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Elements of Spectral Theory
in Terms of the Free Function Mo del
Part I: Basic Constructions

NIK OLAI NIKOLSKI AND VASILY VASYUNIN

Abstra ct . This is a survey of the function model approach to spectral
theory, including invariant subspaces, generalized spectral decompositions,
similarit y to normal operators, stabilit y problems for the contin uous spec-
trum of unitary and selfadjoint operators, and scattering theory.

Part | contains a revised version of the coordinate-free function model
of a Hilb ert space contraction, based on analysis of functional embeddings
related to the minimal unitary dilation of the operator. Using functional
embeddings, we intro duce and study all other objects of model theory, in-
cluding the characteristic function, various concrete forms (transcriptions)
of the model, one-sided resolvents, and so on. For the case of an inner
scalar characteristic function we develop the classical H! -calculus up to
a local function calculus on the level curves of the characteristic function.
The spectrum of operators commuting with the model operator, and in
particular functions of the latter, are described in terms of their liftings.
A simplied proof of the invariant subspace theorem is given, using the
functional embeddings and regular factorizations of the characteristic func-
tion. As examples, we consider some compact convolution-t ype integral
operators, and dissipativ e Schrodinger (Sturm{Liouville) operators on the
half-line.

Part 11, which will appear elsewhere, will contain applications of the
model approach to such topics as angles between invariant subspacesand
operator corona equations, generalized spectral decompositions and free in-
terp olation problems, resolvent criteria for similarit y to a normal operator,
and weak generators of the commutant and the re exivit y property. Clas-
sical topics of stabilit y of the continuous spectrum and scattering theory
will also be brought into the fold of the coordinate-free model approach.

Vasyunin was supported by INT AS grant no. 93-0249-ext and RFFI grant no. 95-01-00482.
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Forew ord

This text is a detailed and enlargedversion of an intro ductory mini-course on
model theory that we gave during the Fall of 1995at the Mathematical Sciences
Researt Institute in Berkeley We are indebted to the Institute for granting us
a nice opportunity to work side by side with our colleagues,operator analysts,
from throughout the world.

We were rewarded by the highly professionalaudiencethat attended our lec-
tures, and are very grateful to our colleaguesfor making stimulating commerts
and for encouragingus to give a courseto students whoseknowledge of the sub-
ject was sometimesbetter than ours. Having no possibility to list all of you, we
thankfully mertion the initiators of the course,our friends JosephBall and Cora
Sadosky

We are extremely indebted to the editors of this volume for inexhaustible
patience, to Maria Gamal and Vladimir Kapustin for helping to compile the list
of references,and to Alexander Plotkin, David Sherman, and Donald Sarason
for their careful reading the manuscript.
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Intro duction: A Brief Accoun t

Ab out the reader. We hope that most of the material in this paper will be
accessibleto nonexperts having general knowledge of operator theory and of
basicanalysis,including the spectral theorem for normal Hilb ert spaceoperators.
Somemore special facts and terminology are listed below in Section 0.7 of this
Intro duction.

0.1. A bit of philosoph y. A model of an operator T : H ! H is another
operator, sy M : K ! K, that is in somesenseequivalent to T. There exist
models up to unitary equivalene, T = U M U for a unitary operator U : H !
K acting between Hilb ert spaces;up to similarity equivalene, T = V MV
for a linear isomorphismV : H ! K acting between Banach spaces;up to
quasi-similarity; pseudo-similarity; and other equivalences. So, in fact, these
transformations U, V, etc., change the notation, reducing the operator to a
form corveniert for computations, especially for a functional calculus admitted
by the operator. The calculus contains both algebraic and analytic features (in
particular, norm estimatesof expressionsn the operator), and the requiremerts
to simplify them lay the foundation of modern model theories basedon dilations
of the operator under question. As soon as such a dilation is established, any
object related to the analysisof our operator can be the subject of a lifting up to
the level of the dilation (the calculus, the commutant, spectral decompositions,
etc.), the level where they can be treated more easily.

The function model of Livsic, de Branges, Sz.-Nagy and Foias follows pre-
cisely this course. Starting with a Hilb ert spacecortraction T, or a dissipative
operator in the initial Livsic form (Im(Tx;x) 0, for x 2 DomT), it makesuse
of a unitary (selfadjoint) dilation U realized by use of the von Neumann spec-
tral theorem as a multiplication operator U : f | €'f. It then usesadvanced
trigonometric harmonic analysis on the circle (on the line, in the Livsic case),
including Hardy classesmultiplicativ e Nevanlinna theory and other deweloped
techniques. It is exactly thesecircumstancesthat gave B. Sz.-Nagyand C. Foias
the chancefor sudch an elegarn expressionas harmonic analysis of operators for
the branch of operator theory basedon the function model, and not the fact
that \all is harmoniousin the developed theory" aswas suggestedby M. Krein
in his signi cant prefaceto the Russiantranslation of [Sz.-Nagyand Foias 1967].
We can even say that such a function model is a kind of nhoncomnutativ e dis-
crete Fourier transform of an operator, and mertion with astonishmen that a
continuous version of this transform exists only nominally|whic h fact evidertly
retards applications to semigrouptheory and scattering theory. We will have an
opportunity to obsene the absenceof an \automatic translator" from the circle
to the line when dealing with the Cayley transform and Schredinger operators
(Chapter 2).
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0.2. What is the free function model? In constructing the freejthat is,
coordinate-free[function model of a Hilbert spacecontraction, we follow the
Sz.-Nagy{Foias turnpik e strategy by starting with a unitary dilation

U:H ! H

of a given cortraction
T:H ! H;

sothat we get the dilation (calculus) property

P(T) = Py p(U)iH

for all polynomials p. The usual way to cortinue is to realize the action of U by
useof the spectral theorem, and soto represert T asa compression

f 7! Pgzf; forf 2 K;

of the multiplication operator f 7! zf onto the orthogonal di erence K of two z-
invariant subspace®f a weighted spacel (T; E; W), with respectto an operator-
valued weight W( ) : E! E, in a way similar to the way that the spectral
theorem itself represens the unitary operator U. (Here is a complex number
ontheunit circleT=f 2C:jj= 1g)

The idea of the free function model is to stop this construction halfway from
the unitary dilation to the nal formulae of the Sz.-Nagy{Foias model. In other
words, we X nheither a concretespectral represenation of a unitary dilation nor
the dilation itself, but work directly with an (abstract) dilation equipped with
two \functional embeddings" that carry the information on the ne function
structure of the operator and the dilation. So,we can sa that the free function
model of a contraction T having defect spacesE and E is a classof in some
senseequivalent (seeChapter 1) isometric functional embeddings

:L*E) ! H and :L2E) ! H
of E- and E -valued L 2-spaces(L2(E) %" L2(T; E)) into a Hilbert spaceH sat-
isfying a minimality property, in such a way that the product is a multipli-

cation operator by a function unitarily equivalernt to the characteristic function
T of T,

t(2h=( T+zDt (I zT ) 'D7r)h forh2E ;z2D

(where D i 2cC :j j < 1g). The minimal unitary dilation U can be de ned

by the splitting property z= U , where
= :L%(E) L*E)! H

and z standsfor the shift operator z(f f )= zf zf on this orthogonal sum
of L2-spaces.

At this stage,we have a great deal of freedom: we canwrite down or not write
down the operator U using the spectral theorem, wherethe freedomis in a choice
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of spectral coordinates; and we can choosein very diverseways the functional
embeddings, keeping unitarily equivalent to t (in fact, equivalent with
respect to a special classof unitary equivalences). Thesetranscription problems
are consideringin Chapter 3.

So, we can sgy that the free model is basedon the intrinsic functional struc-
tures of T and the unitary dilation U, and it is a kind of virtual function rep-
reseration of a given operator: we can still stay in the sameHilb ert spaceH
where the initial contraction T is de ned, but the pair fH; Tg is now equipped
with two isometric embeddings and  satisfying the above-mertioned condi-
tions. Working with an operator on this free function model fH; T; ; g we
can at any time transfer (by meansof , ) an arbitrary operator computation
to functions in the spacesL?(E) and L?(E ), whose elemeris have all of the
advantages of concrete objects with concrete local structures. This is the idea,
and in its realization we follow [Vasyunin 1977; Makarov and Vasyunin 1981;
Nikolski and Vasyunin 1989; Nikolski and Khrushchev 1987; Nikolski 1994].

As concrete examplesof model computations we considerin Chapter 2 two
operators: the operator of inde nite integration on the spaceL ?((0;1); ) with
respect to an arbitrary nite measure , and Sdredinger operators with real
potentials and dissipative boundary conditions.

0.3. What is spectral theory? This is a really good question. We can
s&, having no intention to give a truism and rather looking for an explanation
of the title, that for us it is the study of intrinsic structures of an operator.
So, for instance, even speaking of sud well-studied subjects as selfadjoint and
more generally of normal operators, the attempts to identify the theory with
the spectral theorem are unjusti ed: this is the main but not sole gist of the
theory. In fact, the structures of invariant subspacesand of the restrictions
of the operator under consideration to them (the parts of the operator) are
far from being straightforward consequencesf the spectral theorem, and these
subjects should be consideredasindependert ingredients of spectral theory. All
the more, the sameis true for the interplay between functional calculus and
geometric properties of the operator (recall for example, the problem of density
of polynomialsin di erent spacegelated to the spectral measure,or the problem
of the asymptotic behavior of ewolutions de ned by the operator).

Beyond normality, there is again the study of invariant subspacessa path to
the parts of an operator, and also the analysis of decompositions into invariant
subspacegqseries,integrals), and, of course,the functional calculus admitted by
an operator, and related studies of its \space action”, that is, properties of the
ewlution de ned by the operator.

(By the way, this is why the famous polar decomposition of a Hilb ert space
operator, T = VR with R 0andV apartial isometry, is not a crucial reduction
of the problem to the selfadjoint and unitary cases:it does not respect any of
basic properties and operations mentioned above. Another sertence we have the
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courageto put in theseparenthesesis that the previous paragraph explains why,
in our opinion, spectral theory is somethingdi erent from an algebraicapproac
(say, C -algebraic) of replacing an operator by a letter (a symbol) and then
studying it: operator structures are lost in the kernel of such a morphism.)

So, in this paper, as a spectral theory, we considerthe attempts

{ to describe and to study invariant subspaces;

{ to usethem for decompositions of an operator into sumsof its restrictions to
such subspacesof a particular type respecting all other operator structures
(so-called spectral subspaces);

{ to distinguish operators enjoying the best possible spectral decompositions,
that is, operators similar to a normal one;

{ to study stability properties of ne spectral structures of an operator with
respectto small perturbations and to study ewolutions de ned by it (scattering
problems).

Of course, to construct such a spectral theory and to work with it using the
function model technique, we need to dewvelop some routine prerequisites, in
particular to compute the spectrum and the resolent of a contraction in terms
of our free function model; this is donein Chapter 5 below.

Now we describe brie y how we intend to realize this program.

0.4. Conceptual value of invariant subspaces. The invariant subspaces
of an operator, their classication and description, have played, explicitly or

implicitly , the certral role in operator theory for the last 50 years. The reader

may ask, why?

The rst and rather formal reasonis that invariant subspacesre a direct ana-
logue of the eigervectors of linear algebra. Indeed, diagonal or Jordan form rep-
reserations of a matrix are nothing but decompositions of the spacean operator
actsoninto a direct sum of the operator's invariant subspace®f particular types.
In the twenties and thirties, the theoriesof selfadjoint and unitary operators, and
later that of normal operators, culminating in various forms of the spectral the-
orem and its applications, showved that this approach is fruitful. In the fties
and sixties, making use of distribution theory and advanced functional calculi,
seweral generalizations followed this approac: the kernel theorem of Gelfand
and L. Schwartz, the spectral operators of Dunford and J. Schwartz, Foias's de-
composable operators, and some more specialized theories. See[Gel'fand and
Vilenkin 1961; Dunford and Schwartz 1971; Dowson 1978; Colojoara and Foias
1968].

Another, and evendouble, reasonto put invariant subspacesn the foundation
of general spectral theory was provided by a real breakthrough that happened
ft y years ago when M. Livsic [1946] discovered the notion of the character-
istic function and A. Beurling [1949] established a one-to-one correspondence
between the invariant subspacesof a Hilbert spaceisometry and the Nevan-
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linna inner functions. During the fties and sixties, mainly due to e orts by
M. Livsic and M. Brodski, and V. Potapov (for dissipative operators) and by
B. Sz.-Nagyand C. Foias, and L. de Branges (for cortractions), these obsena-
tions together becamethe cornerstoneof the theorieslinking invariant subspaces
and factorizations (inner or not) of the characteristic function of an operator.
Thesetechniques make it possibleto translate spectral decomposition problems
for large classesof operatorsinto the function language,and then to usemethods
of hard analysis (of complex analysis and harmonic analysis) to solve them.

The reader will nd in Chapter 6 descriptions of the invariant subspacesof
a cortraction in terms of its functional embeddings and factorizations of the
characteristic function, aswell as someconcrete examplesof suc descriptions.

In the Afterword (page 288), which functions as a preview of the Part 11 of
this paper, we will briey outline how this machinery works for seweral sample
problems: spectral model operators and generalizedfree interpolation, rational
tests for the similarity to a normal operator, stability of the cortinuousspectrum
for trace classperturbations of unitary operators, and scattering theory. The
Afterword also contains a brief discussionof factorizations of the characteristic
function related to invariant subspacef di erent types,and of operator Bezout
(\corona") equations.

But rst, in the next section, we sketch two of the main technical tools of the
model theory: the commutant lifting theorem (CLT) and local functional calculi.

0.5. The commutant lifting theorem (CLT) and local calculi. As we
have already mertioned, the main trick of model theory is to considera unitary
dilation U:H ! H of acontractive operator T : H! H, whereH H:

H = H
P P
? ?
H = H
T

to try to \lift" all things related to T up to the level of U, and then to work with
theselifted functional objects. One of the main objects related to an operator T is
its commutant f TP, the setof X : H ! H sudthat XT = TX. All functions
of an operator, that is, operators included in a functional calculus, belong to
fTg% sodo all projections on an invariant subspaceparallel to a complemerary
invariant subspace(that is, maps P of the form P(x; + X2) = Xq for x; 2 H;
and x2 2 H,, whereH = H; + H,, with TH;  Hjy, TH,  H»); and henceso
doesthe spectral measureof an operator if it exists.

The commutant lifting theorem (CLT) says that the comnutant of T can be
lifted up to the commutant of U: for X 2 fTgP® there existsan Y 2 fUg’, a
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\symbol of X", suc that
X =PyYjH and kXk= kYk:

This fundamental result wasproved by B. Sz.-Nagyand C. Foias [1968],preceded
by the important partial caseof an inner scalar characteristic function v, dis-
coveredby D. Sarason[1967]. For more details we refer to Chapter 4 below, and
for the history and more referencesefer to [Sz.-Nagyand Foias 1967].

The functional structure of Y, related to the functional embeddings of the
model, is important, as are the links betweenthis lifting processand the funda-
mental Nehari theorem on \Laurent extension” (lifting) of a Hankel type form.
Without entering into thesedetails now, we refer to [Nikolski 1986;Ptak and Vr-
bova 1988]for the interplay betweenthe CLT and Nehari type theoremsand to
[Cotlar and Sadosky1984/85; 1986a;1986b;1988;1992]for an extensive theory
unifying thesetwo techniques. To nish with our appreciation of the CLT, we
mertion its basicrole for cortrol theory and interpolation by analytic, rational,
and other functions with constraints (of the Caratheodory or Nevanlinna{Pic k
type). A vast array of techniques have been deweloped for these applications:
the Adamyan{Aro v{Krein step-hby-step extension process,choice sequencesdy
Apostol, Foias et al., Schur parameterstechniques, and more; for details we re-
fer to [Foias and Frazho 1990;Ball et al. 1990;Bakonyi and Constantinescu 1992;
Nikolski 1986;Alpay  1998].

However, we will avoid these deep theories and instead give, in Chapter 4,
the simplest direct proof of the CLT basedon S. Parrott's approac [1970](see
also [Davidson 1988]). This approach makes use of a version of the CLT: the
Ando theorem on commuting unitary dilations of two commuting cortractions
[Ando 1963],which says that, if T;:H! H andT,:H ! H satisfy kT;k 1,
kT,k 1, and

TiTo = ToTy;

there exist commuting unitary dilations U; and Us:
UUs = UoUq:

We give a short new proof of Ando's theorem and derive the CLT and de-
scribe the admissiblesymbols Y in functional terms characterizing the functional
(model) parametersof Y related to the functional embeddings and . Also,
we give a formula expressingthe norm of X asthe distance

kX k = inffk Y + k: 2HY(E ! E)g

whereH! (E | E) stands for the spaceof bounded holomorphic functions in
the unit disc D taking as valuesoperatorsf(z) : E ! E from E to E (see
Chapter 4).

For two-sided inner characteristic functions , that is, for H! -functions
whoseboundary values () (where 2 T) are unitary almost everywhere on
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T, the CLT is a partial caseof the vector-valued version of the Nehari theo-
rem: if X 2 fTgPandH = XPy , then H is a Hankel operator (that is,
H:H2%E )! H?(E)andHz= P zH), andthe function Y is a symbol
of H (that is, Hf = P (Y )f forf 2 H2(E )). The formula for the norm
of X is the usual Nehari formula

kKXk=dist.: g1 g)( Y ;HY(E! E))

see[Nikolski 1986].

The H*! -calculus exists for every completely nonunitary cortraction already
by the initial unitary dilation theorem. It takesthe following simplied form for
two-sidedinner characteristic functions:

f71 fME Py, f jH;

kf (T)k = dist,: g1 g)( f;HT (E ! E)):

Dealing with the calculus, and even with the whole commutant, it is important
to localize, if possible, the expressionsfor f (T) and for the norm kf (T)k, so
as to make visible their dependenceon the local behavior of f near the spec-
trum of T (whereasthe de nition and aforemerioned formulas depend on the
global behavior of f in the disc D and on the torus T). Following [Nikolski and
Khrushchev 1987] we give such expressionsfor operators T with scalar inner
characteristic functions , shawing, for instance, an estimate on level setsof :

kf (T)k C-supfif(2)j:z2D;j(2)j<"g forf2H?:

Later on we usetheseestimatesfor our treatment of free interpolation problems
(Chapter 8).
That is all we include in Part | of the article.

0.6. Prehistory . When writing an expository paper, oneautomatically accepts
an extra assignmen to commern on the history of the subject. Frankly speak-
ing, we would like to avoid this obligation and to restrict ourselvesto sporadic
remarks. In fact, model theory is a quite recert subject, and we hope that care-
ful referenceswill be enough. Nonetheless,we will recall a kind of prehistory of
the theory. This consistsof four fundamertal results by V. I. Smirnov (1928),
A. I. Plessner(1939), M. A. Naimark (1943), and G. Julia (1944), which antici-
pated the subsequeh developmerns of the eld and ought to beenhave its clear
landmarks, but were not identi ed properly and are still vaguely cited.

Smirno Vv's results. The following result, usually attributed to A. Beurling, is
Theorem 2 of [Smirnov 1928a]: If f 2 H? is an outer function (seeSection 0.7
below), then

span(z"f :n 0)= HZ%
H 2
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In [Smirnov 1932, Section 10] there is another proof of this fact|essen tially the
samethat Beurling published in 1949. Another fundamertal result, the inner-
outer factorization f = fi,, fou of HP functions (seeSection0.7 for de nitions),
appearsin [1928b, Section5]. Together, thesetwo resultsimmediately imply the
well-known formula for the invariant subspacegeneratedby a function f 2 H 2:

spanz"f :n  0)= finmH?:
HZ

This is the main ingredient of the famous Beurling paper [1949]on the shift
operator, which stimulated the study of invariant subspaces. Unfortunately,
in Smirnov's time the very notion of a bounded operator was not completely
formulated|Banac h's book dates from 1932|and, what is more, during the
next ten years nobody thought about the shift operator, until H. Wold and
A. I. Plessner.

Plessner's results. In 1939, A. I. Plessnerconstructed the H! -calculus for
isometric operators allowing a unitary extensionwith an absolutely cortinuous
spectrum. His paper [1939a]cortains a construction of L -functions of a maxi-
mal symmetric operator A : H ! H having an absolutely cortin uous selfadjoint
extensionA :H ! H:

f(A) = Puf(A)jH;

the multiplicativit y is proved for H! functions.

Plessner[1939b] also proved that any Hilbert spaceisometry V : H! H is
unitarily equivalent to an orthogonal sum of a unitary operator U and a number
of copiesof the (now standard!) H 2-shift operator S : H? | H?, given by
Sf = zf:

X
v'u 21 S ; with card(l) = dim(H VH):
I

To apply to isometriesthe calculusfrom the rst paper, Plessnerproved that
an isometry V having an absolutely continuous unitary part U is an inner func-
tion of a maximal symmetric operator of the previoustype: V = f (A).

Clearly, the missinglink to completethe construction of the H® -calculus for
cortractions would be the existence of isometric dilations (and their absolute
continuity). The rst step to such a dilation was accomplishedby G. Julia
in 1944, but his approach remained overlooked until the mid- fties.

Julia’'s result. Julia [1944a; 1944b; 1944c] discovered a \one-step isometric
dilation" of a Hilb ert spacecontraction T :H ! H. Precisely he obsened that
the operator de ned on H H by the block matrix

T D7

Dy T

V =

is an isometry, and that T = Py VjH.
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Of course,V is not necessarilya \degree-two dilation" T2 = Py V?2jH, nor
a full polynomial dilation T" = Py V"jH, forn 0. We know now that to
get such a dilation one has to extend the isometry V by the shift operator of
multiplicit y H, or simply take

V(X x1;X2;::7) = (TX; DX X5 X2;5:10)

for (X;x1;::3)2H H . But Julia did not make by this obsenation.
In fact, isometric and even unitary dilations werediscoveredten yearslater by
B. Sz.-Nagy[1953],ignoring Julia's step but using Naimark's dilation theorem.

