and wy and constants C,c, M', such
that cw < w; < Cw fori=1,2, and

|Hyw | < M'wy, |Hyws| < M'ws a.e. in T2.

For the details of the proof see [C-S 1990b], where a general result is also given
for two weights, and for H acting in LP(w), p # 2.

It is noteworthy that condition (ii) in Theorem 3.5 is equivalent to ¢ = logw €
bmo, the proper subspace of product BMO(’]T2) consisting of functions of bounded
mean oscillation on rectangles. For the relations and properties of brno(']I‘g) -
BMOr(T?) € BMO(T?), see [C-S 1996].

The applications above followed from Theorem 3.1 through the integral rep-
resentations of the lifting pairs provided by the classical Bochner theorem in
T?. Applications to operators acting on the symplectic plane come from the
continuous analog of Theorem 3.1 as follows (see [C-S 1990a]).

Consider (C, [, ]), the symplectic plane under the symplectic form [z1, 22] =
—Im z1%Z3, for 21,20 € C. A unitary representation of the symplectic plane on
a Hilbert space H is a function z — W (z) assigning to each point z a unitary
operator W (z) € L(H), with W(0) = I and satisfying the Weyl-Segal relation

W (z1)W (2z2) = exp(m;[z1, 22] )W (21 + 22).

All irreducible representations are unitarily equivalent to the Schrédinger repre-
sentation on H = L2(R), defined by 2z — w(z), with

(w(Q)p)(2) = exp(—mi[z,(]) p(z + () for ¢ = (s,1),2 = (z,y) € C.

For every f € L'(R?) its Weyl transform is the bounded operator in L?(R)
defined by

W)= [ S u(-a -y dedy. (3-14)

The Weyl transform establishes an isometric isomorphism between L2(R2)
and L2 = L2(L?(R)), the space of Hilbert—Schmidt operators, which is a Hilbert
space with scalar product (A, Ay) = tr A5 A, for Ay, Ay € L2. Moreover, the
product of operators corresponds to the twisted convolution in the symplectic
plane,

W(f)W(g) =W(ftg) for f,g e L*(R?),
where

fralz) = / F(2) (= — ¢ explinlz, ¢]) dC.

Under the Weyl isomorphism the regular representation {W(z) : z € C} of the
symplectic plane in L?(R?) passes into the unitary representation {w(z) : z € C}
of the symplectic plane in £?(L?(R)).



328 CORA SADOSKY

Set A={z=ax+iye C:2 >0,y >0} For H=L?*(L*R)), considering
the subspaces

WH={Ael?: A=W(f),supp f C A},

(3-15)
W= ={AeL?: A=W(f),supp f C A},

and defining the evolution groups {o;} and {7} by
oA =w(t+i0)A, TA=w(0+it)A, forall AcL? tecR, (3-16)

we obtain a continuous scattering system [H; W+ W =04, 7,t € R] since (3-1)
is satisfied (although o4 and 7+ do not commute, we have o374 = exp(imst)rios,
for all ¢, s € R).

A sesquilinear form B : L2 x L2 — C is Toeplitz in this scattering system if

B(oiAy,0.A2) = B(A1, A2) = B(11 A1, 11 A2) for all t € R and all Ay, Ay € L2

(3-17)

In L2 measures are replaced by their quantized analogs, states or trace class

operators. A trace class operator S € L1(L?(R)) satisfying S > 0 defines a form
Bg: L2 x L% — C by

Bs(Al,AQ) = tI‘SA;Al (3*18)

This definition keeps its sense when S is a bounded operator. The form Bg is
Toeplitz and, for S bounded, By is continuous in the L2-topology, while for S
trace class, Bg is bounded in the £°°-topology of compact operators.

The following result of N. Wallach (compare [C-S 1990a]), later extended in
[C-S 1990c], provides the representation for Toeplitz forms in this setting:

THEOREM 3.6 (BOCHNER THEOREM FOR THE UNITARY REPRESENTATION OF
THE SYMPLECTIC PLANE). Given a Toeplitz form B : L2 x L2 — C, continuous
in L2, there exists a bounded operator S in L*(R) such that

B(A1,As) = Bs(Ay, Ay) = tr SA5A,  for all Ay, Ay € L2 (3-19)

Furthermore, if B > 0, then S > 0, and if B is continuous in L°>°, then S is a
trace class operator.

Since the norm in L2 is given by ||A| gz = tr A*A, the expression tr SA*A =:
| Al|z2(s), for a bounded operator S > 0, can be considered as a “weighted”
norm in £2(9).

The continuous version of the Lifting Theorem 3.1 and the Representation
Theorem 3.6 together imply:

COROLLARY 3.7 (QUANTIZED NEHARI THEOREM IN WEIGHTED L?). Consider
a pair of quantized scattering systems [L2(S;);W,5, W, 00, 74,t € R], for i =

7

1,2, where the S; > 0 are bounded operators, the W;r, W, are as in (3-15), and

?
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o, 7 as in (3-16). A Hankel form By : W™ x Wy — C in the pair is bounded,
I1Boll <1, if and only if there exist two bounded operators S’ and S" satisfying

max{| tr S'A3Ay|, [tr S"ATA [} < [[Ar[lezsy) [ Azlle2(s,), (3-20)
for all Ay € L2(S1), Ay € L2(Ss), and representing By in the sense that

tr S’ A3A;  for Ay € Wi, Ay € WY,

3-21
tr S”A;Al fOT Al € Wf_, As € WQT, ( )

By(A1, Ag) = {

where the spaces

Wy ={AeWy :0,Ae Wy forallt e R},

Wy ={AeWy :nAe W, forallt € R}
satisfy W3 + W3 =W, .
For S € LY(L*(R)) a trace class operator, and for s € L?(C), the equation
(W=18)(2) = s(2) in Im 2z > 0 (or in Rez > 0) is equivalent to
wSW(e) W) = [ s()(F 7)) dz = s(159°)

for (W(f),W(g)) e WT x W7 (or WH x WT). (3-22)

For S a bounded operator, W15 is not defined, but the expression (3-22)
still makes sense.

THEOREM 3.8 (NEHARI THEOREM FOR OPERATORS IN L2(R) [C-S 1990a]). For
a given linear functional s in LQ(RQ)7 the following conditions are equivalent:

(i) There exist two bounded operators S’ and S" in L?(R), of norm at most 1,
satisfying

W8 =sinImz>0, W8 =sin Rez>0

in the sense of (3-22).
(ii) We have |s(f1g%)| < fllz2 llgllL> whenever supp f C A, and suppg C A°.
(Recall that A is the closed first quadrant of the complex plane.)

For other results in the symplectic plane and in the dual of the Heisenberg group,
see [C-S 1990a; 1990c; 1994b].

4. Lifting Theorem
for Completely Positive Definite Kernels

Section 3 concluded with a noncommutative application of the lifting theorem
in scattering systems with several evolution groups. This section deals with an
entirely different way in which noncommutative objects can usefully be brought
into the scope of our lifting theory.
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The idea here is to replace the commutative algebra C(X) of continuous
functions by a general C*-algebra, and the positive linear forms on C(X) (i.e.,
measures), by completely positive maps on the C*-algebra.

The framework and some results from [C-S 1994c¢| on lifting and integral rep-
resentation of kernels defined through completely positive maps are summarized
below, concluding with a Nehari theorem for sequences in C*-algebras. These
results are being published here for the first time.

First, let us look again at the commutative set-up to be generalized.

If X is a group and H is a Hilbert space, every function f : X — L(H) gives
rise to a kernel K : X x X — L(H) defined by K(z,y) = f(y~ '), and K is
positive definite if and only if f is positive definite, i.e., if

D (flayta)E &) 2 0 (4-1)
3.k
for all finite sets {z;} C X, {§;} C H.
A kernel K defined by a function is invariant under the group action o, :
x +— zx, that is, K(o,z,0,y) = K(z,y) for all z,x2,y € X. Conversely, every
invariant kernel is defined by a function, as above.
How does this translate when functions are replaced by maps in a C'*-algebra?
If A C L(H) is a unital C*-algebra of operators, every linear map ¢ : A —
L(H) gives rise to a kernel K : A x A — L(H) defined by K(A, B) = p(B*A),
and K is positive definite if and only if ¢ is completely positive, i.e., if

S lp(AL A, &) > 0 (12)
3.k
for all finite sets {A,} C A, {&;} C H.

In this setting, a kernel defined by a map is invariant under every unitary
operator U, that is, K(UA,UB) = K(A, B) for all U, A, B € A, but the converse
need not hold.

In his study of quantum probability problems, Holevo [1988] combined the
notions of positive definiteness and complete positivity by considering kernels ®
defined by a function f whose values f(x), for x € X, are linear maps, A —
L(H). The kernel ® is defined by ®(z,y) = f(y~'z), and is positive definite if
and only if each f(y~lz) is completely positive, i.e., if

D (flay a) (A5 A&, &) =0 (4-3)
J.k
for all finite sets {z;} C X, {A;} C A, {¢} C H.