Naimark's result. Historically, this was the last latent cornerstone of model
theory. M. A. Naimark [1943]provedthat every operator-valued positive measure
E( ):H ! H taking cortractive values,0 E( ) |, hasa dilation that is a
spectral measure:there existsan orthoprojection-valuedmeasureE( ) :H ! H,
whereH H, sucthat E( ) = P4 E( )jH for all

Later, Sz.-Nagy [1953]derived from this result the existenceof the minimal
unitary dilation for an arbitrary contraction, and the history of model theory
started. In fact, asalready mertioned, it started sewen yearsearlier, with Livsic
[1946], motivated rather by the theory of selfadjoint extensions of symmetric
operators (developed by Krein, Naimark, and many others) than by the dilation

philosophy.

0.7. Prerequisites. For the reader's convenience,we collect here somemore
specializedfacts and terminology usedthroughout the paper.

General terminology . All vector spacesare consideredover the complex num-
bers C; a subspaceof a hormed spacemeansa closed vector subspace. For a
subsetA of a hormed spaceX , we denote by

span(A) €' clos(Lin(A))

the closedlinear hull of A, and by

distx (x; A) € inffkx yk:y2 Ag
the distance of a vector x 2 X from A. For a subspaceE  H, the orthogonal
complemer is denoted by E? or H E, and the orthogonal projection on E
by Pe. The orthogonal sum of a family f E,, g of subspaceof a Hilb ert spaceis

denoted by
X P

P
E, ¥ W XniXn 2 Epand | kxpk?< 1

n
Op erators on a Hilb ert space. \Op erator" meansa boundedlinear operator
unlessotherwise indicated; L(E! F) stands for the spaceof all operators from
E to F. A subspaceE H is called invariant with respect to an operator
T:H! HIif TE E; the restriction of T to E is denotedby TjE and T is
called an extension of TjE. The set of all T-invariant subspacess denoted by
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Lat T (or Lat(T)). Reducing subspacesare subspacedrom LatT\ LatT ; T
standsfor the (hermitian) adjoint of T. We denote by Range(T) the rangeof T,
that is, the linear setf Th:h 2 Hg, and by Ker T Eix:Tx = Og for the kernel
of T.

A partial isometry V : H ! K is an operator between Hilb ert spacessuc
that Vj(Ker V)? is anisometry; the subspacegKer V)? and RangeV are called,
respectively, the initial and nal subspace®ofV. The nal subspaceof a partial
isometry V is the initial subspaceof the adjoint V , and vice versa; moreover
V V= P(Ker V)? -

The polar decomposition of an operator T : H ! K is the represenation
T = VR, whereR = jTj € (T T)¥*2 0is the positive squareroot of T T
(the modulus of T) andV : H ! K a partial isometry with the initial space
RangeR = (Ker T)? and the nal spaceRangeT. The equation A A =B B is
equivalent to saying that B = VA, whereV stands for a partial isometry with
the initial spaceRangeA and the nal spaceRangeB.

The spectral theorem (in the von Neumann form) says that a normal operator
N:H! H (that is,onesuch that N N = NN ) is unitarily equivalent to the
multiplication operator

f(z) 7! zf (2)
on the space

ff 2 L2(H; n):f(2) 2 En(2)H a.e.with respectto yg;

where E\ ( ) stands for a mesurablefamily of orthoprojections on H, and y
standsfor a so-calledscalarspectral measureof N carried by the spectrum (N);
the classof measuresequivalent to § and the dimensionfunction z 7! dim H (z)
dened y-a.e.arecompleteunitary invariants of N.

Isometries and co-isometries. The Wold{Kolmogorov theorem says that an
isometry V : H ! H givesrise to an orthogonal decomposition

X
H=H; 0 V"E ;

n

whereH; = Tn oV"H andE = H VH = KerV . The subspaceH; reduces
V and the restriction VjH is unitary; any other subspacewith theseproperties
is contained in H; . An isometry V with H; = fOgis called pure (or an abstract
shift operator), and a subspaceL  H satisfying V"L ? V"L forn6é m O
is called a wandering subspce of V; in particular, E= H VH is a wandering
subspace. A pure isometry V is unitarily equivalent to the shift operator of
multiplicit y dim E = dimKerV , de ned by

f 70 zf forf 2 H%(E);
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where
H2(E)= f = P . of(n)z" :f\(n) 2 E and P L okfmk?< 1

stands for E-valued Hardy space (seealso below).
A co-isometry V : H ! K is an operator (a partial isometry) whoseadjoint
V is an isometry; it is called pure if V is pure.

Contractions. A contraction T : H ! K is an operator with kTk 1. The
defect operators of T areDy = (I T T)¥2 and Dy = (I TT )'¥2; the
closures of their rangesDt def closRangeDt and Dt are called the defect
subspeoes and dimD+t = rank(l T T) and dimDy are the defect numkbers.
The defect operators are intertwined by the cortraction, TDt = Dy T, and
hencethe restriction TjD? is an isometry from D2 to D? . A cortraction T is
called completely nonunitary if there exists no reducing subspace(or invariant

subspace)where T acts asa unitary operator.

Function spaces and their operators. Lebesguespacesof vector-valued

functions are de ned in the standard way: the notation LP( ;E; ) meansthe

LP-spaceof E-valued functions on a mesurespace( ; ). We can abbreviate

LP( ;E; ) asLP(E; ), LP(E), LP( ;E), or LP() (this last whenE = C).
Our standard caseis = T, endowed with normalized Lebesguemeasure
= m. The Hardy subspce of LP(E) = LP(T;E) is de ned in the usual way,

HP(E) = ff 2 LP(E) : f\(n) = 0 for n < Og;

where the f'\(n), for n 2 Z, are the Fourier coe cien ts. Obviously, L?(E F) =
L2(E) L2(F). Also asusual, HP(E) is identi ed with the spaceof boundary
functions of the corresponding spaceof functions holomorphic in the unit disc D
(for p= 2, seeabove). The reproducing kernel of the spaceH ?(E) is de ned by
the equality

f .

; =(f( );e)g forf 2H?(E)ande?2 E:
1z HzE)

The Riesz projections P42 = P, andP =1 P, aredened on L?(E) by

P, X f(n)z" = * f(n)z"; forjzj= 1
n2z n 0
Clearly, L?(E) = H?(E) HZ2?(E), whereH?(E) = P L2(E).

The LP and HP spaceswith valuesin the spaceL(E! F) of all operators
from E to F are denotedby LP(E! F) and HP(E ! F) respectively. Any
operator A acting from L?(E;) to L?(E2) and intertwining multiplication by
z on these spaces(which meansthat Az = zA) is the multiplication operator
inducedby afunction 2 L' (E1! E,), namely (Af )(z) = ( z)f (z); moreover,
kAk = kAjH?(E1)k = k ki1 gy g,). We often identify A and ; we have

2H! (E;! Ep)ifandonlyif 2L (E;! Ey)and H?(E;) H?(E). A
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cortractiv e-valuedfunction 2 H! (E;! E,) is called pure if it doesnot reduce
to a constart isometry on any subspaceof E1, or, equivalertly, if k (0) ekg, <
kekg, for all nonzeroe2 E;.

The last point is to recall the Nevanlinna{Riesz{Smirnov canonical factoriza-
tion of scalar H *-functions:

=BS F= im out 5

where B is a Blasdhke product, S a singular inner function, and F an outer
function. We have
Y k()
B(z)= b" (2);
2D
where

b(z):J—Jﬁ; with j j< 1;

is a Blasahke factorand k( ) is the divisor of zero multiplicities, satisfying the
Blasdhke condition >,pk( )@ jj)<1.Wealsohave

+ 2z

S(z) = exp z

ds() ;

s being a positive measuresingular with respect to Lebesguemeasurem, and

F(2) = exp T%Iogﬁdm( )

Let bethe measureof massl concerrated at the point (Dirac measure).
We ass@iate with the function the measureon the closedunit disc de ned by

1 X
d =log—dm+d s+ k()L jjd
i .

This is often called the representingmeasure of .

Chapter 1. Construction of the Function Mo del

1.1. Unitary dilation. We start constructing the function model for a con-
traction on a Hilb ert spacewith an explicit description of its minimal unitary
dilation. An operator U acting on a Hilb ert spaceH is called a dilation of an
operator T acting on H, whereH  H, if

T"=PyU"jH foraln 1L

The dilation is called minimal if sparfU"H :n 2 Zg= H. It is called unitary if
U is a unitary operator.

The structure of the spaceH where a dilation of an operator acts is given by
the following lemma of Sarason[1965].
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1.2. Lemma. U:H'! Hisadilation of T:H ! H if and only if
H=G H G (1.2.1)
with
UG G; UG G; and PyUH =T:
G and G are called the outgoing and the incoming subspace respectively.

Pr oof. To prove the \only if" part, put

G=sparfU"H :n 0Og H;
G =H sparfU"H :n Og:

If g= lim p,(U)h, is orthogonalto H, h, 2 H, andf 2 H, then

(Ug; f) = lim(Upnr (U)hp; ) = IIm(Tpn(T)hn;f) = lim(pa (T)hy; T f)

lim(pa (U)hn; T ) = (g;T £) =0

that is, UG G. TheinclusionU G G is obvious.
For the corverse,we usethe block matrix represenation of U with respect to
the decomposition (1.2.1). We get

0 1 0 1
0 O 0 O

U:%) T Og =) Un:% T" Og =) PyU"jH =T";

foralln 1.

1.3. The matrix of a unitary dilation. Weneeda unitary operator U : H !
H, whereH = G H G, of the form:

1
E 0 O
u=BA T ok:
C B E
In matrix form, the conditionsU U= 1| and UU = | become
0 1
EE+AA+CC AT+CB CE
® TA+BC TT+BB BE X=1I;
EC EB EE
1
EE EA EC
B AE AA +TT AC +TB X =1

CE CA +BT CC +BB + EE
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de de

We put Dt fef (I T T)*¥ and D+ " closDtH. Twelve dierent entries
give twelve di erent equations. Here are ten of them:

8 EE=I =) E s anisometry;
EE =1 =) E is aco-isometry;
AA +TT =1 =) A =V Dy (polar decomposition);
EA =0 =) V :Dt ! KerE;
TT+BB=1 =) B = VDt (polar decomposition);
EB=0 =) V:Dt! KerE;
CA +BT =0 =) CV+VT =0=) C= VTV +Cy;

Coj RangeV = 0;

AT+CB=0 =) CyVDt =0 =) CyjRangeV = 0;
EE+AA+CC=1 =) VV +CyCp= Pkerk ;
CC +BB +EE =1 =) VV + CoCjy = Pkere :

The last two of theseidentities meanthat C, is a partial isometry with initial
spaceKerE  RangeV and nal spaceKerE  RangeV; therefore, the two
other identities E C = 0and CE = 0 are ful lled automatically.

Now, if we introduce

X o _ X

GcM = 0 E"VDr; G%Y = 0 E"VDr;
n n

G@ =6 GO; c9 =g G(l);

then G®  G® s a reducing subspaceof U:

Eic? o0
ue? @ = "D
Co EJG()
Therefore, the operator
Ejc® 0 0
Uc® H GW=Bbrv T 0o X

VIV VDr EG®

is alsoa unitary dilation of T. Moreover, the dilation is minimal. Indeed, since
0 1

0
UH=0 T XH:

VDt

we seethat spafUH;Hg= H VD7, whencesparfU"H :n 0g=H GW,
In a similar way we obtain sparfU"H : n 0Og = c® H. Sothe dilation
is minimal if and only if E and E are pure isometries and RangeV = KerE ,
RangeV = KerE .

Thus, we arrive at the following theorem.
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1.4. Theorem. An operator U : H ! H is a minimal unitary dilation of
T:H ! H if and only if there exist subspoes G and G of H suchthat

H=G H G;
and, with respect to this decomposition, U has matrix
0 1
E 0 0
U=®DrVv T O0X;
VTV VDr E

where E = UjG and E = U jG are pure isometries, V is a partial isometry
with initial space Dt and nal space KerE , and V is a partial isometry with
initial sppce Dt and nal space KerE .

1.5. First glimpse into the function model. In principle, the construction of
the minimal unitary dilation could be split into two steps: rst we can construct
a minimal isometric dilation (or a minimal co-isometric extension), and then
apply the sameprocedureto the adjoint of the operator obtained. As a result,
we get a minimal unitary dilation. It is worth mentioning that in our terms the
restriction of Uto H G is a minimal isometric dilation of T and the compression
ofUonto G H is aminimal co-isometric extensionof T.

A function model of a corntraction T ariseswhenewer we realize E and E ,
which are abstract shift operators, as the operators of multiplication by z on
appropriate Hardy spaces. Such a realization provides us with two functional
embeddings of the corresponding Lebesguespacesin the spaceof the minimal
unitary dilation. All other objects neededfor handling such a model operator
(the characteristic function, formulas for the projection onto H, for the dilation,
and for the operator itself, etc.) are computedin terms of theseembeddings. We
presern the necessaryconstructions in the rest of this chapter. In Chapter 3 we
give someexplicit formulas for the model as examplesof the above-menioned
functional realizations of the coordinate-free model in terms of multiplication by
z on certain L2-spaces.

1.6. Functional embeddings. As already mertioned, after xing a minimal
unitary dilation of a givencortraction T, we beginwith a spectral represenation
of the pure isometry E and the pure co-isometry E using the Wold decomposi-
tion. Let E and E be two auxiliary Hilbert spacessuc that

dimE = dim Dt = dimKerE ;
dmE =dmDt = dimKerE :

SinceKerE =G EG=G UGandKerE =G EG=G U G , there
exist unitary mappings

vV:E! G UG and v :E! G UG (1.6.1)
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identifying thesespaces.Now we can de ne a mapping

=( ;):L¥E) L*E)! H (1.6.2)
by the formulas
X X
ZXe, = Uk vey for e 2 E;
k22 k2z
X
ZXe, = Uttve, foreg2E ;
k2z k2z
(f f)= f + f:
The operators , ,and are called functional mappings or functional embed-

dings. Immediately from the above de nition we deducethe following properties
of the embeddings and

(I) = ILZ(E) and = ILZ(E )

(i) z=U and z=U

(i) H?(E)=Gand H?(E )=G.

Property (i) is a consequenceof the fact that G UG and G UG are
wandering subspacedor U; that is,

U(G UG)? U™G UG) and U"(G UG)?U"G UG)

for distinct n;m 2 Z. Property (ii) is obvious, as are the relations z" = U"
and z"=U" foralln2Z. To ched (iii) we write
P P
H2(E) =  oZ¥ecte 2 E; | okek®< 1
P P
=  oUkvec tec 2 E; | okek?< 1
« 0 UKG UG)=gG;
P P
H2(E )= kcoZex: ey 2E; okekk?<1
P
veoUKtveyie 2E ;| o keyk?<1

., 0 UKG UG)=G:

In general, the spaceclosRange may be dierent from the ertire spaceH
of the minimal unitary dilation of T. Now we describe this range as follows.

1.7. Lemma. The orthogonal complement
Ho € (Range) 7 = L%E)+ L*E)’

is contained in H and is a reducing subspce of T. Moreover, H, is maximal
amongall T-invariant subsmoesH® H for which the restriction TjH°is uni-
tary .
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Proof. SinceG = H?E) Range and G = H?(E) Range,
we have H, H. The intertwining property (ii) implies that H, reducesU.
Therefore, the operator TjH, = UjH, is unitary.

It remainsto prove the maximality of H,. Let TH® H® H, andlet TjH®
be unitary. Then for h2 H%andn 0 we have

khk = kT"hk = kP4 U"hk  kU"hk = khk:
Therefore, U"h = P4U"h 2 H, whenceU"H® H, n 0. Thus, U"H??
H2(E) and H°? U™ H?(E), which yields H°? L?(E) because
sparfU "™ H?(E):n O0g= sparf z"H?(E):n 0g= L2%E):
Similarly, the relations
khk = kT "hk= kPyU "hk kU "hk = khk

imply that H°?  L2(E ), whenceH® H,.

The lemma yields the well-known decomposition of a contraction into a unitary
and a completely nonunitary part. We recall that a contraction is called com-

pletely nonunitary if H, = f0g, that is, if the restriction of it to any nontrivial
invariant subspaceis not a unitary operator.

1.8. Corollary . A contraction T on H can be uniquely representel in the form
T=Ty To, where T, = TjH, is unitary and Ty et TjHo, for Hg e Hy,
is completely nonunitary . Therefore, a contraction is completely nonunitary if
and only if

(iv) closRange = H.
In what follows we shall deal with completely nonunitary cortractions only.

1.9. Characteristic  function. We cortinue the construction of the function
model of a given completely nonunitary cortraction T. We usethe functional
embeddingsto introduce the certral object of model theory, the characteristic
function of an operator.
We de ne

E L L2E) LYE ): (1.9.1)
By property (ii) on page 228, the mapping intertwines the operators of mul-
tiplication by z in the two L2-spacesabove:

Z=7

We sawv in Section 0.7 that such a  is the operator of multiplication by a
bounded operator-valued function, which we denote by the samesymbol;

( H)O)= ()Hf() for 2T:

We shall write 2 L' (E! E ), which meansthat is a measurablefunction
de ned and bounded almost everywhere on the unit circle whose values are
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operators acting from E to E . Moreover, this function is contractiv e-valued
(k k k k k k= 1) and analytic. Indeed, we have

H2(E)=G? G = H2(E);

whence
H2(E) = H?(E) H2E )
that is, 2 H! (E! E).

De nition.  The function  de ned by (1.9.1) is called the characteristic func-
tion of the given completely nonunitary contraction T.

Thus, formally, the \c haracteristic function" of a cortraction T is a family of
functions (depending on U and ). Our next goal is to describe the family of
characteristic functions corresponding to all operators unitarily equivalent to a
given operator. Later, in Remark 1.12, we shall make somewhat more precise
the notion of a characteristic function.

1.10. Equiv alence relations. The de nition of the functional embeddings,
and therefore that of the characteristic function, involve two arbitrary Hilb ert
spaceskE and E , only their dimensionsbeing essetial. So, it is natural to
regard all the objects obtained asequivalent if a pair of spacesE, E is replaced
by another one,say E°, E°, of the samedimension. By de nition , two functions
2LY(E!' E)and 2L (E® EO) aresaidto be equivalent if there exist

unitary mappings
u:e! E® and u : !t E° (1.10.1)

such that

Y=u : (1.10.2)

In what follows, beingin the framework of Hilb ert spacetheory, we shall often
view our initial object, a Hilb ert spacecontraction, up to unitary equivalence.
The minimal unitary dilation of such a contraction is also de ned up to the
corresponding unitary equivalenceW : H ! HY intertwining U and U° and
preservingthe structure (1.2.1), that is, satisfying

WG=G% WG =G% WH=H" (1.10.3)

Therefore, the following de nition is natural. Two functional embeddings and
Oare saidto be equivalent if there exist unitary mappings(1.10.1) and a unitary
operator (1.10.3) such that

o U
0

=W

1.11. Theorem. Let T, T°be two completely nonunitary contractions; we de-
note by , 0 their functional emteddings and by 0 their characteristic
functions. The following assertionsare equivalent.
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() T and T°are unitarily equivalent.
(i) and ©are equivalent.
(i)  and ©are equivalent.

Proof. (1) =) I§,2). Let Wq be a unitary operator, WoT = TOW,. We de ne
W on nite sums U"h,, whereh, 2 H, by the formula

X X
W U'h, = U Woh,:

We ched that W is norm-preserving;this will imply that W is well-de ned and
n be extendedto an isometry acting on the whole of H. Sincethe nite sums
U%Wyh, are densein H? suc an extensionwill be surjective and, therefore,

unitary. We have

X 2 X X
w u%h, = kUTWoh,k? + 2Re  (U% "Wghy; Woh))
n n k>|
X X g
= khok?®+ 2Re (T "Wohy; Wsh))
n k>l

X X X
= kU"h,k?®+ 2Re  (U¥ 'hye;h)) = U"hy,

n k>l n

From the de nition we seethat WU = U and WH = WyH = H% More-
over,

W(G H)=WsparfU"H :n 0g= spafU”WyH :n 0Og
= sparfU”H%:n 0g= G° H¢
that is, WG = G® whenceW (G UG) = G° U Similarly, WG = G° and
W(G UG)=GY U°GP. Usingthe unitary mappingsv andv of (1.6.1),
we can de ne

u=vPWv:E! E% u =vPwv :E ! E%

Now we show that these operators provide an equivalencebetween and ©

X X X *
w e« =W  Uve=  U%Wve
* X X
= u®vee = © Zuee = W ZXey
ThusW = Q. That W = Ou canbe cheded similarly.

2) =) (3). We have

Y= % Y= W =W 9 =( u) =u =u
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(3) =) (2). Dening an operator W on the denseset L?(E E) by the
identit y
u O
0 u

we ched that W is norm-preserving. As in the rst part of the proof, this will
imply that W is well-de ned and extendsto a unitary operator.

First, we note that property (i) of page 228, combined with the de nition of
, canbewritten as

w = °

Using this relation and the identity % = u , we obtain

u 0 u 0 I O u 0
kw xk?= O X = X; X
0 u 0 u 0 0 u
= I X; X =k xk?

which completesthe proof that and ©are equivalert.
(2) =) (1). Weput
u 0
0 =W

0 u
Then WG =W H?(E)= %WH?E)= %HZEY = G%and, similarly, WG =
G°, whenceWH = H® Thus, Wo € WjH de nes a unitary operator from H
to HC Since

u O u 0
WU =W z= © z=U0 0 = UW
0 u 0 wu

and Range is dencein H, we have UW = WU. This yields
WoT = WoPh UjH = PyoWUjH = PyoUWIjH = TWy;
that is, T and T° are unitarily equivalert.

1.12. The dilations and the characteristic function of a given con-
traction. The sameargumerts show that a minimal unitary dilation of a given
cortraction T is unique up to a unitary equivalence WU = UW sud that
WG=G% WG = G°% and WjH = I jH.

Returning to the main de nition 1.9 and taking Theorem 1.11 into accourt,
we seethat it is natural that the characteristic function of a contraction should
mean any function de ned by (1.9.1) for any operator T unitarily equivalent
to the given one.

Now we nd an expressionfor the characteristic function of a completely
nonunitary cortraction in terms of the cortraction itself.
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1.13. Theorem. The characteristic function of a completely nonunitary
contraction T is equivalent to the function in H! (Dt ! Dt ) de ned on the
unit disc by the formula

()= T+D7( T ) !Drjby for 2D: (1.13.1)

Proof. Let bethe function (1.9.1) de ned by the enbeddings(1.6.2) related
to the unitary dilation described in Theorem 1.4. We shall prove that

()= T+D+( T ) Dy

where
=V vVv:E! H and =Vv: :E ! H;

V,V beingde ned in Theorem1.4andv, v in (1.6.1). Theabove and map
E and E isometrically onto Dt and Dt , respectively. In particular, choosing
E=Dy,E =Dy andv=VjDt,v = VjDt , we getthe function 1 as
one of the possiblechoicesamongequivalert represettations of the characteristic
function.

Lete2 E ande 2 E . Then, forj j< 1,

e e
(C Jee)e = & = €
1 Z L2(E ) 1 Z H
X Kk Ky (k+1
= ve; z“e = ve; Uttty e
k 0 H k 0 H
= v Ky kD ye; e
k 0 E
Therefore,

G uU)?t |

X 1
( )=v ky &y =y v==v( U)

k 0
becauseRangev ? Rangev (the latter fact follows from the relations G ? G
and Rangev G, Rangev G ).

The proof of the following formula for the inverseof a block matrix operator
is left to the reader:

0 1 0 1
X A B ' "X 1 XAy ! X }( B+AY lC)z 1!
o vy ckx =B o y 1 y icz 1
0 0 Z 0 0 z 1
We apply this formula to the operator
0 1
| E VDr VTV
I u=B o 1 T DV X

0 0 I E
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(compare the expressionfor U in Theorem 1.4). This results in the relation
0 1

0
()=twioon  U) ‘Bok
\Y

Ev(l E)! VTV +( VD)l T)Y¥ DtVv)
(I E) v
= T+D+( T) Dy ;
becausev E = 0OandE v= 0.

1.14. Two more expressions for 1. Multiplying (1.13.1)from the right by
D+ we get the following useful formula

t()Dr=Dr (I T )1 Ty (1.14.1)
and multiplying from the left by Dt we get
Dr +()=(I T)(I T ) 'DrjD7: (1.14.2)

1.15. Corollary . The characteristic function is a pure contractive-valued func-
tion; that is,
k(0) eke < kekg for any nonzeme?2 E:

Indeed, if k (0) ekeg = kekg, then
k ek=kek=k(0) ek=k T ek= KT ek;
that is, e?2 KerDt. However, since e2 Dy, wehave e= 0, whencee= 0.

1.16. Coordinate-free function model. Now we are ready to construct the
coordinate-free function model for a corntraction on a Hilb ert space. This will
help us to solve the following inverse problem given a purely contractiv e-valued
function  analytic in the unit disc, nd a completely nonunitary cortraction
whosecharacteristic function is equivalert to .

To this end, the following stepscan be taken.

() Wetakeafunction 2 H! (E! E )sudthat k kg land k (0) ekg <
keke for all nonzeroe?2 E.

(i) We take any functional embedding = acting from L2(E E) to
an arbitrary Hilb ert spacewith the prescribed modulus

_ : (1.16.1)

(i) We put H = closRange .
(iv) Weintroduce a unitary operator U on H by the relation

u = =z
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(v) We introduce the model subspce

ey H2(E) H2(E):

K
where,asbefore, = jL%(E)and = |jL%(E).
(vi) Finally we de ne a model operator by the formula
M EP UK ;
where P stands for the orthogonal projection from H onto K

The next theorem shows that thesesix stepsreally solve the inverseproblem in
question.

1.17. Theorem. M is a completely nonunitary contraction with the charac-
teristic function . The operator U is the minimal unitary dilation of M

Pr oof. First of all, it is worth mentioning that the operator U described in
step (4) above is well-de ned and unitary. Clearly, the norm is presened, since
I I

| XX = x; x =k xk?%

kU xk?=k zxk?= |

therefore, U is well-de ned and isometric. By step (3), U is denselyde ned and
possessea denserange; hence,it admits a unitary extensionto H.

Now, we prove that U is a minimal unitary dilation of M = M . From the
de nition it is clear that U is a dilation. More precisely this follows from the
fact that the subspacesG def H?(E) and G G H?(E ) are invariant under
U and U , respectively, which shavsthat H = G K G isthe decomposition
from Lemma 1.2. Thus, all we needto verify is minimalit y.

We ched the identity

UP ze+ P oe= (I o o)e fore2E; (1.17.1)

where ¢ def (0). Using step (v), we get for the orthogonal projection onto K
the formula
P =1 P P

where P, and P stand for the Riesz projections (see Section 0.7). Thus, we
obtain

UP ze=U( P P ) ze= U( ze 0Z€) = e 0€;
P 0= ( P: P: ) 0= o€ o 0€;
which implies (1.17.1).
Since is pure, the operator | o o hasa denserange, whence

E spafK ;UK g;

and
G= H?E)=spafU" E:n 0g sparfU'K :n O0g:
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In a similar way, using the identit y

P e+UP z 4e = (I 0 o)e;
we get
G = H?E )=sparfU" E :n<0g spafU'K :n O0g:
Hence,H = G K G sparfU"K :n2 Zg, soU is a minimal dilation.
By construction, and are functional embeddingswith v = jE and
v = zjE . Therefore, is the characteristic function of M

Now comesthe main result of the Chapter, to complete the construction of the
function model.

1.18. Theorem. If = 1 is the characteristic function of a completely
nonunitary contraction T, then T is unitarily equivalent to the model operator
M  constructed with the help of the six stepsin 1:16.

Pr oof. Obvious from Theorems1.11and 1.17.

Let T be a completely nonunitary cortraction and let = 1 be the charac-
teristic function of T. We say that M is a coordinate-free model of T acting
on the model spaceK . Someexplicit formulas for the function model will be
obtained as transcriptions of this free model by specifying a represenation of
the Hilbert spaceH and a solution  of equation (1.16.1). Se\eral examplesof
such transcriptions are given in Chapter 3.

1.19. Residual subspaces. In this section we introduce and briey discuss
two more functional mappings related to the function model of a cortraction;
theseare quite useful for the study of the comnutant lifting (seeChapter 4) and
invariant subspaceqseeChapter 6). These mappings, denoted below by and
, arise necessarilywhen one studies the absolutely cortin uous spectrum of a
contraction, becausethey give spectral represertations of the restrictions of the
unitary dilation U to the socalled residual and -residual parts of H, that is, to

RE H LXE) and R & L2(E):
Clearly,
R=(l YH = clos( ) L2%(E) = clos( ) L2(E):
Since
( ) ( ) = ( X ) =1 = 3

the polar decomposition
= (1.19.1)
provides us with a partial isometry acting from L2(E) to H, which is isometric

onL2( E) % clos L2(E) and whoserange is R. It turns out to be more
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corveniert to view asdened only on L?( E). Then is an isometry that
intertwinesz on L?( E) with UjR; that is, it provides a unitary equivalenceof
these operators. Algebraically, these properties can be written as follows:

=1;
=1
z=U":
In a similar way,
R= L? E)
where s the partial isometry occurring in the polar decomposition

= : (1.19.2)

Then

z=U
Below we list somemore relations for the embeddings , and , , which
are simple consequencesf the de nitions:

=0; =0;

Chapter 2. Examples

In this chapter, we give two exampleswhere the characteristic function is
computed. Both deal with dissipative operators, rather than contractions. How-
ever, asis well known, the theories of thesetwo classesare related by the Cayley
transform, which allows us to transfer information obtained for dissipative oper-
ators to cortractions and vice versa. This transfer is not completely automatic,
and we start with someprerequisites.

2.1. Denition. A denselyde ned operator A is said to be dissipative if
Im(Ax; x) 0 for all x 2 DomA:

A dissipative operator is maximal if it has no proper dissipative extension. A
dissipative operator is completely nonselfadjoint if it hasno selfadjoint restriction
on a nonzeroinvariant subspace.

The next lemma collects some properties of dissipative operators and their
relations to contractions. The proof of the lemma is classical;see[Sz.-Nagyand
Foias 1967],for example.
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2.2. Lemma. 1. If A is a dissipative operator, the operator
T=0CA)E (A iI)a+il)?
is a contraction acting from (A + il ) DomA to (A il ) DomA and suchthat
12 ,(T). Conversely, if T is a contraction suchthat 1 is not an eigenvalue
of T, the operator

A=CHT)=ig+T)q T)1

is well-de ned on DomA = (I T)DomT and is dissipative. The operator
C(A) is called the Cayley transform of A, and C (T) is called the Cayley
transform of T.

2. Every dissipative operator has a maximal dissipative extension. A maximal
dissipative operator is closel. A dissipative operator A is maximal if and only
if DomC(A) = H.

3. The operator A is selfadjoint if and only if C(A) is unitary .

4. Two dissipative operators A; and A, are unitarily equivalent if and only if
are C(A1) and C(A>) so.

A bounded operator A is maximal dissipative if and only if it is de ned on
the whole space(Dom A = H) and its imaginary part is nonnegative (Im A =
%(A A ) 0). In this simplest case,we compute the defectoperators and the
characteristic function of the Cayley transform.

2.3. Lemma. Let A be a boundel dissipative operator and let T = C(A) be the
Cayley transform of A. Then

D2 =2(A i) YA A)YA+il) L
D2 =2i(A+il) (A A)A i) %
Moreover, there exist partial isometriesV and V with initial space

closRange(ImA)

and nal spacesDt and Dt , respectively, suchthat

Dt
D+

V2(mAE2A+il) t= (A i) 20mA)2V ; (2.3.)
V2(mAF2A i) = (A+il) 220mA)F2V 1 (2.3.2)

In particular , rank Dt = rank Dt = rank(Im A).

Pr oof. The rst two formulas are straightforward consequence®sf the de ni-
tions of D1, Dt , and C(A). The secondtwo relations follow from the polar
decomposition; seeSection0.7.

2.4. Lemma. The characteristic function t1(z) is equivalent to the function

L1+ z
Sa i
A 1 z
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where z 2 D and

def

SA()E 1+iRImAY2(A 1) 12ImA)¥*2 Range(ImA); for Im > O

(2.4.1)

Pr oof. Using the the expressiondor T = C(A) and formulas (2.3.1){(2.3.2) we
can rewrite formula (1.14.1) for 1 asfollows:

V. 1(2)Dr
VDr( zT) Yz T)

20mAYE2A Q1) L1 ozA +il)A i)Y Yzl (A i) A+il) L
20mAYE2 (A Q1) z(A +il) ' z(A+il) (A il) (A+il) !

- 1+ 1 1+ .
2(m A2 A |1—§| A |1—§| (A+il) 1

20mA)2(A 1) YA 1)(A+i) !

20mA)Y2(A 1) Y2imA+A  1)(A+il) !

L+ 2i0m A)P2A 1) Ym A2 2(m A2 (A+il) L
Taking into accourt (2.3.1), wegetfor 1 anexpressionequivalernt to (2.4.1).

The function (2.4.1) is called the characteristic function of the dissipative oper-
ator A.

2.5. Example: The dissipativ e integration operator. Let be a positive
nite Borel measureon the interval [0,1]. We considerthe integration operator
A acting on the spaceL?( ) and de ned by

z z

A =1 fod @ i fod @+ '5 (Fxg)f (x) for x 2 [0; 1]

[O:xg [0:x)

Obviously, A is well-de ned and bounded (even compact) on L?( ), and its

adjoint operator is given by
Z

A= i fOd ()

fx; 1]
Therefore, A is a dissipative operator with rank-one imaginary part:
4
2ImA)f = f(t)yd (t) = (f;1)1;
[0;1]
ImAY;f =j(f;1)j> 0 forf 2 L%():

Our goal is to construct the model for the Cayley transform C(A) of the
operator A. In accordancewith the generaltheory of Chapter 1, the only thing
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we needis to nd the completely nonunitary part of C(A) and to compute its
characteristic function. Howewer, it turns out that A is completely nonselfadjoirt,
soC(A) is completely nonunitary (seepart 3 of Lemma2.2). Taking into accourt
Lemma 2.4, we will compute not the characteristic function of C(A), but the
characteristic function of A itself.

2.6. Theorem. The operator A is a completely nonselfadjoint dissipative oper-
ator with characteristic function

Y Lo(ft ;
Sa() = —2 = (ftg) exp i< (2.6.1)
0ot 1 1z (ftg
To chedk that A is a completely nonselfadjoirt operator and to compute its
characteristic function Sa, we needto compute the resohent (A 1) 1, that
is,to nd a solution f of the equation
(A 1)f = h; (2.6.2)
or 7
i f@)d (1) f(x)= hx):
fx; 1]
Putting M = ([0; 1]), we introducethe map ' :[0;1]! [O;M ] given by
, _ 3 (f0g) if x=0,
(x) = . 1 ;
([0;x)) + 5 (fxg) if x>0,

andthe map :[O;M]! [0O;1] given by

no nffx: ([0x)>tg ift< ([0;1),
M= ift (0;1).

Then the solution of (2.6.2) can be described as follows.

2.7. Lemma. If Re 6 0andh 2 L?( ), equation (2.6.2) hasa unique solution
f 2 L?( ), which can be recovered from the solution g of the di er ential equation

g() hC ()

%)= . 2.7.1
satisfying the initial condition g(M) = 0. Namely, the function
(€39 h

solves(2.6.2).

Pr oof. For away from the imaginary line, the function in the denominator
of (2.7.1) is bounded away from zero; henceequation (2.7.1) has an absolutely
cortinuous solution g. Thus we need only to ched that the function f (x) =
1 9" (x)) h(x) solvesequation (2.6.2).
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Further, we note that ' is cortinuous at every point x of the interval [0; 1]
for which (fxg) = 0, and that ead jump of ' , that is, eat point massof the
measure , correspndsto an interval ' (X o); " (X+0) =  ([0;x)); ([0;x])
where the function is constart. In turn, the function is corntinuous every-
whereo the setof pointst such that ' (x1) = ' (x2) = t for at leasttwo di erent
points x; 8 X,. If x is not a masspoint for and x; = inffx : ' (x) = tg,
X2 = supfx : ' (x) = tg, then hasajump at t with (t o) = x; and

(t+o) = X2.
We introduce functions f 1, hy, and g on [0; M ] by the formulas

M
fo(t)=FC (1); ha®)=h( (1); gt)= 1 fa(s)ds:
t
From the de nition we seethat g is an absolutely contin uous function, piecewise
linear on the intervals where is constart. We prove that g coincides with
h, + f; onthe imageof"' .
Changing the variable, we get the relations

Zx) z M Z
fi(s)ds= f(t)d (t) and fi(s)ds= f(t)d (1):
0 [0xg " (x) fx 1]
In particular,
z
g(' (x)) = i f(t)d (t) = h(x) + f(x): (2.7.2)
fx; 1]

If is an arbitrary point in [O;M]andx = (), thenfy(s) = f1( ) = f(x)
on the interval s2 (' (X o);"' (X+0)), and

M M Zx)
g( )= i fi(s)ds= i fi(s)ds i fi(s)ds
7 " (x)
= i f®md @ i H()=hx)+ f(x) i (x) ()
fx; 1]
=h()+iC "CC) i)f()
which yields
, _9() ho() .
M=oy T

Sincethe de nition of g is equivalert to the equation g° = if ; with the initial
condition g(M) = 0, the latter relation implies that g is a solution of (2.7.1).
Therefore, the conclusionof the lemma follows from (2.7.2).

2.8. Corollary . The operator A is completely nonselfadjoint.
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Pr oof. Let Hy be the maximal invariant subspacesud that the restriction
AjH, is selfadjoint. Then Hg is a reducing subspacefor A (seeLemma 2.2
and Corollary 1.8), hence (AjHg) (A ). By Lemma 2.7, equation (2.6.2)
has an L2-solution for all h and for all , Re 6 0; that is, A has no real
spectrum, except, maybe, the point = 0. Thus, to chedk that A is completely
nonselfadjoirt it su ces to ched that the kernel of A s trivial.

Let A f = 0, that is,

z
% (fxg)f (x) + f(t)d (t)=0 8x 2 [0;1]:
(x;1]
Putting x + " in place of x and letting " tend to zero, we obtain
Z
f(t)d (t) =0 forall x 2 [0; 1];
(x;1]
or 7

f(t)d (t) =0 forall x;y 2 [0;1];
(xy]
which implies that f vanishes -a.e.

We mention that T. Kriete [1972]found a criterion for complete nonselfadjoirt-
nessfor a class of dissipative operators with rank-one imaginary part. Our
operator A corresponding to an absolutely continuous measure is contained in
this class.

2.9. Pro of of Theorem 2.6. That A is completely nonselfadjoint has already
beenproved. Now we compute the characteristic function Sp:

Sa()= I+ip2ImA(A 1) P oimA 1;1 kik 2
=1+ iklk 2 (A 1 1p2ImA1;p2ImA1
=1+i (A 1y 1;1;

becausep2|mAf = klk (f;1)1.
So,for computing Sa ( ) we needthe solution f of (2.6.2) with h = 1. Actually,
we neednot f itself, but

A M
f()d (t)= fi(s)ds=ig(0);
[0;1] 0

where g is the solution of

a( )
()

gl )= with g(M) = 0:
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Putting g =1 gand! () = ( "( () i) % weseethat Sa() =
1 9(0) = g:1(0) and that

R)=1)xu(); aM)=1L

Thus
M
gi( ) = exp L(t) dt
and
M
Sa( ) =exp F(t)dt : (2.9.1)
0

As mertioned in Section2.7, is constart on the intervals
def o _ . . . .
X = (X 0)1 (X+0) - ([O,X)), ([O,X]) ’
def T

whereits valueis x; that is,! (t) = (t ' (x) i) lfort2 ,.Set = f :
(fxg) > Og. For almostallt 2 (in fact for all t exceptfor the endsof ) we
have' ( (t)) = t, that is,! (t) = const= 1=(i )fort2 [O;M]n , whence
Y.l z Z
M 1 1 X 1
Ft)ydt= —+ (1 ()+ —)dt= ([9’ ) + )+ —)dt
: : : x: (fxg)>0 « :

0

The integral over can naturally be split into the sum of the integrals over the
intervals y = ' (X o);' (X+0) onwhich! (t)=(t '(x) i) ! and

! +) ' +)
o Ko ds 1

1 , ,
@+ i_)dt = s T 1 + i (X+0) (X o)
" (x o) " (X o)

(xe0) (0 0,1
X)) T T
_ ogl P (fxg)=2 ) , _(fxg).

1+i (fxg)=(2) i

= log "(X+0) " (X o)

because' (x40) '(X)="'(X) '(X o) = % (fxg). Finally, substituting this
in (2.9.1), we obtain

Yo LGt 01

07 5 (9

N|= [N

0ot 1

where . is the continuous part of

X
([0;1]) = ([0:1]) (ftg):
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2.10. Unitary classication. Thus,the characteristic function of A is a scalar
inner function whosesingular part hasonly onesingularity, at = 0 (with mass
¢([0; 1])) and whosezeroson the imaginary axis are at = '5 (ftg) and have
multiplicit y equal to the number of points on [0; 1] with the samemass (ftg).
We seethat S is independert of the distribution of on the interval [0; 1],
depending only on the total cortinuous mass ([0;1]) and on the values of the
point masses (ftg) (regardlessof their location). Therefore, two operators A
determined by measures ; and 5 are unitarily equivalert if and only if

1c([0;1]) = 2¢([0;1])
and
cardft: i1(ftgy= g= cardft: ,(ftgy= g forall > O:

We know the characteristic function of the operator, so we can describe its
spectrum (seeChapter 5). In our casethe spectrum of the operator A consists
of the eigervaluesof multiplicit y one at the points i suc that

d_ef

k( ) = cardft: (ftgj=2 g> 0:
Moreover, k( ) is the sizeof the corresponding Jordan block. If A is not a nite
rank operator|that s, if the support of isnot a nite setjthe point = 0is

the solepoint of the essetial spectrum of A.

2.11. The matrix case. As an illustration to the previous computations, we
rewrite a palglal caseof the operator A in a matrix fcgm

Set = |, ; kt.where (>0, ty >0and | , ¢« < 1. Then our
operator A is unitarily equivalert to the operator A : “?( ) ! “?( k) dened
by the formula

-P l
Af = i tJ<kaij+§fkk:k 1

on the sequencespace
N2 . P H i2
(k)= F=Fk 11  ifki® k<1
Taking the unitary transformation V :*2( ) ! 2 given by
VE = (afi)k 1

where the ax are complex numbers satisfying jaxj? = « for k 1, we get a
unitarily equivalert operator J, : “?! "2 given by

— P v 1in i2 . ~2.
JaX = i { <ty X + Fja Xk k1 forx2 <

From the preceding discussionwe know that two operators J, and Jp, with
a;b 2 2, are unitarily equivalert if and only if the decreasingrearrangemems
of jaj and jh coincide, and that the spectrum of J; is (Ja) = 'ERangejaj2 =
510; jauj?; jazj?;:1:9. Every invariant subspaceof J, is generatedby the eigen-
vectors and root vectorsit contains; seeSection 6.20.
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For two special distributions of ty the operators J, arerelated to the triangular
truncation of matrices on the space’2. If we take an increasing sequencefy <
tk+1 for k 1 the corresponding operator %Ja is a kind of lower truncation of a
selfadjoint matrix a = (axaj)kj 1

Otimjz 0 0 0 1
apa  3jag)? 0 0
Jg) = azay azap %jagjz 0

aa  aa  ady  sja)?