When the group X = {e} consists of a single point, ® is positive definite if
and only if ®(e) is completely positive. When A = {cI} is one-dimensional, ® is
positive definite if and only if f is positive definite. Observe that these kernels
are invariant both under the group action o,, for z € X, and under the left
multiplication by unitary U € A. In the simplest case, when X = Z, H = C,
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and A = C, the map o = o7 is the shift in Z, o1(n) =n+ 1 for all n € Z, and
® has domain in Z x Z and numerical values. These are the kernels of Section
1, and it is natural to seek the generalization of the GBT for general kernels ®
under suitable invariance conditions.

For this purpose we consider a setting somewhat more general than that
of Holevo. Instead of assuming that the values ®(xz,y) are already defined as
invariant under unitary operators, by ®(z,y)(A, B) = ¢(z,y)(B*A), we assume
®(z,y)(A, B) to be any sesquilinear form in A x A with values in L(H), on
which we impose invariance conditions under certain groups of automorphisms
of the algebra A. Furthermore, we assume X to be any set, and not necessarily
a group. This more general setting for the kernels is chosen for two reasons. In
the first place, positive definite kernels ® : X x X — L(A x A,L(H)) can be
considered as Hilbert space reproducing kernels. Secondly, in order to obtain
invariant liftings, it is necessary to restrict the invariance condition with respect
to A imposed to the kernels. Among the more general kernels having as values
sesquilinear forms in A x A to L(H), those satisfying

O(x,y)(A, B) = ®(x,y)(B*A,I) forall A,B €A and z,y € X, (4-4)

are called of Holevo type.
For X a set, and A C L(H) a unital C*-algebra of operators, a kernel @ :
X x X — L(AxA,L(H)) is positive definite if and only if

D @y, k) (Aj, Ap)é, &) > 0 (4-5)

ik

for all finite sets {z;} C X, {4;} C A, {¢,;} C H. In what follows, in abuse of
language, such a @ is referred to as completely positive definite.
Fix a bijection ¢ : X — X. The kernel ® is called o-invariant or Toeplitz if

O(ox,o0y) = ®(z,y) forall z,y € X. (4-6)

For two fixed subsets X1, X5 satisfying X; U Xs = X, X1 N Xy =, and
oX1C Xy, o 'X,C Xy, (4-7)
a kernel @ : X7 x Xo — L(AXA,L(H)) is o-invariant in X7 x X9 or Hankel if
o(ox,y) = Po(z,0'y) forallz € X, y € Xo. (4-8)
Just as in Section 1, to give three kernels ®;, ®5, Py, where &1 : X7 x X7 —
L(AxA, L(H)) and @3 : X3 X Xo — L(AxA, L(H)) are Toeplitz and P :
X1 x Xo — L(AxA, L(H)) is Hankel, is the same as to give a GTK & :

X x X — L(.AXfL L(H)) such that @‘(X]_XX:[) = q)]_, (I)|(X2><X2) = q)g,
and ®|(X;xXa) = ®g. In this situation we write  ~ (P, Py, D). Such a GTK
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® is completely positive definite if and only if ®; and ®5 are completely positive
definite and &y < (P, Do) in X7 x X, that is,
2

> (@o(xj, yr)(Aj, B, me)

3k
< (Z(‘Pl(ﬂ%xk)(Aijk)ﬁj»§k>> <Z<<I>2(yj,yk)(3j,Bk)nj,nk>> (4-9)
gk Jik
for all finite sets {z,;} C X1, {y;} C Xa, {4;},{B;} C A, {¢}.{n;} C H.

For G a group and « : G — L(A) a representation of G by linear maps
ay A — A, for v € G, we call {A,G,a} a linear dynamical system. Here we
restrict ourselves to the case when G is an amenable group and o, (A) = U, A,
for v — U,, a unitary representation of G satistying U, (A) C A for all v € G.

A kernel ® is called invariant with respect to such linear dynamical system,
or, simply, a-invariant if

®(z,y)(ay(A), ay(B)) = ®(z,y)(A,B) forallye G, A, B A, z,yeX.
(4-10)
For instance, if ® is of Holevo type, it is a-invariant for o : A — U, A, for all
U, € A unitary. But such invariance does not, in general, imply that ® must be
of Holevo type.

There is a large class of linear dynamical systems {A, G, a}, with o, (4) =
U, A, such that a-invariance of a kernel ® is equivalent to ® being of Holevo type.
We call systems of this class reducing. Examples of reducing systems and their
representations are (i) the Schrédinger representation, when A is the algebra of
Hilbert-Schmidt operators acting in L?(R), and (ii) a unitary representation of
a nilpotent Lie group G, when A is the Schwartz algebra of operators {Ay : f €
8(G)}, for Ay = [ f(7)Uydy, and 8(G) the Schwartz class of functions in G
(compare [du Cloux 1989]).