Likewise,if we take a decreasingsequence,%\]a acts as upper truncation:

0 1. . 1
liaj? aa aas  aas

0 %jazjz a3 s
JW = 0 0  ljasj® asas
0 0 0 siauj?

It is clearthat the matrix a represeits the rank-one operator ( ; a)a, and that
the operators Jg”) and JQ) are unitarily equivalert.

2.12. Example 2: The dissipativ e Sturm{Liouville operator. We con-
sider the di erential operator "y, arising from the di erential expression

Y= y%+ ay;
whereq s a real function, and by the boundary condition y%0) = hy(0), whereh

is a complexnumber. The operator *1, hasdomain Dom(*y) = fy 2 W22;Ioc(R+) :
'y 2 L2(Ry); yY0) = hy(0)g, and is de ned by

n(y) =y 2 L%(R:): (2.12.1)

The generalfacts about the operators “, can be found in [Reedand Simon 1975]
or [Atkinson 1964]. In particular,

h= h-
Moreover, *1, is a rank-one perturbation of the operator *; de ned by the
di erential expression” and by the boundary condition y(0) = 0. The operator
1 is selfadjoint. The operator '}, is dissipative if and only if Imh > 0.
Our goal is to compute the characteristic function S, of ', and, thus, to
include the study of "}, in the model theory.
To this end, we considertwo solutions' and of the equation 'y = vy,
satisfying the boundary conditions
" 0)=0;
00 =1

o= 1

and %0) = 0.
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It is well known that for every with Re 6 O there exists a unique L 2-solution
y of our equation 'y = vy represeitable as a linear combination of ' and

y = +m()

The function m( ) determined by this condition for all 6 is called the Weyl
function.

Following B. Pavlov [1976], we can compute the characteristic function of ",
in terms of the Weyl function m.

An important remark is that now we cannot usethe formulasfrom Lemmas2.3
and 2.4 for the defect operators and for the characteristic function, because
our operator A = "}, is unbounded, its domain is di erent from the domain of
the adjoint, and the imaginary part is not well-de ned. This dicult y can be
overcome;we refer the readerto [Solormyak 1989], for example.

If T=CA)=(A il)A+il) L, thenT = (A +il)(A i) 1 Takingan
arbitrary vectorf 2 DomA and putting x = (A+il )f , wehaveTx = (A il )f,
whence

Dix= (A+il)f T (A i) =A+il) (A +il)A i) YA il)f:
Setg® (A il) Y(A il)f. Then
(A i)f = (A il)g;

or
(fog=i(f g);
which impliesthat f g = cy;, and

D2x= (A+il)f (A +il)g=(C+il)f @) = 2cy;:

Thus, we have cheded that the defect subspaceD 1 of the Cayley transform
T = C('h) is the one-dimensionalsubspace

Dt = sparfyig

generatedby the solutionsy for = i. In a similar way, the defect subspaceof
the adjoint operator T is also one-dimensional:

Dr = sparfy g

Next, wenotethat Ty = Oand T y ; = 0, whenceD+tyi =y andDt y ; =
y i. Now, instead of (2.4.1), we use expression(1.14.2), namely,

Dr +1(2=(z2 T)(I zT) 'Dr;
which can be rewritten in terms of A = ", asfollows:

Dr 1(@= (A I)A+il) YA iI)A 1) 'Dr;
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where, as before, = i(1+ z)=(1 z). We apply this operator to the vector y;
and employ the formula

. y tcy |

(it will be usedtwice); here c is chosenso as to ensurethat the vector above
belongsto Dom( ), namely,

- e mMO)*h

C_C(lyh)_ m()+h

As a result, we obtain

Dr t(@yi= Cn DCh+il) *Ch DCh 1) Yy
= Cn DCnril) Ch il)w
=Cn DCn+il) e i h)y
= Ch D i XY Jir?i:h)yi
= o ;ishye( i ;hy = %%;
wherecg = m(i)+ h =m( i)+ h isaunimodular constart. Sincey ; =y,

and, therefore, kyik = ky ik, we seethat the characteristic function is equivalent
to the simple expression

m( )+ h.

m()+h

Thus, we have proved the following theorem.

S‘h( )=

2.13. Theorem. The characteristic function ) of the Cayley transform of

a dissipative Sturm{Liouvil le operator (2.12.1) is
m()+h,
cen(@=8,()= m

L1+ 2z
where =i .
1 z

Chapter 3. Transcriptions of the Mo del

A coordinate transcription of the function model ariseswhenewer we choose
a spectral represertation of the minimal unitary dilation U and a solution  of
the equation

Q.

—w ! : (3.0)
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3.1. Multiplicit y of the minimal dilation. To begin with, we mention that
for a given completely nonunitary contraction T the spectral measureE of
the minimal unitary dilation U and Lebesguemeasureon the unit circle are
mutually absolutely continuous. Moreover, the local spectral multiplicit y of Ey
is at least max(@ @) and at most @+ @, where@= dimD+y and @ = dimD+ .
This is an immediate consequencef the existenceof the embeddings and
intertwining U and z on L?(E) and L?(E ), respectively, and the completeness
property H = closRange .

3.2. Choosing a space of the minimal dilation. Thus, the minimal unitary
dilation U is unitarily equivalent to the operator of multiplication by z on any
weighted space

def R
L2(E E;W) = fo  WOF()f() dn()<1
whenewer the operator-valued weight W( ) : E E! E E satis es the
spectral multiplicit y condition rank W( ) = rankEy( ) fora.e. 2 T.
We could choose another coe cien t spaceinstead of E E; however, the
latter spaceis natural and minimal among those ensuring that dim(E E) =
@+ @ rankEy.

3.3. Intermediate space. In order to separatethe role of the weight and to
facilitate computation we assumethat the embeddings and  are cortinuous
as mappings into the nonweighted spacesL?(E) ! L%(E E) and L?(E ) !
L2(E E), respectively. The corresponding adjoint mappings will be denoted
by the symbols * and *. To start with, we also assumethat the weight
W is bounded. The operator adjoint to the natural embedding L?(E E)!
L2(E E;W) isthe operator of multiplication by W. Thus,wehave = *W
and = *W,thatis, = *W.

3.4. Choosing functional embeddings. So,we must choosean operator
satisfying (3.0). To solwe this equation we rewrite it in terms of *:

8
< W =1;

=W () | *W  =1; (3.4.1)
- +W .

Here we shall not dwell on the description of all solutions of this system, nor do
we discussin detail the possiblepreferencesin choosing a speci ¢ transcription;

this can be found in [Nikolski and Vasyunin 1989]. We only presert someideas
concerningwhat could be required from a transcription and describe three most
popular transcriptions that are usedin numerous papers of many authors.

3.5. The Szbkefalvi-Nagy{F oias transcription. First of all, we can prefer
to work in a nonweighted L?-space. Though it is not always possibleto put
W = I, in any caseas H we can choosea subspaceof L2(E ~ E). This means
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the chosenW is a projection: W( ) = Prange ( ), Where 2 T. Moreover, we
cantry to take (or ) to bethe natural embedding.
Solving (3.4.1) under the assumptions

| X ,_ A B
= ; = ; W= W-*= ;
0 Y B C
we obtain
W= =) A=I;
W2=W =) B=0andC?=C;
twoo= :) X =
*W =1 =) vycy= 2%
The usual choiceis
Y = ; C():PRange( ):

In this way we arrive at the Sa)kefalvi-Nagy{Foias incoming transcription of
the model:

_ ) _ | ) _ | 0 ) _ L2(E) ]
) T 0 YT o T oy OO
whereL2( E) %' clos L2(E);
H2(E ) H2(E )
— 2 . — . — 2 .
G— H (E), G - 0 I - Lz( E) H (E)1
|
f 2t [z f+ 9P f 1o
g zg [z( f+ 9g)]°0) g zg

Choosing (rather than ) to be the natural embedding, we obtain the
Saykefalvi-Nagy{Foias outgoing transcription of the model:

0 L S owe PRaee 0 L?( E) ;
I 0 I L2(E)
0 L2( E)
G-= ; G = H2(E); K = H2(E);
H2(E) (E) H2 (E) (E)
f zf i zZf oz [ f+ go0)
M = by * M = b
g zg  [zg]°(0) g zg z [ f+ g0
In the caseof an inner characteristic function  (that is, = 0) the rst

transcription becomesespecially simple:
K =HXE) H2E);

and the operator adjoint to the model operator is the restriction on K  of the
backward shift

f (0.

—

M f=
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If the characteristic function is -inner (that is, = 0), then for the second
transcription we have

K =H2(E) H2ZE) M g=2zg [zg]P0);

that is, now the model operator M itself is a restriction of the backward shift.
Howevwer, if we wish to work in the more usual spaceconsisting of analytic func-
tions rather than of anti-analytic functions, we can apply the transformation J:
(Jh)(z) = zh(z), obtaining
K =H2%E) EH?*E):; where €=J J; thatis, €)= (2);

and

M f= IO :

z

In this represertation, the minimal unitary dilation of M is the operator of
multiplication by z on H = L?(E).

3.6. The Pavlov transcription. It seemshat the most natural way of choos-
ing our embeddings and is to decide that both of them are the identity
embeddings :L%(E)! L?(E E)and :L%*E)! L?*E E). Howewr,
in this casewe cannot avoid somecomplications related to the weight W. Indeed,

if weput = id, then = *W =W, and (3.0) implies that W = W ,
0 H2(E
H=L2 E E; | ;. G= G = (E) ;
I H2(E) 0
f f f f z[f + gP©
M _ z o _ ozt oz gPo)
g zg [z( f+ gI°(0) g zg

This version of the model was proposedby B. Pavlov [1975]for the investigation
of the problems of scattering theory, wherethe incoming and outgoing subspaces
play an essetial role. In this represenation, these subspaceshave the simplest
possibleform. Howewer, this must be paid for with the complexity of computa-
tions in K . The vectorsin H are no longer pairs of L 2-functions (this is due to
possibledegeneracyof the weight and the necessiy of completion); moreover, it
may happen that the model spacecortains no vector represenable as a pair of
L 2-functions, except, of course,the zero vector.

3.7. The de Branges{Ro vnyak transcription. If we prefer the model sub-
spaceto consist of analytic functions only, we can choose = id. Then (3.0)
implies = W , which yields W = wl 1 (for a selfadjoint operator A, we
denote by Al 1 the operator equalto zeroon Ker A and to the left inverseof A
on RangeA). Thus,

|
H=L2E ©E;wlY: G= | H2(E); G = H2(E ):
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Now the model spaceconsistsof pairs of analytic and anti-analytic functions:
f 2 2 2
K = g :f 2H%(E); g2 H“(E ); g f2 LYE)

The action of the model operator is not more involved than in other transcrip-
tions; we have

b f f(0)
M f _ zf [ ng]) (0) M f _ —
g zg [zg]P(0) g zg zf (0)

Howevwer, the veri cation that a given pair of functions belongsto K and the
computation of the norm becomerather di cult in this represeration.

To identify this transcription with the original de Branges{Rovnyak form
of the model we need the following description of the model space given in
[de Brangesand Rovnyak 1966]:

HO) %0 P, )P2H2(E)

(this spaceendawved with the rangenorm),

D() & f2H() ; g2H2(E); andz"f  P,z"Jg2H() forn O ;

where (Jh)(z) def zh(z), asin Section3.5. The norm on D() is de ned by

2
f
g Clmi PzNIgd )+ kP2 IO

The original de Branges{Rovnyak model operator is

f ()
def —

BR = ;
g zg (2) f(0)

f
with 2D() :
g

3.8. Prop osition.
K =JD() and JM J= BR;

where
I 0

— . 2 2 .
J= 5 THO LXE)LHO  LXE):

The proof can be found in [Nikolski and Vasyunin 1989].
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Chapter 4. The Comm utant Lifting Theorem and Calculi

Our rst goalin this chapter is to give a simple proof of the Sz.-Nagy{Foias
comnutant lifting theorem (CLT) and to describe the parametrizations of the
lifting operators in terms of the coordinate-free functional model. The second
theme s the classicalH ! -function calculusfor a completely nonunitary cortrac-
tion, alongwith re nements pertaining to locally de ned versionsof the calculus.

We derive the CLT from the following theorem of T. Ando.

4.1. Theorem. Any two commuting contractions have commuting unitary di-
lations.

The idea for proving the commutant lifting theorem via the Ando theorem goes
badk to S. Parrott [1970]. Here we present it with all details, including a new
simple proof of the Ando theorem. This simplicity makes the approadc quite
attractiv e.

We start by intro ducing the necessaryterminology and proving an \abstract"
version of the lifting theorem.

4.2. Denition. Let T be a contraction on H; supposethat X : H ! H
belongsto the commutant of T:
X 2 fTg*% A AT = TAg:

Next, let H = G H G be the spaceof the minimal unitary dilation U of
T. An operator Y acting on H is called a lifting of X if Y commutes with U,
YG G, YG G,andX =PyYjH.

In other words, that Y is alifting of X meansthat Y 2 fUg%and Y is adilation
of X, that is, that the operator Y hasthe following matrix represenation with
respect to the decompositonH =G H G:

0 10 1. 0 1
0 00" G G

vy=08 x oxBHK ' BHK: 4.2.1)
G G

4.3. Comm utant Lifting Theorem. Let T be a contraction on H. Then an
operator X on H is a contraction commuting with T if and only if there exists
a contractive lifting Y of X.

4.4. Parametrization Theorem. Let T be a contraction on a Hilbert space
H. Then Y is a lifting of an operator commuting with T if and only if there
exist two bounded analytic functions A2 H! (E! E), A 2H! (E ! E) that
are intertwined by the characteristic function of T,

A=A (4.4.2)
and a boundel function B 2 L* ( E ! E) suchthat
Y= A + A + B : (4.4.2)
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Here ; and ; are the functional embkeddings de ned in 1.6 and 1.19, re-
spectively, and = (I ) 72, Furthermore, if X = Py YjH, then
fy + : 2HY(E ! E)g
is the set of all liftings of X, and
kX ky = inffkY + ks : 2HY(E ! E)g
=disty Y; HY(E! E) (4.4.3)

The in mum is attained at an H! -function

This parametrization di ers from the original one given by B. Sz.-Nagy and
C. Foias [1973]in one point: here we have one free parameter B instead of two
matrix entries subject to a certain relation in the Sz.-Nagy{Foias parametriza-
tion.

We would like to underline here that (4.4.2) describes liftings of operators
commuting with T, rather than all operators commuting with U whosecompres-
sionsto H commute with T. It is very essetial that liftings are not arbitrary
operators commuting with U, but those respecting the triangular structure of U
given by (1.2.1), that is, the operators described in (4.4.2) leave invariant the
subspacesG andH G.

Now we beginto realizethe program outlined above by proving the Ando the-
orem. As already mertioned, the theorem on the existenceof a unitary dilation
canbe provedin two steps: rst, we construct a co-isometricextensionof a given
contraction, and second,we apply the samestep to the adjoint of this extension
(we recall that an operator A : H'! H is called an extensionof B : H ! H if
H H isinvariant subspaceof A and B = AjH).

We usethis approacd to prove the Ando theorem (Section 4.6) and the com-
mutant lifting theorem (Section 4.8). The rst step is as follows.

45. Lemma. Any two commuting contractions have commuting co-isometric
extensions

Pr oof. Let T1, T, be two commuting cortractions on a Hilb ert spaceH. It
is always possibleto nd co-isometric extensionsVi, V, of Ty, T, respectively,
acting on one and the samespaceH . Indeed, if V; actson a spaceH H; and
Vo, onH Hjy, wecantakeH = H H; Hj, dening VijH, and V,jH; asthe
identit y operators.

Furthermore, we may assumethat the operators V;V, and V,V; are unitarily
equivalent. Indeed, V;V, and V,V; aretwo co-isometricextensionsof the operator
T, T, = T,T;. Let Vp be a minimal co-isometric extension of T, T, (minimalit y
meansthat the spacewhere V, acts is the smallest subspacereducing V, and
corntaining H). Then the operators V1V, and V,V; are unitarily equivalert to
certain orthogonal sums:

ViVo w Vo Vip; VoViw Vg Vo,
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whereVi,, V,;1 are co-isometriesacting on the corresponlging spacesH 1o and Ho; .
Now, we extend the operators V; eB\d V, fromH to H 1 (Hi2 H2p), oneof
them by the identit y operator on 1 (H12 Hp21), and another by the in nite
orthogonal sum of the operators V1o  V,;. The operators obtained are also co-
isometric extensionsof T;, but their products are unitarily equivalent, namely,
they are equivalent to V; plus the in nite orthogonal sum of the operators Vi,
V1.

Thus, we assumethat ViV, and V,V; are unitarily equivalert, that is, there
exists a unitary operator U such that

ViVoU = UV, Vy:

Put Wy = V,U , W, = UV,. Then W; and W, commute. Observing that U
intertwines the minimal parts of ViV, and V,V; and that a unitary operator
intertwining any two minimal co-isometric extensionsof a contraction on H can
be chosenas the identity on H, we conclude that the restriction UjH is the
identit y operator, whenceW;jH = V;jH = T, that is, the W; are the required
co-isometric extensionsof T;, for i = 1;2.

Now the Ando theorem follows easily.

4.6. Pro of of Theorem 4.1. If the operators T; of Lemma 4.5 are isometries,
then the extensionsV; can be taken unitary. (It is easily seenthat the minimal
co-isometric extension of an isometry is unitary.) Then the nal commuting
isometriesW; will alsobe unitary. Sothe theorem is proved for co-isometries.

As for arbitrary cortractions, we can apply the result obtained above to the
commuting isometries W, , W,. Their commuting unitary extensionsare the
desireddilations of T,, T,.

We start proving Theorem 4.3 with the following lemma.

4.7. Lemma. Let T and X be commuting contractions on H, and let V be
the minimal co-isometric extension of T acting on H.. Then there exists a
contraction Y. on H. commuting with V and extending the operator X .

Proof. Let Vr and Vx be arbitrary commuting co-isometric extensionsof T
and X, respectively. (Such extensionsexist by Lemma 4.5). Putting H, =
sparfV;"H :n  0g, we seethat VH, H, andV = VrjH, is a minimal
co-isometric extensionof T. Let Y. = Py, VxjH.. SinceH. is a reducing
subspacefor V¢, we have

VY: = VrPu, VxjH+ = Py, VrVxjH: = Py, W VrjHL = YoV

and, moreover,
Y+jH = Py, VxjH = Py, X = X
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4.8. Proof of Theorem 4.3. By Lemma 4.7, given X 2 fTg% we can nd
a cortractiv e extension Y, of X , commuting with the minimal co-isometric
extensionV of T . Werecall that V = Py gUjH G (see Remark 1.5).
Applying Lemma 4.7 onceagain, now to Y, andV , we get the required dilation
Y. Indeed, sincethe minimal unitary dilation U of T is the minimal co-isometric
extensionof V , we have YU = UY. Furthermore, being an extensionof X
the operator Y, hasthe matrix structure

0 G G
Y: = ! :
X H H
or
X 0 H H
Y, = : !
G G
The operator Y, being an extensionof Y, , is of the form
0 10 1 0 1
0 0 G G
vy=0 x ok:Br&k ! BHK;
G G

which means,in accordancewith De nition 4.2,that Y is a lifting of X.
The converseis obvious: if Y is a cortractiv e lifting of X = Py YjH, then X
is a cortraction and

XT=PyYT=PyYPyUjH

PoY(l Pg Pg)UH (sinceUH H GandYG G)
Py YUjH = P4 UYjH

PyU(Py + Pg + Pg )YjH (sinceYH H GandUG G)
Py UPLYjH = TX:

Now we employ the function model to give a functional parametrization of
the comnmutant.

4.9. Proof of Theorem 4.4. Since the functional embeddings , , |,
and all intertwine the dilation U and the operator of multiplication by z,
expression(4.4.2) provides an operator commuting with U for ewvery triple of
operator-valued functions (A; A ;B). Furthermore, (4.4.2) implies that Y =

A ;thatis, Y G =Y H2[E)= AH?E) H2(E ) = G,

andY = A + A. By (4.4.1), the latter relation can be rewritten as

Y =( + ) A= A. Then, obviously, YG = Y HZ?(E) = AH?(E)
H2(E) = G.

So, we have proved that any operator Y of the form (4.4.2) is a lifting of an
operator belongingto the commutant of T. Now we prove the cornverse.

Let Y be a lifting of an operator belonging to the comnutant of T; this
meansthat YU = UY, YG G,and Y G G . First, we use the in-
clusion YG G, which we rewrite in the form Y HZ2(E) H2(E). The
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relations =1, + =1, and = 0 show that the latter inclusion
is equivalert to the inclusion Y HZ?(E) H?2(E) together with the identity
Y jH2%(E) = 0. SinceY commutes with U, the operators Y and Y
commute with multiplication by z; that is, they are operators of multiplication by
certain operator-valued functions, which we denote by the samesymbols. More-
over,theinclusion Y H2(E) H2(E)meansthat A% Y 2HI(E! E),
and the identity Y jH?(E) = Oshowsthat Y = 0everywhere. This yields

Y =( + )Y = Y = A;that is, we have the intertwining relation
A=Y : (4.9.1)
Similarly, introducing A v , we deducefrom the inclusion Y G G

that A 2 H! (E ! E ) andthat
Y=A (4.9.2)

Multiplying (4.9.1) by  from the left and (4.9.2) by from the right, we arrive
at (4.4.1). Furthermore,

Y = ( + Y= A + Y ( +

= A+ A+ (Y) = A + A + B ; (493)

where we have put B e Y . Since B intertwines the operators of mul-

tiplication by z on the spacesL?( E ) and L?( E), B is the operator of
multiplication by a function belongingto L ( E !  E). For corvenience,B
may be regardedas a function in L* (E ! E) equalto zeroon Ker

To complete the proof we must describe all liftings of a given operator and
ched the formula for the norm. First, we note that if Y is a lifting of X, then,
clearly, kX k  kYk. By Theorem 4.3, there exists a contractiv e lifting of the
operator X kX k 1. Multiplying it by kX k, we get a lifting Y of X with norm at
most kX k. Therefore,

=

kX k= inffk Yk:Y isalifting of Xg

and to prove formula (4.4.3) it suces to ched that the set of all liftings of X
is of the form
fy + : 2HY(E ! E)g;
whereY is an arbitrary lifting. In other words, we needto ched that the set
f : 2HY(E ! E)g

is merely the set of liftings of the zero operator. The latter assertionis proved
in Lemma 4.10 below.

4.10. Lemma. The following assertionsare equivalent.

(1) Y is alifting of the zer operator.
@ Y= for some, 2H! (E! E).
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(3) For somefunction 2 H! (E ! E), the operator Y is representableas
in (4.4.2), with

A= ;A = ; B = : (4.10.1)

Here and are the functional emkeddings de ned in Section 1.6, = (I
) ¥2,and = (I )2,

Proof. (1) =) (2). f PhYjH = 0,then Y(G H) G. SinceG= H?(E)
andG H=H G = H?E) L? E), wecanrewrite the latter inclusion
in the form

Y( H%E ) L% E)) H?E): (4.10.2)
In particular,

Y HXE) H*E)
which implies that €y 2Rt (E ' E). Furthermore, applying the
operators U " to the both sidesof (4.10.2) and then letting n tend to in nit vy,
we get

YH L2(E);

that is, Y = 0. Similarly, applying the operators U" to the sameinclusion and
then letting n tend to in nit y, we get

Y L%( E)=fo0g;

that is, Y = 0. Therefore,

Y= + )Y€ + )= (YY)

) () (3. Since = + and = + , we have
= ( + ) = + + )
= O+ (0) + ( )
that is, the identity Y = is equivalert to (4.4.2) with A= , A =

B = .

(2) + (3) =) (1). By the already proved part of Theorem 4.4 the operator Y
de ned by formula (4.4.2) is a lifting of the operator X = Py YjH. To compute
X, takeavectorh 2 H. Then h2 H?(E ), whence

Xh=PyYh= Py h2 Py H2E) = f0g;

sothat X = 0.
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4.11. Another expression for a lifting. The represenation (4.4.2) can be
rewritten in the form

Y= A + A + B (4.11.1)

The existenceof the two represenations (4.4.2) and (4.11.1) of the sameoperator
is founded on the duality betweenthe operators and their adjoints. We can prove
this formula in the sameway as (4.9.3):
Y = Y( + )= A+ ( + )Y
= A + A + (Y ) = A + A + B
Moreover, we note that formulas (4.4.2) and (4.11.1) represen oneand the same
operator if and only if relation (4.4.1) is ful lled. Indeed,the di erence of (4.4.2)
and (4.11.1) is equal to
(A + A ) (A + A )= A( ) () A
= (A A)
4.12. More function parameters. We introducetwo more functions related
to a lifting operator:
Y 2LY( E! E)
c= Yy 2L'( E! E):

These functions satisfy the relations

C= A B ; (4.12.1)
cC= A B; (4.12.2)
Y = C; (4.12.3)
Yy=Cc (4.12.4)

Indeed, multiplying (4.4.2) by from the right, we obtain
Y =( A + A + B )= (A B) ;

which yields (4.12.1) and (4.12.3). Similarly, multiplying (4.11.1)by  from the
left, we get (4.12.2) and (4.12.4).

It should be noted that the parametersC and C of a lifting Y of an operator
X are uniquely determined by X . Indeed,if X = 0,thenY = , whence

C= Y =0 C= Y =0

4.13. Multiplication ~ Theorem. Let X; and X, be operators commuting with
T. Fori = 1;2, let Y; be the lifting of X; with parameters Aj;A ;;B;;C;;C ;.
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de

Then the operator Y fef Y,Y; is alifting of the product X ;X ;, and the parameters

of Y are
A= AAq; A = A A g (4131)
B= A, A, + B, A, + A, B; By By; (4132)
C = C,Cy; C =C,C: (4.13.3)

Pr oof. Relation (4.9.1) yields
Y =Y2Y1 =Yz Ar= AxAy;

sothat A = AjA;. Similarly, A = A ;A ; is a consequenceof (4.9.2). In
the sameway, (4.12.3) and (4.12.4) imply (4.13.3). To chedk (4.13.2) we com-
bine (4.9.1) and (4.9.2) with (4.12.1) and (4.12.3):

B = Y = Yz( + )Yl = Y2( A 1 + Bl)
= Yo + AL+ C.B;
=( A2 +B2 )A:1 +( A B2) Bi:

4.14. Intert wining two contractions. From the very beginning we could
have consideredthe liftings of the operators intertwining two arbitrary contrac-
tions T, : Hy ! H; and T, : Hy, ! H; instead of those of the operators
intertwining a contraction with itself. More precisely we mean the operators
Xo1 :H1! H; satisfying

ToXo1 = Xo1 Ty (4141)

An operator Yo; : H1 ! H» is said to be a |Ift|ng of Xpy if X1 = PHngle]_,
Y21G1 Gz, and Y,;G 2 G ;. For sud a lifting problem all results would
be the same. The only di erence is that in this more generalsituation we have
di erent spacesand di erent function models from the right and from the left.
For example,instead of (4.4.2), for a lifting Y,; of the intertwining operator X ,;
we have the following formula

Yoa1= 2 A2 1 + 2 2A21 1+ 2Ba1g (4.14.2)

acting between the corresponding spacesH; and H, of the minimal unitary
dilations of T; and T».

Moreover, such a generalization is an immediate consequenceof the lifting
theorem for the comnmutant. Indeed, having the intertwining relation (4.14.1),
we can introduce on the spaceH = H; H; the commuting operators

;. L0 HL o HL
© 0 T,  H,  Hp, '

X21 O H> H,
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Let Y be alifting of X. Then the operator Y1 def Pu,YjHq is alifting of X ;.
Indeed,

Y21G1 = Py,YG:  Py,Y(G1 Gz) Py,(G1 G2)= Gy
and, similarly,
YyG2=Py,Y G2 Py,Y (G1 G32) Py, (G:1 G2)=G:
The relations X 21 = Py, XjH1 = Py, YjH1 = Py, Y21jH, are clear.

4.15. The special case of an inner characteristic function. All formu-

las becomesimpler under the assumptionthat = 1 is aninner or -inner
function. We recall that this is equivalent to saying that the imbedding  (or,
respectively, ) is onto. Indeed, isinner means = 0, which is equivalent to

saying that = 0, and the latter is possible(seeSection 1.19) if and only if
is a co-isometry, that is, unitary. Similarly,

is -inner () =0 () =0 () =1 () iS unitary.

In this sectionwe assumethat  is unitary, that is, that isaninner function.
In this case,formula (4.4.2) for a lifting becomes

Y= A ;
where the solefree parameter A runs over all functionsin H! (E | E ) satis-
fying AL A 2H!(E! E).
The distance formula (4.4.3) becomes

kX k = inffk Y + k: 2H!(E ! E)g
inffkA + k: 2H!(E! E)g
dist A; HY(E! E):
4.16. Lifting for the Sz.-Nagy{F oias model. Let
H2(E )
L?( E)
be the Sz.-Nagy{Foias transcription of the model, with

H =K H2(E)

T=M =P zK

In this model, the liftings take the form of the operator of multiplication by the

matrix function
A 0
Y = ;
A +B C

where C is de ned by (4.12.1). Indeed, in the Sz.-Nagy{Foias transcription the
functional embeddingsare

I 0
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Therefore, (4.4.2) turns into

Y = A (1;0)+ ? AC 5) + IO B( ; )
A +B A B '

asclaimed (see(4.12.1)).
In the caseof an inner characteristic function we have H = L?(E ),
and

H=K =H?E) HE):
Then, the lifting Y is simply the operator of multiplication by A , and we get

X=PYjK =( P, )AJK

4.17. The special case of a scalar characteristic function. Now we

consider a scalar characteristic function ; that is, we assumethat dimE =

dmE = 1;weidentify E=E = C. Weputa= A = A . In this case,asa

secondparameter it is corveniert to take the right bottom ertry c= 2a B

satisfying the conditon a c¢2 L' (), whereunder the symbol L () we

meanthe spaceof all essetially boundedfunctions with respect to the measure
dm. Then

0
Y = (a o ' ¢’ (4.17.1)

wherea 2 H! andc2 a+ L' (). Now the formula for the norm can be
rewritten as

at+

L : 2H?
(a o© + c

kXk= kP YjK k= inf

This expressioncan be estimated as follows:

n 2 (0] 2
a2 . a
max dist JHY 5 kekes () kXk dist

c
;Hl + 2kckj 1 O -

For functions of the model operator, that is, in the casewherec = a, the estimate
above takesthe form

maxfdist(a ;H' );kak.: () g ka(M )k dist(a ;H' )+ 2kak.: y :

For details, refer to [Nikolski and Khrushchev 1987].
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4.18. The special case of a scalar inner characteristic function. For
a scalar inner function 1 wehavej t1j = 1 and = Oa.e.on T, and the
Sz.-Nagy{Foias model reducesto

K =H? H%
M f=Pzf forf 2K

The commutant lifting theorem for this casewas discovered by D. Sarason
[1967]and serwed as a model for proving the generalresult [Sz.-Nagyand Foias
1968] preserted in this chapter. The Sarasontheorem says that whatever is
X 2 fM g°there existsa function Y = a2 H! sud that

X =P agK =aM ); kXk= kak; :
In general,for' 2 H! we have
K (M )k=distis ¢ ;HY) K ki

One can obsene that this scalar version of the CLT says nothing but that the
commutant fM g%is reducedto functions of the model operator de ned by the
H?! -calculus.

Now, we enter in somemore details of the H! -calculus.

4.19. H? -calculus for completely nonunitary contractions. Roughly
speaking, a calculus for an operator T : H ! H is an algebra homomorphism
extending the standard polynomial calculusp 7! p(T). More precisely let A bea
topological function algebra containing the complex polynomials; an A-calculus
for a Hilb ert spaceoperator T : H'! H is a continuous algebra homomorphism
f71f(T)2L(H! H), wheref 2 A, such that z"(T) = T" forn 0.

The existenceof unitary dilations for completely nonunitary cortractions gives
an easy possibility to de ne a rich functional calculus. Indeed, let U be the
minimal unitary dilation of a completely nonunitary corntraction T : H ! H.
Forany f 2 LY, we put

f(T) = Puf (U)jH; (4.19.1)
where f (U) is well-de ned becauseof absolute cortinuity of U. Obserwe that
z"(T)=T" forn 0, and that

kf (T)k  kf ki (4.19.2)

for every f . We note that the mapping f 7! f (U) is a calculus, but f 7! f (T)
is not. However, the restriction of this mapping to H! is a calculus, called the
H?! - or Sz.-Nagy{Foias calculus for the completely nonunitary cortraction T.
One of the easiestways to ched the multiplicativit y in (4.19.1) for H?! -
functions is to obsene that, due to the von Neumann spectral theorem for U

(seeSection 0.7), we have
z

(F(Mxy) = (F(Uxy) = Tf( ) x();y() dm()
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forall x;y2 H andf 2 L', where(x( ); y( )) 2 L. Therefore, the mapping
f 7! f(T) is continuous with respect to the w -topology of L! and the weak
operator topologyof L(H! H). Clearly, having (pg)(T) = p(T)qg(T) for all com-
plex polynomials p;g, we get rst (pf)(T) = p(T)f (T) forf 2 HY (for example,
using the Fejer sumsapproximations for f ), whence(gf )(T) = g(T)f (T) for all
pairsf;g2 H! .

It can be proved that for a function f dierent from the zero function the
equality f (M ) = Ooccursif andonly if istwo-sidedinnerandf 1 2 H? (E).

Further, from the assertedproperty of w -cortinuity, it is clear that the H?!
calculus is compatible with any other calculus, cortinuous in a stronger sense
(for instance, with the classicalRiesz{Dunford holomorphic calculus). However,
for many purposes(e. g., for applications to free interpolation, or for similarity
problems; seePart 1) we need calculi for functions de ned locally, on a kind
of neighborhood of the spectrum (ideally, on the spectrum itself, as for normal
operators) and not on the ertire unit disc D. Clearly, such a local calculus
requiresa stronger upper estimate for the normskf (T )k than is givenby (4.19.2).
We give an example of such an estimate in the next section.

4.20. Level curv es estimate. In this section, following [Nikolski and Khru-
shdev 1987], we obtain an estimate of kf (T)k for the caseof a scalar inner
characteristic function = 1. This estimate dependson the valuesof f on
the level setsL( ;") of . The latter are de ned as follows:
L( ;"% fz2D:j(2)j<"g for0< "< 1

It is well known (and will be proved in Chapter 5) that the spectrum of the
operator under consideration, T ' M , coincideswith \zeros of " in the sense
that

M )=f 2D:lim j( z)j= 0g:
22D

Therefore, it is natural to considerthe level setsL( ;") as\ne neighborhoods"
of (M ) (it is clear that whatever is a neighborhood V of the spectrum, one
hasL( ;") V for" small enough). The following theorem [Nikolski and Khru-
shdhev 1987]givesus an estimate of dist_: (f ;H?! ) in terms of the smallness
of f on the level curves@. ( ;").

4.21. Theorem. Let be a salar inner function and 0< " < 1. There exists

a constant A = A(") suchthat
kf(M )k A supfif(z)j:z2L( ;")g, f2H!:

Pr oof. The proof is based on the existence of so-called Carleson contours
[Carleson 1962; Garnett 1981, Chapter 8, section 5]. There exists a constart
p 1sud that for every " 2 (0;1) and for every H! -function , onecan nd
a contour - splitting the disc D into two parts: one, call it , is contained in
DnL( ;"P), and the other (the complemen of clos) is contained in L( ;"),
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and sud that the arclength on - is a Carleson measurewith embedding norm
C,H?Y « LY ;jdzj), dependingonly on". (Recall, that a measure onD is
called a Carlesonmeasureif the restriction on supp is a contin uous embedding
of HYin L?( )))

Let = \ fjzj< "g; the boundary @ , consistsof a part -, of - anda
pat = .\ T, ofthecircle T, = rT.
Let g be a polynomial. Then
z f z f
9 dz = 9 dz;
and henceZ .
1 f L1 . .
— —gdz " Psupjfj — jgijdzi " PCkgky sup jfj:
21 r " 2 e L(C ")

Let E, bethe radial projection of the set  on the circle T. Then

z z
2oy 0 Ty (g

20 20 5
It is clear that this integral tends to
f
—gzdm
T
asr! 1. (Indeed,j(r)j "Pfor 2 E;and g ! 1ae.onT, because
limy 1j( r )j= 1foralmostall 2 T.) But, it is clear from duality argumerts
that nz 0

dist.: (f ;HY) = sup f gzdm :kgky 1 ;
T
and we get the required inequality with A =" PC.

4.22. Local functional calculi. The estimates we have obtained actually
allow usto extend considerablythe functional calculus(4.19.1) from the algebra
H! tothealgebraH! L( ;") of boundedholomorphic functions on alevel set
L( ;"), "> 0. This is donein the following theorem [Nikolski and Khrushchev
1987].

4.23. Theorem. Let beasalarinner function and0< " < 1. For everyf 2
H' L( ;") thereexistsafunction' 2 H! suchthatf ' 2 H?! L( ;")
and k' ky Akfky1 (L¢ »y (with the sameconstant A as in Theorem 4.21).
The mappping
F70°M )L [FIM ) forf 2HY L( ;") ;

is a well-de ned calculus. Its kernel consists (precisely) of the functions of
the foom h, h 2 H! L( ;") . For the functions in H! this calculus co-
'@Cides with the Sz.-Nagy{Foias one, [f](M ) = f(M ), and, considered on

s oH L L( ;") , it contains also the Riesz{Dunford calculus.
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For the proof, we needthe following remarkable lemma by L. Carleson[1962].

4.24. Lemma. LetB bea nite Blaschkeproduct with simple zeros q;:::; q,
and let f be a function from H! L(B;") , wher " > 0. Then there exists a
function ' 2 H! suchthat' ( ;)=f( ;)for 1 i n andsuchthat k' ky

C" Pkfky: (L), Where C is an absoluteconstant and p is the expnent in
the de nition of Carleson contours.

Sketch of proof. (See[Carleson1962]for the full version.) The generalform

of H! -functions ' interpolating f ( ;) isgivenby ' ="' o+ Bh, with h2 H! ,
sothat
inffk' ki :* ()=f(i)forl i ng
n Z 0
=sup o B' ogdz :g2 H! with kgk; 1
T
n z o9 0
_ L 09 . . [
= sup 57 B dz :g2 H* with kgk; 1
n z 0
= sup 2_1| fB—gdz ;g2 H with kgk; 1

C" Pkf kHl (L(B;")):

4.25. Pro of of Theorem 4.23. The existenceof the requstedfunction ' canbe
derived from Lemma 4.24in a standard way by using the fact that the constarts
C and p areindependert of the function B. First, isassumedto be a Blaschke
product B with simple zeros. We approximate B by its partial products B, (so
that, jBj jBpjin D). Then we passto the limit in the equalitiesf ', = B,hy
(which follow from Lemma 4.24) using the compactnessprinciple.

Next, an arbitrary inner function canbeuniformly approximated by Blasch-
ke products with simple zeros|for instance, by its \Frostman shifts" B =
( )@ n) 1 wherethe , corvergeto zeroandfz: (z2)= ,; Y2)=
0g = ? for eath n; see,for example, [Nikolski 1986, Chapter 2, Section 5].
Repeated application of the compactnessprinciple provesthe existenceof the

requested’ .

Moreover, if 2 H! is another function correspnding to the samef , then
(' )= is analytic and bounded on L( ;") by the de nition of ' and
andon D nL( ;") by the denition of L( ;"). Hence,(' )= 2 H! and

(M )= (M ). Thus, the mappingf 7! " (M ) = [f](M ) is well-de ned
and bounded.
The multiplicativit y of f 7! [f](M ) and other properties are obvious.

4.26. Explicit form ula. In fact, onecan prove [Nikolski and Khrushchev 1987]
the following explicit formula for the local calculus of Theorem 4.23:

M x= —  —OXO 4

> W forx 2 K ;
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where - is the samecontour asin the proof of Theorem 4.21.
The spectral mapping theorem for the H* -calculus and for our local calculi
will be provedin Chapter 5.

Chapter 5. Spectrum and Resolv ent

Now we use the description of the commutant to obtain a formula for the
resolvent of a given cortraction in its model represeration. The regular points
of a contraction T will be characterized by the existence and some analytic
cortinuation properties of the inverse ( z) ! of the characteristic function =

T.

The notation is the sameasin the previous chapters, namely, T : H ! H is
a completely nonunitary cortraction, U : H ! H its minimal unitary dilation,

and the corresponding functional embeddings, = 1 the characteristic
function of T, etc.

5.1. Theorem. A point with j j < 1 belongsto the spectrum of T if and
only if () is not invertible. Moreover, if ( ) is invertible, the resolvent
R & (T 1) *of T atthe point commuteswith T and hasa lifting Y with
the following parameters:

_o)

A= (5.1.1)
)t

As (5.1.2)
_ + ()

B = . : (5.1.3)

The resolventcan be written in the form
R =Py(U 1) ( ) ' )H: (5.1.4)
Pr oof. Assumethat is a regular point of the cortraction T, sothere exists
an operator R suc that
R(T 1)=(T 1)R =1:

SinceR 2 fTg% Theorems4.3 and 4.4 imply that R = Py YjH, whereY is
a lifting of R determined by certain parametersA; A ;B (seeformula (4.4.2)).
The operator T | alsobelongsto the commutant of T and has a lifting with
the parametersA = (z )Ig,A =(z )lg ,andB = (z ) . Therefore,
by the multiplication theorem (Theorem 4.13), the formulas

Ap=1 A(z ); Ao=1l A (z );
Bo = (A (z ) +B (z ) A (z )+B (z )
= B(z )
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provide us with the parametersof a lifting of the zerooperator| R (T ).
Hence,by Lemma 4.11, there existsa function 2 H! (E ! E) sud that

| Az )= : (5.1.5)
I A(z )= ; (5.1.6)
B(z )= : (5.1.7)

Evaluating (5.1.5) and (5.1.6) at the point , we concludethat the operator ()
isinvertible and ( )= ( ) .

Conversely assumingthat ( ) is invertible, we prove the existence of the
resohent at the point . To this end we needto choosean analytic function
sudh that equations (5.1.5){(5.1.7) are solvable with respectto A; A ;B. The
simplest choice is the constart function : (z) = ( ) %, jzj < 1. In fact,
clearly, any function 2 H! (E ! E) satisfying ( )= ( ) ! givesa desired
solution

I

A= 2H! (E! E);
A =) 2HY(E ! E);
+
B = Zizu( E! E):

To obtain formula (5.1.4) we plug the parameters (5.1.1){(5.1.3) into for-
mula (4.4.2), that is, we considerthe following lifting of R :

o LGP () +

Z Z Z
(U 1)+ )t
=U D s 0 )
=U 1) ()t

This yields

) 1

) Y0+ )

R =Py(U 1) ()" )H;
as claimed.