Given a completely positive definite kernel @, set Y = X ® A ® H and define
a numerical kernel K : Y x Y — C by

K((z,4,€), (y, B,n)) = (&, ®(z,y)(A, B)n) (4-11)

for all (z, A, &), (y,B,n) € Y. Let H be the Hilbert space spanned by the func-
tions Ky4¢ : Y — C given by

KzAé(yaBan) = K((.%,A,f), (vaan)) (4712)
with the scalar product
<K’EA§7 Kan> = KrAf (ya Ba 77)

A bijection ¢ : X — X gives rise to a unitary operator ¢ : H — H, defined
by
O'(KIAg) = Ka(z)A§ forallz € X, A€ A, (€ H. (4713)



LIFTINGS OF KERNELS SHIFT-INVARIANT IN SCATTERING SYSTEMS 333

If the completely positive definite ® is a GTK, that is, if & ~ (®1, ®o, Py) for
two Toeplitz kernels and a Hankel kernel in X = X; U X5, then it defines a pair
of scattering systems [Hy; Wf, W1 ;01] and [Hoy; W;, W5 s 02], where @4, &4 are
the reproducing kernels for H; and Hs, o1 and o9 are the corresponding unitary
operators, for which the forms B; : H; x H; — C defined by

Bi( K} pe K;Bn) = (&, Pi(x,y)(A, B)n) (4-14)

are Toeplitz. It is not difficult to check that for Wi+, W.~ corresponding to the
subspaces of H; spanned by {ij5 € H; : xz € X;}, for i = 1,2, a scattering
system is obtained in which the form By : W;" x W5 — C defined by K! and
K? in a way similar to (4-14) is Hankel. Then the Lifting Theorem 2.2 yields a
lifting theorem for a-invariant completely positive definite GTKs:

THEOREM 4.1 [C-S 1994c]. Given a linear dynamical system {A,G,a} and
an a-invariant completely positive definite GTK ® ~ (®1, P9, Pp) : X x X —
L(AXA,L(H)), there exists an a-invariant Toeplitz &' : X x X — L(AxA, L(H))
such that ®'|(X1xXz) = ®g and O’ < (P, Ps) in all of X x X. Furthermore, if
{A,G, a} is reducing and ® is of Holevo type, ®' is also of Holevo type.

In the special case when X = Z, X1 = Z1, Xo = Zs, there is a precise integral
representation, closely related to the GBT.

THEOREM 4.2 (INTEGRAL REPRESENTATION FOR «-INVARIANT COMPLETELY
POSITIVE DEFINITE GTK DEFINED IN Z X Z [C-S 1994c]). Set 2 = {1,2}. Given
a completely positive definite GTK ® ~ (®y, Do, D) : Z x Z — L(AXA, L(H)),
there exists a 2 x 2 matriz of measures p = (p;x) defined on T such that, for
every Borel set D C T, u(D) : Q x Q@ — L(AXA,L(H)) is a completely positive
definite kernel, satisfying

®,(m, n)(A, B) = fuis(m, n)(A, B) = / ¢ (A, B)

forallmneZ andi=1,2, and
Do(m,n)(A, B) = jliz(m,n)(A,B)  form € Z1, n € Za.
Furthermore, the measures p11 and pao are a-invariant.

These lifting theorems provide results in dilation theory, including one on inter-
twining contractions coupled with x-representations generalizing the Sz.-Nagy—
Foiag theorem. These results from [C-S 1994c] will not be stated here.

The last result of this section reduces to the Nehari-Page theorem [Page 1970]
in the case dimA = 1.

THEOREM 4.3 (NEHARI THEOREM FOR SEQUENCES DEFINED IN C*-ALGEBRAS
[C-S 1994c]). Let A C L(H) be the C*-algebra of operators defined in the
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Schwartz space 8(G), for G a nilpotent Lie group, through a unitary representa-
tion. Given a sequence of linear maps, s, : A — L(H), forn=1,2,..., and a
x-representation 0 : A — L(H) of A, the following conditions are equivalent:

(i) There ezists a function f : T — L(A,L(H)) completely contractive with
respect to 0, that is, satisfying

D (FO(ARA)) &, &)

Jik

ZIIH D&%,

and such that f(—n) = s, forn=1,2,....
(ii) The Hankel kernel {s(m + n) :m,n > 0} satisfies

( 3 oA em||2) (Z ||9<An>nn|2>.
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