5.2. One-sided spectrum. Actually, formula (5.1.4) contains more informa-
tion than is assertedin Theorem 5.1. Indeed,if ( ) ! meansonly a left or a
right inverseto (), denotedin what followsby [( )], Land[( ), 1, respec-

tively, then (5.1.4) yields a left or aright inverseto T | , respectively. More
precisely:
5.3. Theorem. Forj j< 1,theoperator T | hasa left inverseif and only if

() isleftinvertible,and T | hasaright inverseif and only if ( ) is right
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invertible. In both casesthe correspnding one-sidel inverses can be expresse
by the sameformulas:

[( N,,= T DT 1],Dr jDr; (5.3.1)
T 1L =Pa(U 1) 20 [t M (5.3.2)

Pr oof. For example, assumethat ( ) is left invertible. Then, denoting by
R the right-hand side of (5.3.2), we have

Pe(U 1) "t [( )" )Pu(U  1)iH
Pu(l [ )" )iH
Ph(U 1) [( )" )Ps(U 1)jH
Pa(U 1) [ " )Ps (U 1)jH:

We compute the three terms of the above sum separately The rst oneis the
identit y operator. Indeed,

[( )Y H [( ), *H3}E) HZE)=G?H: (5.3.3)

R(T I)

The two other summandsare zero operators, because

U )Mo et )e=W 1)yt [t HAE)

S () H?(E) H*E)=G?H
z

and
(U I)H G H?G:
SoR|(T | )=1, asdesired.

Conversely let T | beleft invertible, and let [T | ], ! be a left inverse
to T | (this inverseis not necessarilyequal to (5.3.2)). We ched that the
operator

= T Dg[T 1]'Dr jDr; (5.3.4)

is a left inverseto ().
Sincethe operator (5.3.4) acts from Dt to D1, we can useformula (1.13.1)
for the characteristic function 1. This yields

()= T DT 1]y T+Dr( T)'Dr
| D2 T Dr( T )!'Dr+Ds[T 1]'DrT
DT I}'D2 (0 T ) Dt
Il De[T 12T 1)a THy+(T 1)T
T TH)+ (0 TT)Y 0 T) Dy

whence is aleft inverseto 1( ).
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5.4. Resolvent and characteristic function o the unit disc. First, we
obsene that formula (1.13.1) allows us to de ne ( z) whenjzj > 1and 1=z 2
(T ), by the sameexpression:

def

(2= T+2zDr (I 2T ) 'Dr jDr forjzj> L (5.4.1)

Also, it is clear that
(2 = 1 (2); (5.4.2)

for jzj < 1 aswell asfor jzj > 1. Comparing these formulas with (5.3.1) for
jj<1, Z (T), weget

()= 1) = 1 @=) (5.4.3)

where = 1= .
As for the resolert, if j j > 1, then, clearly,
X n X n

1 L 1PH v jH=Py(U 1) H; (5.4.9)
n 0 n 0

(T 1) =

which formally coincideswith (5.1.4). Indeed, taking (5.4.3) into accourt, as
in (5.3.3) we have

() H ( )YH*E) HXE)=G;
and(U 1) G G,whenceP4y(U 1)?* ( ) )jH=0and
Ph(U 1) () DJH=PyU 1) YH:

It is worth mertioning that (5.4.1) and (1.13.1), formally coinciding, can give
two dierent analytic functions. For example, let = %(1 z). According
to (5.4.2) this is the characteristic function of a cortraction unitarily equivalent
to its adjoint; that is, the adjoint operator hasthe samecharacteristic function.
However, if we substitute this expressionin (5.4.3), we obtain

But for jzj > 1 formula (5.4.1) gives us another expression,namely, 1(z) =
2z=(z 1). Inversion of this expressionas the left-hand term in (5.4.3) givesa
correct equality.

In what follows we shall seethat (1.13.1) and (5.4.1) de ne the sameanalytic
function if there exists a regular point of T on the unit circle.
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5.5. Boundary spectrum. Now we considerthe spectrum on the unit circle
T. Formulas (5.3.2) and (5.4.4) cannot be directly extendedto j j = 1, because
the ertire unit circle is the spectrum of U. Howewer, rewriting theseformulas in
an appropriate form, we can describe the boundary spectrum (T)\ T in terms
of analytic cortinuation of 1 acrossthe boundary.

A new local form of the resohent is as follows.

5.6. Lemma. Letx 2 H. Then
U 1)y x ()N x0) ifjj<l 2z (T),

U 1)Ix ( x() ifjj> 1
(5.6.1)

Pr oof. Forj j< 1, the inclusion
(U 1) ()" )H H G

can be veried by straightforward computation; also, it follows from the de -
nition of lifting (De nition 4.2), becausethe operator on the left in the above
inclusion is a lifting of (T 1 ) 1. Therefore,forj j < 1 we have

Rx=(0 Pg)U 1)'x () x

=U I)y'x ()?' x P,

z
=(U I)lx ()1X+()1XZ( X)()
=U ) tx ()0
Similarly, forj j> 1,
X

Rx=( Pg)U 1)Xx=U 1) P,
C x0) _

z

z

=(U 1) x+ (U 1) Yx ( x0):

To shaw that formulas (5.6.1) can be extendedto regular points of the operator
T on the unit circle we needthe following property.

5.7. Lemma. Assumethat there exists a neightburhood O of a point 2
suchthat admits analytic continuation to O and that there existsa left (right)
inverse[] | 1 (respctively, [ ] . 1), coinciding with on O \ T. Then for every
vector x 2 H the function  x (respectively, x) admits analytic continuation
to O .

Pr oof. The hypothesesof the lemmaimply ( ) = 0on O \ T. Therefore,
since = + , onO we have

( x0)=0C)C x)+ ) x)=()C x0)
=[O x)0); (5.7.1)



SPECTRAL THEORY IN TERMS OF THE FREE FUNCTION MODEL, | 271

and the right-hand side in (5.7.1) givesan analytic continuation of x to O .
If [( )], ! is aright inverseto ( ), then 2() = | CH)c ) =1
( )(C ),*=00n0 \ T, that is,

Cx0)= )0 x)0)+ O x0)= ) x)(0); (5.7.2)
and again the right-hand side givesan analytic cortinuation of xto O .

5.8. Theorem. A point ,j j= 1, belongsto the resolventset of the operator
T if and only if the characteristic function = 1 admits analytic continuation
to a neightourhood O of thepoint ,and ( ) *= ( ) for 20 \ T.

Proof. If withj j= lisaregularpoint for T, then isaregularpoint for T ,
and formula (1.13.1) determinesan analytic cortinuation to a neighbourhood of
: moreover, identity (5.4.3)turns into ( ) = ( ) for 20 \ T.
Conversely supposethat is analytic in a neighbourhood of a point and
that ( ) *= ( ) for 2 O\ T. Then, asbefore,eah expressionon the right
in (5.6.1) is the resohent at the point . Indeed, for every x 2 H ewaluation
at the point is well de ned by Lemma 5.7, and by (5.7.1){(5.7.2) we have
( ) x)()=( x)), that is, the two expressionson the right in (5.6.1)
coincide. We shall check that y €' x  ( x)( )2 (U 1 )H; this will imply
that (5.6.1) is well-de ned at such a point and, after analytic cortinuation,
givesus a formula for the resolhert at that point.
We have

y= x ( x)()2(z )HZ(E):
Since ()= 0for 2 O \ T, the operator of multiplication by 1=(z ) is
boundedon L?( E ), whence
X (00,

- 0. 0_ .
y=(U 1)y, wherey - - :

and
2 H2(E);

y0: Zy+ Zy:Zy: X (Z)l( X)()ZHZ(E)

Consequetly, y°2 H andy2 (U | )H.

- _x (. x0)
Y= ———

Now we considerthe discrete spectrum of T and the corresponding eigen-and
root-subspaces.

5.9. Theorem. A point is an eigenvalueof T if and only if j j < 1 and
Ker () 6 f0g. Moreover,
Ker ().

Ker(T |)= -
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Proof. Letx2 H. Thenx 2 Ker(T | )ifandonlyif (U | )x 2 G, that
is, there exists a function e2 H?(E) such that (U | )x = e, whence

(z )
(z )

Since x 2 H2(E), the function e is a constart vector in E. And since x 2

H2(E), putting z= in the secondof the above relations, we gete 2 Ker ( ).

All argumerts can be reversed; that is, if e 2 Ker (), then the vector x =
ez )isin H and, moreover,x 2 Ker(T | ).

X €]
X

e:

As for the root subspacesf T, they will be described in the next chapter, after
we intro duce the notion of regular factorization.

5.10. The spectral mapping theorem. Now, we prove a spectral mapping

theorem for the H? functional calculus in the caseof a scalar characteristic

function. Moreover, we compute the spectrum of an arbitrary operator in the

comnmutant (in terms of the corresponding functional parameters of its lifting,

seeSection4.17 above). To this end, givena function 2 H?! , let usde ne the
-rangeof a function f 2 H! by the formula

Range f = 2C:inf(f(@ j+i(2)=0:
z

Also, we recall the notion of the essentialrange of a measurablefunction g on a
measurespace:

Ranggg) = f 2 C:essinfijg = 0g:

5.11. Theorem. Let 6 0 be a salar characteristic function. Take X 2
fM g%andlet Y be the lifting of X written in the form (4.17.1):

Y = a 0. (5.11.1)
" (a o !¢’ o
wherea 2 H! andthe entries on the bottom rowlie in L (), with 2=1j j?
and L1 () the space of all essentialy boundel functions with respct to the
measure dm (m being Lekesguemeasure on T). Then

(X) = (Range a)[ Ranggc) ;
where Range(c) is taken with respect to the measure  dm.

Pr oof. Essettially, we repeat the scheme of the proof of Theorem 5.1. If
X is invertible, then X 1 2 fM ¢ and, by the commutant lifting theorem,
X =P Y% whereP = Px andthe matrix Y%is of the form (5.11.1) with
a’2 H! andc®2 L! (). By direct computation (or by usingthe Multiplication

Theorem 4.13) we seethat the matrix |  YY?is of the form (5.11.1) with the
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parametersaa’ and c® instead of a and ¢, respectively. Sincel Y'Y %is a lifting
of the zero operator, by Theorem 4.10 we have

0 0
| YYO°= : (5.11.2)
0
for some 2 H?! . Thus,wehavel aa’= and c= 1 a.e.with respect to
dm. Hence,0 62Range [ Range().
Conversely if the equations aa®+ = 1 and c® = 1 are solvable with a°,
2H!,andc®2 Lt (), the matrix
YO= 2 0 (5.11.3)
(a® 9= ¢ o

determines a lifting of the operator inverseto X . First we have to ched that
YCis a lifting of an operator in fM g% To this end, we need to verify that
a® 2 L' () (seeSection4.17). Since

ac@® =@ ) c a=(c a) 2 LY

we needto ched that the functions a and c are bounded away from zeroon a
subsetof whereT issmall, say, j( )j < %k k; . For such a we have

jai jaaj _ j1 i1 jikk 1.
kaokl kaq(]_ kaq(]_ 2ka0k1 '
CRET
keke: ()

whencea® c¢®2 L?! () and(5.11.3)de nes alifting of an operator. To ched
that this operator is inverseof X , we multiply the matrices (5.11.1) and (5.11.3),
obtaining (5.11.2).

To conclude we recall that, by the Carleson corona theorem (see [Garnett
1981] or [Nikolski 1986], for example), the existenceof the neededsolutions a°
and is equivalent to infp(jaj+j j) > 0.

5.12. The spectrum of M . Clearly, Theorem 5.11 contains also the well-
known formula for the spectrum of the model operator itself:
(M )=f 2D: lim j( 2)j=0g[ supp() = supp( );

z2D
z!

being the represerting measureof in the Nevanlinna{Riesz{Smirnov sense
(for the de nition seeSection0.7).

This should be compared with the general casedescribed in Theorems 5.1
and 5.8.

5.13. Corollary . For X = P YjK 2fM ¢ we have

KXk supjj: 2 (X) = maxkck.: () ;maxfj j: 2 Range ag :
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An upper estimate of the sametype as Corollary 5.13 (that is, in terms of the
valuesof the functions a and c on the spectrum (M )) doesnot seempossible.
Recall, that in Section 4.21, in the casea = ¢ = f, we already preseried an
upper estimate depending on the values a( ) in somenarrow \neighborhood"
L( ;") of the spectrum (M ).

Chapter 6. Invariant Subspaces

In this chapter we describe the lattice of invariant subspacesf a completely
nonunitary cortraction in terms of certain functional embeddingsand the char-
acteristic function. In fact, the description that we are going to discussis a
direct consequencef the classicalWold{Kolmogorov formula, asis the casefor
the invariant subspace®f unitary operators. We recall the following well-known
description of the lattice Lat U of a unitary operator.

6.1. Lemma. Let U be a unitary operator on a Hilbert sppace H, and let L 2
Lat U. Then

L=R H?F);
whee F = L UL, R = Tn oU'L, and : L%(F) ! H is a \functional
emledding” intertwining z and U; that is, z= U . Moreover, R is a reducing
subspce of U.

Pr oof. The Wold{Kolmogorov lemmaimplies that L = R ., 0 UF,;
of course,this is equivalert to the assertionclaimed, with the natural de nition
of , namely,

X , X

ace®t = Uka,; with a2 F:

k22 k22
Also, it is worth recalling that reducing subspacesare well-behaved with respect
to the spectral decomposition of U. In particular, the description of suc sub-
spaceshecomesexplicit when one usesthe von Neumann spectral theorem: L is
a reducing subspaceof a unitary operator U if and only if L = ff 2 L2(H; y):
f()2P.()H y-aeg, whereP_ standsfor a projection-valued function on T
subordinate to Ey, that is, PL( ) Ey() vu-a.e.

Now, turning to the invariant subspacesof completely nonunitary contrac-
tions, we can bene t from the coordinate-free function model approadc, because
using the languageof this approac we needonly follow preciselythe samelines
asin Lemma 6.1. In order to make this point even more transparert, we start
with an outline of the description of Lat T, paralleling the stepsof this descrip-
tion with the proof of the leading partial case,Beurling's theorem [1949].

6.2 The description of the invariant subspaces: the rst draft. The
steps of the proof, which will be formalized later, will be listed in a table. On
the left-hand side, we deal with a completely nonunitary contraction T and its
function model fH;T;H;U; ; ;:::g, and on the right-hand side we have the
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standard shift operator S on the (scalar) Hardy spaceH 2, given by Sf = zf for

f2H2

1.
T:H! H acompletely nonunitary

1.
S:H?2l H2 Sf=fzforf2H?2;

ThenL G2LatU (Lemma 6.3).
TakeF: dmF=dim (L G) U(L G);

cortraction; U:H! H the minimal H=L2(T), Uf = zf forf 2L?;
unitary dilation; E=f0g, =0;
. the functional embeddings; E =C,G=L% =1I;
T= 71=0; :C! ng
2. 2.
LetL2LatT. Let L2 LatS.

Let F=L SL,dmF=1;

commutes with z and is analytic, because

‘L2(F)! H, F= (L G) UL G), :L?! L? asin Lemma6.1,
z=U z=U

3. 3.

Apply the Wold{Kolmogorov lemma: L=R H?

L G=R H2F) R H2=) R=f0g

4, 4,

The mapping  :L2(E)! L2%(F) =0,hence =0

H2(E) H2(F) (cf. (6.7.1)

H2(E) H2(F) (Section 6.5)
5. 5.
The samefor L?(F)! L%(E) = L2 L?
6. 6.
Put ;= 2H1? (E!' F), 1=0; 9:C! fO0g,
2= 2HY (F! E), = 2H?T,
= = ( )= 2 1(cf (653), 1= 5 1=0; 9:C! fOg,
L=span L2(E); L2(F) L= ,H?2

Now we ched the proposedprogram step by step and describe the factoriza-

tions 1 =

6.3. Lemma. L 2 LatT if andonly if L

Pr oof.

The inclusionsUL  UH G)

UL PuUL PgUL

The cornverseis also obvious: TL = Py UL

Py (L

2 1 of the characteristic function appearing in this way.
G2 Lat U.

LetL 2 LatT. SinceG 2 LatU, it suces to chekkthat UL L G.
H G imply that

TL G L G:

G)=L.
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6.4. An additional functional embedding arisesif the completely nonuni-
tary (pure) part of the isometry UjL G is realized as the multiplication by z
in a suitable H2-space. More precisely we can take an auxiliary Hilbert space
F sud that

dimF =dim (L G) UL G)
and an isometry | :L2(F)! H with the following properties:

L intertwinesU and z, that is, (z= U ;
L H2(F) is the subspaceof L G wherethe pure part of Uj(L G) acts.

Therefore, the reducing part of Uj(L  G) acts on the subspace

ROE (L G (HXF); (6.4.1)

in other words, the formula
L G=R. _H%F) (6.4.2)

providesthe Wold{Kolmogorov decomposition for the isometry Uj(L G). Since
R, is reducing, it is orthogonal not only to | H?(F), but to the whole of
LL2(F), that is, | R_ = f0g.
In what follows we omit the index L and write simply if we have no needto
emphasizethe fact that this embedding is generatedby an invariant subspacel .

6.5. Prop erties of the additional embedding. It is clearthat the operator

, & (6.5.1)

intertwines the multiplications by z in L2(E) and L?(F), that is, ;2 L (E!
F) (as usual, we identify an operator of multiplication with the corresponding
function). Moreover, the function 1 is analytic, that is, ;2 H! (E! F),
because

H3(E)=  H*E)= G ( H3(F) Ru)=H?*(F):

Similarly, the operator

Q.
=

e

2 = (6.5.2)
is also (an operator of multiplication by) a bounded analytic function:
HZ2(E)=  H*(E)= G HF)
becauseG ? H G L G  HZ2(F).
As the third property of we mertion the identity
(1 ) =0 (6.5.3)

For the proof, notethat L2(E) L2%(F) R, thatis, (I ) L2(E) R_.
It suces to shov that R = f0g. SinceR_ reducesU, the relation R, ? G
implies that R_. ? L2?(E ), that is, R_ = f0g.
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6.6. Denition. An isometry from L?(F) to H = sparf L?(E); L?(E )g
is saidto be compatible with and if the following four conditions are ful lled:

(@ z=U (that is, isa U-functional embedding);
(b) HZ(E)? HZ(F);
() H2(F)? H2(E);

@ « ) =0.
In theseterms, in Section 6.5 we proved that any T-invariant subspaceL gener-
atesan embedding = | compatible with and

6.7. Theorem. Let T be a completely nonunitary contraction, and its
functional emleddings. The mappingL 7! | is a bijection of Lat T onto the set
of isometries compatible with and . Moreover, the inverse mapping 7! L
can be de ned by the formula

L = sparf L?(E); L?(F)g H2(E) H2(F): (6.7.1)
Pr oof. First, we chedk that L 2 Lat T for any isometry compatible with
and . To this end, we rewrite (6.7.1) in the form
L = H2F) clos( ) L?(E) H2(E): (6.7.2)
Clearly, this represenation implies that L is T-invariant. Indeed, since
UL H2(F) clogl ) L%(E);

after projecting onto H we nd ourselesin the orthogonal complemert of G =
H2(E), that is, in L .
Now weched that L = L | for every invariant subspace.. Comparing (6.7.2)
with the de nition of the subspaceR_ in (6.4.1), we seethat we must verify the
formula

R. = clos( ) L2(E);
where = | . The inclusion clos(l ) L?(E) R, wasalready proved in
Section6.5. Now we considerthe U-reducing subspaceR; clos( ) L?(E)

and verify that it is contained in L. If this is done, the complete nonunitarit y of
T will imply that the above subspaceis, in fact, the zero subspace.

Let x 2 R clos(l ) L?(E). Sincex 2 R, we have x = 0. The
property x ? (I ) L?(E) means (I )X=0,s0 X= x = 0.
Therefore,x ? G; sincex 2 L G, this is equivalent to x 2 L.

If we start with a compatible embedding and construct the corresponding
invariant subspaceL asin (6.7.2), then, asis easily seen,the additional em-
bedding constructed by L coincideswith (is equivalent to) the initial ; that is,

L = . Indeed, by (6.7.2),

L G= H?F) clos( ) L2(E):

This represenation is the Wold{Kolmogorov decomposition (6.4.2) with | =
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6.8. Regular factorizations. Using de nitions (6.5.1) and (6.5.2) we can
rewrite identity (6.5.3) in the form

= 5 1 (6.8.1)

This meansthat any compatible embedding induces a factorization of the
characteristic function into two cortractive H® -factors. Among all possible
cortractive H?! -factorizations of , the factorizations induced by compatible
embeddingsare distinguished by the particular property of being regular factor-
izations. We can de ne regular factorization as a factorization (6.8.1) generated
by a compatible embedding by formulas (6.5.1) and (6.5.2). Howevwer, it is
important that there exists another description of suc factorizations that does
not usethe notion of functional embedding and, moreover, can be applied to a
factorization of an arbitrary cortraction.

We start by restating the invariant subspacetheorem (Theorem 6.7) in terms
dating badk to Sz.-Nagyand Foias [1967];then we presen the above-mentioned
characterization of regular factorizations (Section 6.10). To distinguish the def-
inition of regularity via an additional embedding and the de nition given in
Section 6.10 we shall call the latter one sometimesa locally regular factoriza-
tion. After some preparation (Lemmas 6.11{6.14) we shall be able to prove
(Theorem 6.15) that thesetwo de nitions of regularity coincide.

6.9. Theorem. Let T be a completely nonunitary contraction, and let ,
= 1, etc., have the usual meanings. There exists a bijection between the
lattice Lat T and the set of all regular factorizations

- 2 1
of the characteristic function . This bijection is given by the formula

L, ,= HZF) clos( ) L%(E) H2(E); (6.9.1)

2, 1

where is the compatible emtedding producing the functions ; via (6.5.1) and
(6.5.2). In the original Sz.-Nagy{Foias transcription the representation given
by (6.9.1) takesthe form

— 2 2 0 2 2 .
L ... = H<(F L E H<(E);
27 1 22 ) ( ) Zl ( 1 ) ( )
where the Z; and ; are certain operator-valued functions to be de ned in the

next section.

Pr oof. The bijection is the sameasin Theorem 6.7, namely, $ L . The
formula in the Sz.-Nagy{Foias transcription follows from expression(6.13.1) for

combined with the de nition of (1.19.1) and formulas (3.5.1) for the embed-
dings and in the Sz.-Nagy{Foias represettation.

Now we intro duce the languagefor the local description of the regular factoriza-
tions.
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6.10. Denition. Let A and B be two Hilb ert spacecortractions suc that A
acts into the spacewhere B is de ned, that is, the product BA is well de ned.
Let Da, Dg, and Dga be the defect spacesof these operators. We de ne an
operator

Da
Z :Dga!
BA DB
by the identit y
def 21 Da
ZDga = Dga = : 6.10.1
BA 22 BA DBA ( )
The factorization BA is called regular if Z is unitary.
For a factorization = , 1, the de nition of Z becomes
z
z = 1 = ! (6.10.2)
Z; 2 1
where ; = (I i 1)¥?2, and all functions are regarded as multiplication

operators on the corresponding spaces. It should be mertioned at oncethat a
function Z 2 L (E1! Ej) is unitary asan operator from L?(E;) to L?(Ey) if
and only if the operators Z( ) : E; ! E, areunitary for almostall 2 T. This
implies that a factorization = 5 1 is regularif and only if the factorizations
( )= 2() 1( ) areregular for almostall 2 T.

The above obsenation motivates the use of the adverb locally when talking
about regular function factorizations = 5 1. In what follows, we shall
often usethe term locally regular factorization instead of \regular factorization”,
emphasizing the fact that we deal with functions; also, this will allow us to
distinguish (temporarily) betweenthis newwording and the previousonede ned
in terms of compatible embeddings.

Our next obsenation is that Z in (6.10.1) is always an isometry.

6.11. Lemma. The operator Z de ned by (6.10.1) (and, therefore, by (6.10.2))
is an isometry.

Pr oof. It suces to ched that Z is norm-preservingon a denseset of vectors.
By the de nition of Dga, the setof vectorsfDgaX : X 2 Hg is densethere. On
this denseset we have

kZDgaxk? = kDaxk? + kD Axk?
= kxk?® KkAxk? + kAxk? kBAxk? = kDgaxk?:
Thus, to prove that Z is unitary it suces to ched that this operator is a co-

isometry, that is, that Z; and Z, are co-isometries. Moreover, the following
assertionis true.

6.12. Lemma. Z is a co-isometry if and only if Z; is.
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Pr oof. If Z, is a co-isometry, then

X 2 X 2
0< ! Z !
X2 X2
kx1k? + kxok?  KZ;x1k?* 2Re(Z;X1;Z,X2) KZ,x2K?

kx1k? kZ,x1k? 2Re&(Z,X1;Z,X2);

which is possibleif and only if Z1Z, = 0. Hence,

0 0
= = RangeZZ,Z RangeZ;
Dg RangeZ, g 242 g

whence

closRangeZ D
RangeZ = gecr A
Dg Dg

Thus, Z is unitary.
6.13. Lemma. Let be an emtedding compatible with and , andlet =

2 1 be the correspnding factorization of the characteristic function (that is,
1 is de ned by (6.5.1) and , by (6.5.2)). Then

= 2t Zy 2 (6.13.1)
where Z, is de ned by (6.10.2) and , € (I » 2)¥2, or symmetrically,
= a1t Z; (6.13.2)
whee 1 % (I 1 1)¥?, and Z ; is the component of the operator Z
correspnding to the factorization = , , in accordance with (6.10.1):
z
z ¥ °z = 2 (6.13.3)
Z 12
Pr oof. Since
=( + ) = 2+ ()
relation (6.13.1) will be proved if we ched that =27Z, o, 0r = 7.
We have
= ) = 1 , = 1= 27,
Applying | = + to , we obtain the symmetric formula (6.13.2).
Now we prove that, conversely a cortractive H?! -factorization = , 1 (not

necessarilylocally regular) givesrise to a functional embedding (which is not
necessarilyisometric).

6.14. Lemma. Let = , ; be a contractive H' -factorization. Then the
operators de ned by (6.13.1) and (6.13.2) coincide and possessproperties a){d)
of De nition 6.6.
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Pr oof. First, let us ched that formulas (6.13.1) and (6.13.2) are equivalent.
Assuming, for example,that (6.13.2)de nes an operator , we ched that (6.13.1)
is alsotrue, with the same . We have

= ( 1+ Z, 1)= 1t 2
= 1t o2 o1 1= 201 1+ %)= 2

Here we have used de nition (6.13.3). Now, using the formula (to be proved
below)

Z 1 = 121 1 222; (6141)
we get
= ( 1+ Z, 1)= 1 Z, 1
= 1 (Zy 1 Zy 2 1) 1=( ZiZy) 1+ Z, > 21
=Z7,Z, 1+Zy 2 =27, o 1 1+ Z)=2Z; 2
Therefore,

=( + ) = 2t Z, 2

We complete the proof that (6.13.1) and (6.13.2) are equivalent by cheding
formula (6.14.1):

( 121 1 2Z2) = 11 13 1= 2 1
= 12212 =Z
Now, if a corntractiv e factorization = , pisgivenandif is dened
by (6.13.1){(6.13.2), then, clearly, = , and = ,; that is, formu-

las (6.13.1){(6.13.2) determine the bijection inverseto that given by (6.5.1){
(6.5.2). Property (a) is obvious; properties (b) and (c) of De nition 6.6 are
equivalent to the analyticity of ; and 5, respectively. Property d) means
merelythat = 5 ;.

So, in talking about a cortractive H' -factorization of , we deal with an em-
bedding satisfying conditions a){d) of De nition 6.6. Thus,to geta compatible
embedding we needonly to ched that is an isometry. This property of is

equivalent to the property that the factorization = , 1 islocally regular.

6.15. Theorem. If = , qisalocally regularfactorization, formula (6.13.1)

(or (6.13.2)) de nes an emtedding compatible with and . Conversely, if
is a compatible embkedding, then the factorization = 1 , with the factors

de ned by (6.5.1), (6.5.2) is locally regular. Moreover, formulas (6.5.1), (6.5.2),
and (6.13.1) (or (6.13.2)) determine a one-to-one correspndene between the set
of all compatible emkeddings and the set of all regular factorizations.
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Pr oof. As already mentioned, after establishing Lemmas 6.13 and 6.14, it
only remains to prove that is an isometry if and only if the corresponding
factorization is locally regular.

We have

I =1 (, + 2Z2 X 2t Zy 2)
=1 2 2 2222, 2= ol Z2Zy) 2

Hence, is an isometry if and only if Z, is a co-isometry; by Lemma 6.12, the
latter is equivalent to the fact that Z is a co-isometry We concludethat is an
isometry if and only if =, ; is alocally regular factorization.

The factors in a regular factorization of a characteristic function 1 are very
deeply related with the parts of the operator T induced by the corresponding
invariant subspaceL = L ,; ,, namely, with the restriction T; = TjL and the
compressionto the orthogonal complemert T, = P » TjL?.

6.16. Theorem. LetT be a contraction on a Hilbert space, = 7 the char-
acteristic function of T. If L is a T-invariant subsgoe and = , ; is the
correspnding regular factorization of , then the pure part of ; is the char-
acteristic function of the operator T; = TjL and the pure part of , is the
characteristic function of the operator T, = P_» TjL?.

Outline of the proof. Let bethe additional functional embedding corre-
sponding to the invariant subspacel (seeSection 6.4). Putting

1)

E

def
f
E

[0']

E (E\ F)
F

1
. ¢ ( E\ F);

we introduce two functional embeddings 1 %" jL2(E;) and 1 %" jL2(E ,).

It is not very dicult to verify that ; and ; form the pair of \canonical"
functional embeddingsrelated with the operator T, and, therefore, the charac-
teristic function 1, of T; isequalto ; 1, however the latter operator is the
pure part of ;.

In a similar way, for T, we put

d

llo

E

2 ( EN F)
E 2

"F
"E ( E\ F)

o
Il

def

and the corresponding embeddingsare , = def

jL%(E2) and = JL3(E »).

As an application of the above description of the invariant subspaceswe nd
the factorizations corresponding to the root subspaces,in particular, to the
eigenspacesgescribed in Theorem 5.10.



SPECTRAL THEORY IN TERMS OF THE FREE FUNCTION MODEL, | 283

6.17. Theorem. For every 2 D we have

K 1
Ker(T 1 )"= - Hker «0). (6.17.1)
‘ z
where 1 = # is the (locally) regular factorization correspnding to the
invariant subspiee Ker(T 1), 0 k n 1(fork=Owetake o= 7,
#O = |)
Outline of the proof. We work by induction on n. The casen = 1 is
contained in Theorem 5.10with o € and #, € 1. If H; € Ker(T 1)
def
and P1 = Pyer (), then
K
Hi G= % H2(E)= b HZPE) HZ(I PyE) :

Hence, operating as in steps2 and 3 of Section 6.2, we can take F = E and
= bPy+ (I P1). Inaccordancewith (6.5.1) the factor #; occurring in
the corresponding regular factorization = 1#; is asfollows:

#, = =b P+ (| Pl):

In order to descriceKer(T | )? we considerthe triangulation (that is, the block
matrix form) of T with respect to the orthogonal decomposition H = H;  Hj.
Puting T; € (I P)TjH?, wegetKer(T | )2=Ker(Ty |) Hy; now
we can apply the sameTheorem 5.10to the operator T;:
Ker
Ker(Ty 1)= ,Rer 20,
z
The next obsenation is that, up to passageto the pure parts, the characteristic
function of T, is the factor ;, and the role of the canonical embedding ; is

played by the embedding = #,. Therefore, we have

# Ker 1( ).

Ker(Ty |)= -

By induction, if the subspaceHy = Ker(T | )X and the corresponding

factorization = (#¢ hasbeendescribed, then we can write
#, Ker
Hier B Ker(T 1) = Hy kzik();

and compute the next regular factor #x = (b P + (I  Py)), where Py def
Pker « .()- This gives us a recursive procedure for computing the regular
factors#, for0 k n 1, and, nally, to prove formula (6.17.1).

We omit somedetails of the proof, becausethey require more information on
regular factorizations than we have preparedin this chapter.
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6.18. Example: Scalar characteristic function. We recall that this term
refersto the casewheredimE = rank(I T T) = 1anddimE = rank(l
TT ) = 1; thus, we can make the identi cations E = E = C and H! (C!
C)=H?!.

Let ;2H(C' F)and ,2H! (F! C!) becontractive functions. The
de nition of regular factorizations (Section 6.10) and Lemma 6.11imply that in
the nite-dimensional casea factorization = , 1 isregularif and only if

rank ( )=rank .()+rank () forae 2T: (6.18.1)

In this and only in this casethe nal spaceof the isometry Z( ) hasthe same
dimension as its initial space,sothat Z is unitary. Whence the condition O

dimF  2isnecessaryor the factorization = , ;to beregular. We consider
thesethree possibilities separately

dimF = 0.

This casecan occur for the function =0:C'1 C!only. Indeed, if
dimF = 0,then ;=0:C!'! fog, ,=0:fog! Ctand = , ;=0.

The factorization
01 1=01 00 1:

is clearly regular, becausehere we have
rank ( )=rank 1()=1; rank ()= 0:

The operator corresponding to this characteristic function is

©ZiH2 P zjH2:

M =S S
In this case,the underlying geometry is very transparert:
L2 H?2 0 0 1 H?2
H = K o= : =  G= : = G =
L2 H?2 1 H?2 0
SinceF = f0g, from (6.7.1) we have
L= L*> H?= H®= .
H

whencewe seethat L = fOg H? is the reducing subspacewhere the operator
S =P zjH? acts.

dmF = 1.
Now 1 and , are ordinary scalar functions belonging to the unit ball of
H?! . The factorization = 5 1 isregularif and only if

maxfi 1()j;j 2()jg=1 forae. 2T: (6.18.2)

Indeed, since rank () 1, (6.18.1) implies that minf 1( ); 2()g = O,
which is equivalent to (6.18.2). Conversely if, for example,j 1( )j = 1, then
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JC)i=1g 2005, C )= 20), 1() =0, and (6.18.1) follows. Similarly for
i 20)i=1.

Condition (6.18.2) meansthat the inner part of can be arbitrarily factored
in two inner factors, and the factorizations of the outer part are determined by
the Borel subsets T in such a way that

. o) if 2, : . jC ) i 2Tn
e S P e R
Particular case: = 0. If = 0, then the only possibilitesare 0 = 0 # or
0= # 0, with aninner #. The corresponding invariant subspacesare as follows
0=0 #() L= ; 0=# 0() L= #H®
- COHZ owHZ T ~ H?
We recall that in this case
H?2 z
K = , » M =8 S =
H P z
dimF = 2.
In this casethe factorizations under study are of the form
01

= 2 1= (f1; f2) = f100 + f20p:
(¢7)

Sudch a factorization is regular if andonly if j( )j< 1forae. 2T, ,isco-
inner, and 1 is inner, that is, jf1( )j?+ jfo( )j? = 1 andjgi( )j? + jo( )j? =
for a.e. 2 T. Indeed, sincerank () dimE = 1, we haverank ()
dmF rank () 1. Hence,(6.18.1) implies that the casedimF = 2 is
possible only if rank () 1, that is, we neccessarilyhave j( )j < 1 and
rank ( ) = 1 for a.e. . Whence (6.18.1) is equivalent to the conditions
rank ,( )= landrank ()= 0, which meansthat , isco-innerand ; is
inner, correspondingly.

It should be noted that eventhe existenceof factorizations of this sort are not
completely obvious. However, they do exist for any  satisfyingj( )j< 1a.e;
moreover, there exist in nitely many sud factorizations. To seethat, we take
any function ' on T whosevaluesare 1 (that is, this is a function satisfying
the condition ' 2( ) = 1 a.e.). Then, assumingthat 6 0, we take two outer
functions f 1, f» sud that

1 1+
f 52 — . f 2 —
jfajc = 5 ifa” = 5
This is indeed possible,because
1 1 1 2P
log 5 log 5 log R IogT 2L
Since 122 g .
i 1%t 217 = = Sg—=
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for the outer part of we have o = 2f;f,. Hence,taking g1 = f2 in,
o2 = f1 inn, We get a solution; here i, standsfor the inner part of .
The case = 0 is treated later on.

6.19. Problem. How canonedescribe all factorizations of the latter type, that
is,the (1 2){(2 1) factorizations of a scalarfunction satisfyingj j< 1a.e.?
We make somecommernts on this problem.

(@) Let a function  with j( )j < 1 a.e.be given. The problem consists
in describing all regular factorizations of  with dimF = 2 (that is, in com-
pleting the description of the invariant subspacesof a given operator with the
characteristic function 1 = ). In detail, the problem is as follows:

Find all pairs of H! -functions f, f, and g1, g, such that f,g; + fogo = and
if10)i%+ if20)i% = jo( )i+ jg( )j®=1 forae. 2T:

(b) Let a (2 1)-inner function ; be given. The problem consistsin the
descriptionofall suchthat ;= g; is aright regular factor of  (that is, in
obtaining a description of the operators having a scalar characteristic function
and an invariant subspacerestriction that is unitarily equivalent to the given
operator M ). In detail:

Find all H! -functions ,j( )j < 1 a.e.,for which there exists a pair of H* -
functions f1, f5 sudh that figr + foge = andjf1( )j? + jf2( )j?> = 1 a.e.

A particular case: = 0. Again, let = 0. Then it can be shawn that all
regular factorizations of dim F = 2 type admit the following parametrization: if
#= is an arbitrary (2 1)-function which is inner and co-outer (that is, the
inner parts of and are coprime), and #1, #, are two arbitrary scalar inner
functions, then the represenation

0= (#y ; # ) #1
- 2 2 #l
is a required factorization. All (1 2){(2 1) regular factorizations of = Oare
of this type.
Moreover, for = 0 we can answer question (b) aswell: every operator with

a (2 1)-inner characteristic function can be realized as the restriction of the
operator S S to an invariant subspace.

The latter statemert is not true for general functions . For example, an
operator with a nonzero scalar characteristic function possesse&n invariant
subspacewhereit acts asthe unilateral shift S if and only if log 2 L!. Indeed,
to get such an invariant subspacewe needa regular factorization of the form

1

= (fq; f2) 0
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that is, we needf; = andjf,j = (1 jf1j2)*¥™@ =, f, 2 H!, and this is
possibleif and only if log 2 L1

6.20. Example: Indenite integration operator. We now return to the
operator 7
Af 7 f)d (t);

[O:xg
the corresponding characteristic function S,, computed in Theorem 2.6 is a
scalar inner function. A description of the lattice of the invariant subspacesof
the operator A was given by Leggett [1973]. We derive a description of this
lattice as an immediate consequenceof the description of invariant subspaces
obtained in this chapter.

As is clear from Section 6.18, all regular factorizations of a scalarinner func-
tion are factorizations in two scalar inner factors. Assumethat the cortinuous
part .of isnonzero. Then there existsa cortin uousnestofinvariant subspaces
corresponding to the factors

S = exp L for O <([0; 1]):

They are the only invariant subspacesof A if and only if is a continuous
measure( = (). Clearly, in this casethe lattice Lat A is completely ordered
by inclusion, or, in other words, A is a unicellular operator.

If  has a nontrivial discrete part, then A has isolated eigervalues on the
imaginary axis: = '5 (ftg). For every such there exists a unique eigernvector,
and the corresponding Jordan block has dimensioncardft : 5 (ftg) = g.

If is a purely discrete measure( . = 0), then Sy is a Blaschke product,
and henceewery inner factorization of Sy, Sy = £S5, is a factorization in two
Blasdhke products. Therefore, the characteristic function of the restriction AjL
to an invariant subspacel is always a Blasdchke product. We recall that an
operator with a scalar characteristic function  has a complete family of eigen-
and root-vectors if and only if is a Blasdhke product (see [Nikolski 1986]).
Thus, for the operator A we have the following spectral synthesis theorem: if

is a discrete measure, then every invariant subsmce of A is geneated by the
eigen- and root-vectors it contains.

If the measure hasinnitely many point massestogether with a nonzero
continuouspart ¢, then the angle betweenany \continuous" invariant subspace
and any in nite dimensional\discrete" subspaceis equalto zero, because

inf (S )i+ B (=0

where _
(ftg)
(ftg)’

vy]
1
N=N]—
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Why this in m um determinesthe angle betweenthe invariant subspaceswill
be explained in Chapter 7, in Part Il of this article.

Afterw ord: Outline of Part |1

The secondpart of this paper, \The Function Model in Action”, will be
published elsewhere. For the reader who expected to nd applications of the
function model here, now we describe briey how the model works in spectral
theory.

A.l. Angles between invariant subspaces, and operator Bezout equa-
tions. As is well known, anglesbetween invariant subspacesare the key tool
for studying all kinds of spectral decompositions. Recall that the angle =

(K; K9 betweentwo subspacesk ;K® H of a Hilbert spaceH is, by de ni-
tion, the number 2 [0; =2] satisfying

cos = supfj (x;y)j:x2 K;y2K?® kxk = kyk = 1g:

For instance, eigervectors (x,)n 1, or any other vectors of a Hilb ert space,
form a basisif and only if the anglesbetweenthe subspace ,, = span(xk : 1
k n)andK? = spanxk : k > n) are uniformly boundedaway from zero. This
is equivalert to saying that the projections P, on K, parallel to K2, de ned by

Po(x+x%=x forx2Ku; x°2 K?;

are uniformly bounded: sup, kPrk < 1 . The sameequivalenceexists for un-
conditional bases,if we replace K, by K = spanxx : k 2 ) and K2 by
K0 = span(x : k 62 ), and nally P, by P ; the basiscondition is

supfk P k: Ng< 1:

The sameis valid for basesof subspacesstandard or unconditional. Taking
spectral subspacesof a given operator (see below), we obtain a kind of spec-
tral decomposition, and considering all families of spectral subspaceswe arrive
at Dunford spectral operators; see[Dunford and Schwartz 1971; Dowson 1978;
Nikolski 1986]for details. This scheme explains why anglesare important.

As wasmertioned above, invariant subspace®f a corntraction T correspond to
regular factorizations of its characteristic function 1, seeChapter 6 for detalils.
Hence,to work with spectral decompositions in terms of the function model, we
needto know which factorizations 1= , jand 1= 9 ? correspond to
invariant subspacesT K K and TK? K9 having a positive angle between
them. In somepartial cases|for inner factorizations, for instance|this problem
was solved by P. Fuhrmann [1981]and Teodorescu[1975]. A criterion that holds
in full generality was proved in [Vasyunin 1994],using the CLT: the projection
P is bounded if and only if two Bezout equations have bounded solutions: the
\standard" one

W 1+ W° 9=1;
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whereW; W%are H! operator-valued functions; and another \complementary"
Bezout equation to be solved in L' operator-valued functions. In Chapter 7
we will discussthis in detail; here we only mertion that the obvious necessary
condition, namely, the uniform local left invertibilit y condition

k 1(z)xk+ k 9(z)xk "kxk forall z2 D and all x;

is, in general,not su cien t [Treil 1989].

A.2. Spectral subspaces and generalized free interp olation. The free
interpolation problem of complex analysis, stated for a classX of functions holo-
morphic on a domain , consistsof a description of those subsets for
which the restriction spaceX|j is free of traces of holomorphy, that is, is an
ideal spaceof functions on , in the sensethat a2 Xj andjb(z)j ja(z)j, for
z2 , imply b2 Xj.

The interplay betweenthis problem and operator theory goesbad to the late
sixties, when it was understood that the freedom property of a restriction space
is adequatefor the unconditional corvergenceof a spectral decomposition, or to
the existenceof a spectral measure[Nikolski and Pavlov 1968; 1970]. In fact,
both of these properties are equivalert to the boundednessof the corresponding
L! -calculus; for instance, it is clear that the spaceX|j is an ideal if and only
if every *1 ()-function is a multiplier of Xj: a2 Xj andm 2 ! () imply
ma 2 Xj. The joint studiesin interpolation theory and the function model
have led to solutions of sewral concrete problems in both subjects, and to a
considerable ewlution of the very notion of interpolation, transforming it to
what we call now generalizedfree interpolation. We presen these results in
Chapter 8, and now, to summarize them briey, we start with the operator
theory part of the problem, namely spectral subspaces.

Originally, spectral subspacesvereintro ducedasa substitute for the spectral
measureof a normal operator to serve more generalclassef operators appearing
in perturbation theory. Given a closedset C and an operator T, the spectral
subsmee K () over canbede ned asthe setof x such that the local resolvent

7 (1 T) x admits an analytic extensionto C n

Another way to de ne such a subspaces to postulate its invariance and max-
imality properties: a subspacesatisfying TK( ) K ( ) and the corresponding
spectrum inclusion (TjK( )) , and such that TE E and (TjE)
imply E K{( ).

Obviously, for normal operators, the subspaceX ( ) coincidewith the ranges
of the spectral measure K ( ) = RangeE( ), and thereforethey exist for taken
from the whole Borel -algebraB . However, for generaloperators, it is not clear
how to de ne subspacesK ( ) for from somemore or lessrich -algebra of
subsetsof the complex plane C (any complete substitute of the spectral measure
would be de ned, of course,on the ertire algebraB). This obstruction limits
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the useand the signi cance of this notion to generaloperators, endoved with no
additional structure.

At this stage, the function model showvs some of its advantages: using the
multiplicativ e structure of H® - and H 2-functions, we can explicitly de ne an
analogue of spectral subspacedfor every Borel set and for every cortraction
whose characteristic function allows a \scalar multiple”. For example, for the
simplest caseof a scalar characteristic functon 1 6 0, whenl T T and
I  TT both have rank 1, one can shaw, rst, that the spectral subspaces
K ( ) over closal subsets coincide with invariant subspacescorresponding to
factorizations

= 0 ’

where  and o stand for the parts of 1 over and 0%l oy , respectively.

Todene , weusethe canonical Nevanlinna{Riesz{Smirnov representation,
Y +
r@= 8@ ex 24 ()
2D
putting
Y k() + 2z . ..
(2) = b '(z) exp —zd () ;with jzj< 1
2 \T

And then, we can de ne an analogueof spectral subspacesg¢alled prespectral,
as invariant subspacescorresponding to factorizations = o with an ar-
bitrary Borel set . This is a simple but principal step, becauseit suppliesus
with a \space-valued analogue" of spectral measure. Now, to dewelop a kind of
spectral decomposition, nothing remains but to ched the anglesbetweenK ( )
and K ( 9 for from a given -algebra.

One can join spectral decompositions and complex interpolation in at least
two ways. The rst way usesthe commutant lifting theorem and H?' -calculus
mentioned above. The key obsenation is the following: if an operator A, in-
duced on an algebraicsum K ( ) + K ( 9 by two restrictions f (T)jK ( ) and
f o(T)K( 9, wheref ; f o 2 H! | is well-de ned and bounded, then, due to
the CLT, there exists a function f 2 H® \in terpolating” the operator A in the
senseA = f (T). This equality is equivalert to saying that

f f 2 oH! and f f o2 H!:

For the casewhen < is a Blasdhke product with simple zeros, these in-
clusions can be interpreted in terms of classicalinterpolation theory. In more
general situations they lead to what we call generlized interpolation, namely,
to interpolation by germsof H! - and H 2-functions, for an arbitrary Blasdke
product 1; to a kind of asymptotic interpolation, for a point mass singular
inner function ; and to tangertial interpolation on the boundary of the unit
disc, for outer
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Continuing in this way and using the Carlesoncoronatheorem[Garnett 1981,
Nikolski 1986], we prove in Chapter 8 the following genealized free interpola-
tion theorem, which is essetially contained in [Vasyunin 1978; Nikolski 1978b].
Given a bounded sequence( )k 1 of H! -functions, the following conditions
are equivalent:

(1) For every 0 1 sequence("y)x 1 there exists an H! -function f sud that
f "« 2 kH 1 fork 1.
(2) For every sequenceof functions fx 2 HY , wherek 1, satisfying

supdist_: (fi «;HY )< 1;
K
there existsan H! -function f such that f f, 2 (H?! fork 1and

<1:

i
sup
K K1

(3) There exists a uniformly equivalent sequencd )k 1 (that is, one satisfying

- k(2). 1
O< n < k < n
@’ o
forallk 1,z2 D, anda xed " > 0), making the product = ", ; &
convergert and satisfying the genealized Carleson condition
i@ " ir;fj k(z)j forz2 D:

As an operator-theoretic consequenceof this theory we can merntion a crite-
rion for the Dunford spectrality (see[Dunford and Schwartz 1971] for de ni-
tions) of a contraction with defect numbers (1;1): it is necessaryand su cien t
that ir}_ﬁj 1) be positive, that the singular measure ¢ be purely atomic, that

s= 5 180 , for 4, 2 T, and that the sequence( )k 1 consisting of the
corresponding point masssingular inner functionsexp an,(n+2z)(n 2z) and
all Blaschke factors b*( ) satisfy the generalizedCarleson condition.

Another way to join spectral decompositions and interpolation is to go down
from the calculuslevel to the individual vector level and to useN. Bari's charac-
terization of unconditional basesof Hilb ert space. Namely, a sum of subspaces
K()+K(2)+ is an unconditionally corvergent decomposition of the sub-
spacespanK ( i) :i 1) if and only if an approximate Parse\al identity holds:
there exists a constart ¢ > 0 suc that

X X X
c  kxik? X; c ! kxk?
i i i

for all sequences; 2 K( i), i 1. Now, at least for the caseof inner char-
acteristic functions 1, Ope can use the interpolation meaning of the spectral
projections f;, wheref = f;, corresponding to the dual biorthogonal decom-
position K ( 1)°+ K ( )%+ :::, and add the following assertion, equivalernt to

(D{(3) listed above:
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P
(4) Thefunctionsf; 2 H? satisfy ; kfikj,. . <1 if andonly if there exists
a function f 2 H? interpolating the f;, in the sensethat f f; 2 ;H? for
i1
In particular, we get a genealized embedding theorem: the generalizedCarleson
condition implies the corvergence

KfKZ oo 42 < 1

for every f 2 H2.

These results, in which we follow [Nikolski 1978a;1987; Nikolski and Khru-
shdev 1987], were generalizedin [Hartmann 1996]for all HP with 1< p< 1.

The last subject of interpolation theory that we will treat in Chapter 8 is a
local estimate of interpolation data and locally de ned data. Generally speaking,
the ideais that the distancesdist,: (f; i;H?! ) from the theorem above, in fact,
coincidewith operator norms of the restrictions kf ; (T)jK ( i)k and henceshould
be expressedin local terms related to the behavior of f; near the spectrum of
TiK (i) (that is, clos( (T)\ )). For the inner function case,an appropriate
technical tool is a local function calculus developed in Chapter 4 and especially
an estimate of the mertioned operator norm by the local norm supfjf(z)j:z 2
( i;"g, where ( ;") =fz2D:j i(2)j < "g stands for a level set of the
function ;; the latter essetially coincideswith the characteristic function of
the restriction TjK ( j). This leadsdirectly to the following local interpolation
assertionwhich is stated to be equivalent to assertions(1){(4) above:

(5) For all sequencesf functions f; 2 H (( ;")), wherei 1, such that
sup kfiky: (( ,»y < 1, there exists an H! (D)-function f interpolating
the f; in the sensethat

fofi2 HY(( ") fori 1

and

It is curious that, for the Blaschke product case, where 1 = Q () and

i = f( ), = i, the corresponding level sets ( ;") are noneuclideandiscs
fz :jb (2)j < "¥k()g, and that for this caseit is well known [Vinogradov and
Rukshin 1982]that the consideredsets ( ;") cannot be replaced by smaller
ones. Namely, for discsfz : jb,(2)j < rig with r; = o("**( J) fori! 1, the
generalizedCarleson condition doesnot imply the conclusionof assertion5).

A.3. Similarit y to a normal operator. It is clear from the previous discus-
sion that we believe that spectral decompositions are one of the most powerful
tools of spectral theory. Therefore, we rank operators admitting the samequal-
ity spectral decompositions as normal ones, as the best possible operators on



SPECTRAL THEORY IN TERMS OF THE FREE FUNCTION MODEL, | 293

Hilb ert space.As to normals, they can be characterized by any of the following
properties, referring not only to decompositions but alsoto the calculus.

(1) An operator N on a Hilbert spaceH is normal if and only if ggere exists
a projection-valued contractive measureE( ) such that Nx = zdE(z)x
(Riemann cornvergert integral for every x 2 H).

(2) An operator N on a Hilbert spaceH is normal if and only if there exists
an isometric functional calculusf 7! f(N) de ned on the algebra C( ) of
all cortinuous complex functions on a suitable compact set C, that is
Kf (T)k = kfke( ) = sup jfjforall f 2 C().

John Wermer [1954] has discovered the remarkable fact that the passageto
operators similar to a normal one, N 7! T = V INV, transforms the picture in
such a way that, to keepthe criteria, we needsimply to replaceall equalities by
norm inequalities. Precisely the following theoremshold true.

(19 An operator T on a Hilbert spaceH is similar to a normal oneif and only
HQ there exists a bounded projection-valued measure E( ) suc that Tx =
zdE(z)x (the Riemann corvergert integral for every x 2 H).
(29 An operator T on a Hilb ert spaceH is similar to a normal oneif and only
if there exists a boundeal functional calculusf 7! f (T) de ned on the algebra
C( ) of a suitable compact set C, that is

kf(T)k Ckfke(, forf 2 C(): (A.3.1)

Nevertheless,an inconvenienceof (A.3.1) asa su cien t condition for similarity
to a normal operator is obvious. Indeed, what we have at hand when dealing
with an operator T, are rational expressionsin T, that is the resohert

R(;: T)=(1 T)?! for 2Cn (T);

and hencef (T) for f in the setRat(C n (T)) of rational functions having poles
onCn (T). The knowledgeof other cortinous functions of T, required by(A.3.1),

is still mostly implicit and the very de nition of them is hiding in the existence
of the functional calculus. For all that, for operators with a \thin" spectrum,

rational functions are su cien t. For instance,if the setRat(Cn ) is norm dense
in the spaceC( ), then it su ces to require (A.3.1) forf 2 Rat(Cn ) in orderto

guarantee similarity to a normal operator and the inclusion (T) . However,
for most concretesituations, for examplethose coming from perturbation theory,

there aretoo many rational functions in Rat(Cn ) to considereventhis restricted

version of (A.3.1) asa practical test for similarity.

The idea of rational tests for similarity, preseried in Chapter 9 following [Be-
namara and Nikolski 1997],is to reducethe number of test functions Rat(Cn )
to a reasonablepart of it. A natural choice for such a reduction is to consider
estimates(A.3.1) for f 2 Rat,(C n ), the set of all rational functions of degree
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at mostn = 1;2;::: and with polesin Cn . The casen = 1, alsocalled the re-
solvent criterion , is the most popular and consistsof testing for (A.3.1) rational
functions f of degreel only: thusf = 1=( Z), with

1 -1
z c()_ dist(; )’

In this case,the problem can be stated as follows: for which classesof op-
erators is the linear growth of the resolvent (LGR), when approading to the
spectrum,

const

kR(; T)k @St () for 2Cn (T); (A.3.2)
sucien t for T to be similar to a normal operator? It is well known (A. Markus)
that in generalthis is not the caseewen for operators with the real spectrum,
(T) R;in [Benamaraand Nikolski 1997]it is shown that no spectral restric-
tions, excepting only a nite spectrum (T), together with the LGR, implies
similarity to a normal operator. On the other hand, B. Sz.-Nagyand C. Foias
[1967] proved that for contractions T with a unitary spectrum, (T) T, the

LGR implies similarity to a normal, and henceto a unitary operator.

In Chapter 9, following [Benamara and Nikolski 1997], we explain why the
resohert criterion is still true for contractions T with (T) 6 D and rank(l
:F T)< 1, rank(l T.fl' )< 1,andfailsfor T with (T)6 Dand(l T T)2

p>1Sp (1 TT)2 p>1Sp where S, standsfor the Schatten{v on Neumann
ideals of compact operators. The caseof p = 1, trace classperturbations of uni-
tary operators, is still open. Our technique is basedon free interpolation results
(Chapter 8) and on estimatesof anglesbetweeninvariant subspacegChapter 7).

Some higher rational tests, that is, estimates (A.3.1) for f 2 Rat,(C n ),
n > 1, are also considered (and also following [Nikolski 1998]). For this
case,a kind of Bernstein inequality is proved for operators with unitary or real
spectra: it turns out that (A.3.2) implies inequality (A.3.1) for all n = 2;3;:::
with constarts const= ¢, dependingon n. So,onecan sg that the Rat,(CnT)
and Rat,(C nR) tests provide us with no new casesof similarity to a normal
operator with respect to the simplest resolert test. Of course,if the constarts
are uniformly bounded, sup, ¢, < 1, the operator is similar to a unitary (for

(T) T) or aselfadjoint operator (for (T) R) by Wermer's theorem.

A.4. Stabilit y of the contin uous spectrum. The problem of stability of
the corntinuous spectrum goes badk to H. Weyl (1909) and J. von Neumann
(1935) for the selfadjoint case,and to A. Weinstein (1937), N. Aronszajn and A.
Weinstein (the forties) and S. Kuroda (the fties and sixties) for more general
settings; see[Akhiezer and Glazman 1966; Kato 1967]for referencesand initial

results. The continuous spectrum  ¢(T) of an operator T is the spectrum with

isolated eigervaluesof nite algebraic multiplicit y removed, that is, eigervalues
whoseRieszprojection is of nite rank. It is well known that if the resohert set
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Cn (T) is connected,the continuousspectrum is stablewith respectto compact
perturbations:

o(T+K)= ¢(T)

forall K 2 S;. If Cn (T) contains nontrivial bounded componerts, it may
happenthat (T+K) 6 (T) evenfor nite rank operatorsK . In this case,at
least one bounded componert of Cn (T) is lled in by a layer of eigervalues of
perturb ed operator T + K (the so-calledsingular case of Fredholm perturbation
theory, see[Kato 1967]). The problem is to distinguish operators T allowing the
singular casefrom those whose cortin uous spectrum is stable with respect to
perturbations from a given classof operators.

One of the classicexamplesof instabilit y [Kato 1967]is a rank-one perturba-
tion of the standard shift operator S: L2(T) ! L2(T):

«(S+ K) = D;

whereKf = (f;z)1for f 2 L?(T) (this cortrasts with (S) = T). Clearly, the
sameconstruction works for any unitary operator U (instead of S) whosespectral
measureEy dominatesLebesguemeasurem of the unit circle T (Ey  m). The
inverseis alsotrue, but is not soobvious. More precisely it is provedin [Nikolski
1969]that thesestatemerts are equivalent for a given unitary operator U:

1) U+ K)= ((U) for all rank-one operatorsK ;

2) (U+K)= ((U)forall K2 Sy;

(3) Ey doesnot dominate m, that is there exists a spectral gap T, 2B,
of positive Lebesguemeasure(Ey( ) = Obut m > 0);

(4) U belongsto the weak closedoperator algebra generatedby U *;

(5) LatU ' Lat U, whereLat U stands for the lattice of invariant subspaces
of U.

The stability problem for bigger perturbations leadsto a rougher picture:
U+ K)= (U) forall K 2S,with p>1

if andonly if (U)6 T.

In the framework of perturbation theory, a natural problem wasto nd a
stability criterion for trace classperturbations T of unitary operators, T = U+ C,
C 2 S;. The solution was found in [Makarov and Vasyunin 1981]by using the
function model. The rst problem herewasto insert a noncortraction T = U+ C
into model theory. This is doneby consideringthe function model for an auxiliary
\nearest to T" contraction Ty and realizing T on this model. Another problem
wasto nd a proper analogueof condition (3) above to expressa spectral gap
of the operator under question. The languageof the function model helps once
more, and the true expressionfor a completely nonunitary operator turns out to
be the following:
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(39 the characteristic function 1 is Jy-unitary on a set T of positive
Lebesguemeasure,where

1(2) % ( TIr+2zDr (I 2T ) 'Dr)jRangeDr;

andDa €' jI A Aj2, 3 € sign(l A A) (the squareroot j j =2 and the

sign function sign(t) = t=jtj applied to the selfadjoint operator| A A).

With thesere nements, it will be proved in Chapter 10 that assertions(1){(5)

are still equivalent for an invertible operator T = U+ C, C 2 S instead of U, if
we add to condition 3) for the unitary part of T condition (39 for its completely
nonunitaty part.

A.5. Scattering and other subjects. The quick dewelopmert and the very
rise of mathematical scattering theory in the late fties was motivated by in-

uences of both physical scattering theory and seeral mathematical theories.
Among the latter, a leading role is playing by both of the subjects considered
above, namely, by stability problems of the cortin uous spectrum and similarity
problems. Of course, as we are speaking here about predecessor®of scattering
theory, we have in mind the classicalframework of selfadjoint and unitary opera-
tors, in which domain the foundation of both theorieswaslaid by H. Weyl (1909),
J. von Neumann and K. Friedrichs (in the thirties through the fties). Without

entering into technical details, we trace here an approach to scattering problems
that is adjustable to the use of the function model.

The main goal of scattering theory is to comparethe asymptotic behavior for
t! 1 of two continuous groups on a Hilb ert space: the \p erturbed" group
S(t) and the \nonp erturbed" group Sp(t) (\free ewolution™). Both cortinuous,
t 2 R, and discrete,t 2 Z, times are considered. Being motivated by quantum
physics scattering phenomena,mathematical scattering theory was started with
the so-callednonstationary approach which consistsof the following. Let S, Sp
be unitary groups on a Hilbert spaceH whose selfadjoint generators, A and
Ao respectively, dier by a\small', say of nite rank, operator, A = Ag +
where the spectral measuresof A, Ay are absolutely cortin uous with respect to
Lebesguemeasure(Ea; Ean, m). It turns out that under these hypotheses
the asymptotic behavior of the groups are the same: for every x 2 H there exist
unique vectorsx, 2 H sudthat limy, kS(t)x  Sp(t)xy k = 0. The operators

x=_lim S(t) *So(t)x LW (A Ag)x,
are called the wave operators of the pair A, Ag and S = W, W is called the
sattering operator. Under the above hypotheses,all three are unitary operators.
The operator S links the \free asymptotics” fort! 1 andt! 1, that is,
SX, = Xp, and it commutes with Ao, whereasW establish the similarity|in
fact, the unitary equivalence|of A and Ao,

AW =W Ag;



SPECTRAL THEORY IN TERMS OF THE FREE FUNCTION MODEL, | 297

and the semigroupsthemseles (the so-calledintertwining properties).

In general, for instance for trace classselfadjoirt perturbations , the wave
limits W exist only on the absolutely continuous subspaceof Ag, HE® =
EA°(H), and map it onto H® = E°(H), establishing a unitary equivalence
between the absolutely continuous parts AjH 2¢, AgjH§® and, a fortiori , the
stability of the absolutely corntin uous spectrum with respect to nuclear pertur-
bations. For the caseof discretetime, all is similar, exceptwe have no generators
and deal directly with the unitary operators U" = S(1)" and UJ = Sp(1)", for
n 2 Z, and their absolutely cortinuous parts.

There exist seweral realizations of the second,stationary approach to scatter-
ing theory, that is, to nd the wave operators W avoiding the wave limits of
the initial de nition. The idea, coming bac to K. Friedrichs, is to de ne these
operators as solutions of someoperator equations and then prove the above in-
tertwining properties and the existenceof the wave limits. The initial Friedrichs
obsenation is that, for operators with absolutely contin uous spectra,

W =1+ (W)

R
where (X) = 01 So( t)X Sp(t) dt. For methods of solving these Friedrichs

()-equations we refer to [Kato 1967; Dunford and Scwartz 1971]. For other
stationary approadces, making use of someresolert equations (in a sense,the
Fourier{Laplace transform of the Friedrichs ones)instead of the ()-equations,
see[Reedand Simon 1979; Yafaev 1992].

Function models are ideally adapted to stationary methods of scattering the-
ory, because as before, using the local function structure, one can guessexplicit
formulas conjecturally solving the neededoperator equations, and then prove
that they really provide the solutions. Another advantage is that the model ap-
proach is alsowell-adapted for an important passagerom scattering for unitary
(semi)groups to scattering for contractive semigroups. The pioneering role in
applying function models to scattering problems was played by L. de Branges
[de Branges1962;de Brangesand Rovnyak 1966;de Brangesand Shulman 1968].
In Part Il of this paper, we analize the de Brangesand other model approaces
to scattering theory, deriving from them the main facts of the theory. Here we
simply mention someother sources:[Lax and Phillips 1967; Adamyan and Arov
1966; Naboko 1980;1987].

Among other subjects that we plan to include in Part 11 of the paper, we can
mention someproperties of the weak star closedalgebraalgM generatedby the
model operator M . For instance, we considerthe problem of weak generators
of this algebra, closely related to properties of the lattice Lat M  of invariant
subspacesof M ; the problem, solved in [Kapustin 1992], of the re exivit y of
M ; and the problem of the \in visible spectrum" for algM
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