Holomorphic Spaces
MSRI Publications
Volume 33, 1998

A Basic Interpolation Problem

HARRY DYM

ABSTRACT. A basic interpolation problem, which includes bitangential ma-
trix versions of a number of classical interpolation problems, is formulated
and solved. Particular attention is placed on the development of the prob-
lem in a natural way and upon the fundamental role played by a special
class of reproducing kernel Hilbert spaces of vector-valued meromorphic
functions that originate in the work of L. de Branges. Necessary and suf-
ficient conditions for the existence of a solution to this problem, and a
parametrization of the set of all solutions to this problem when these con-
ditions are met, are presented. Some comparisons with the methods of
Katsnelson, Kheifets, and Yuditskii are made. The presentation is largely
self-contained and expository.

1. Introduction

This paper presents a largely self-contained expository introduction to a num-
ber of problems in interpolation theory for matrix-valued functions, including
the classical problems of Schur, Nevanlinna—Pick (NP), and Carathéodory—Fejér
(CF) as special cases. The development will use little more than the elementary
properties of vector-valued Hardy spaces of exponent 2.

To illustrate the scope of the paper we shall begin with sample problems, all
of which are formulated in the class 8P*9(21) of p X ¢ matrix-valued functions
(mvf) S(A) that are analytic and contractive in a given region Q4 in the complex
plane C.

EXAMPLE 1.1 (THE LEFT TANGENTIAL NP PROBLEM). The data for this prob-
lem is a set of points wi,...,w, in , and two sets of vectors: &i,...&, in CP
and 71,...7, in C% An mvf S(\) € 8P*9(£2;) is said to be a solution of this
problem if

§S(wj)=n; forj=1,...,n. (1.1)
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EXAMPLE 1.2 (THE RIGHT TANGENTIAL NP PROBLEM). The data for this
problem is exactly the same as for the preceding example, but now the interpo-
lation conditions are imposed on the right: An mvf S(X) € 8P*9(€1,) is said to
be a solution of this problem if

S(wjm; =& forj=1,...,n. (1.2)

EXAMPLE 1.3 (THE BITANGENTIAL NP PROBLEM). The data for this problem
is exactly the same as for the preceding two examples, but now the first p inter-
polation constraints are imposed on the left and the last ¥ = n — u constraints
are imposed on the right. An mvf S(X) € §P*9(€Q,) is said to be a solution of
this problem if

§S(wj)=n; forj=1,...,p4, (1.3)
and

S(wj)n; =& for j=p+1,...,n. (1.4)
EXAMPLE 1.4 (THE LEFT TANGENTIAL CF PROBLEM). The data for this prob-
lem is a point w € 4, a vector £ € CP and a set of vectors ny,...,n, in C?. An
mvf S(A) € 8P*4(Q) is said to be a solution of this problem if

S ) -

EXAMPLE 1.5 (A MIXED PROBLEM). The data for this problem is a pair of
points w1, ws in 4, a set of vectors &1 and a1, ..., &2, in CP and a set of vectors

Mi,..., My and 72 in C? An mvf S(X\) € 8P*9(€1,) is said to be a solution of

this problem if
§187 7 wr)

G=1) =y forj=1,...,p4, (1.6)
and -
ST (wo)me _
G=1) =¢&; forj=1,...,v (1.7)

The basic objective for all these problems is twofold:

(1) To formulate necessary and sufficient conditions in terms of the given data for
the existence of at least one mvf S(\) € §P*9(€) that meets the interpolation
constraints.

(2) To describe the set of all mvf S(A) € 87*9(Q) that meet the interpolation
constraints when the conditions for existence are met.

It turns out that when the region 2 is chosen to be either the open unit disc
D={NeC: |\ <1},
or the open upper half-plane
Ci={AeC:ImX >0},
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Q. D Cy I,
a(\) 1 V(1 —i)) V(1 +A)
b(\) A V(L +iX) V(1 =)
Puw(N) 1—dw* —2mi( A — w*) 21(A + w™)
Qo T R iR
(f.) | & [T g(e®) £(e9)do | [% g(a) fla)da | [ gliy)* fiy)dy
A° 1/A*if A#£0 A* —\*
FEO) £ FOxe)* £
Su(N) A—w 2mi(\ — w) —21(\ — w)
ab’ — ba’ 1 2mi —27
0wV | ML= dtV | —1/2mi(A - w) | (~1)7/2m(A + w*)it!
(Rap YN | w0/ pol@)pu(N) 2mi/pu(@)pu(X) | =27/ pula)pu(A)

Table 1. Bringing the classical regions into a unified framework.

or the open right half-plane
I, ={A e C:ReX >0},

all these problems (as well as more complicated problems in more complicated
regions) can be incorporated into a more general problem, which we call the
Basic Interpolation Problem (BIP). Moreover, by exercising a little care in the
choice of notation, most of the analysis for all three of the classical choices of 24
mentioned above can be carried out in one stroke. Table 1 serves as a dictionary
for the meaning of the symbol that is appropriate for the region €2 in use.

In order to describe the BIP we need to introduce some notation.

Let HY(2,) denote the set of (k x 1)-vector-valued functions with entries in
the Hardy space H2(€24). This space is identified as a closed subspace of the
Hilbert space L5(€p) of (k x 1)-vector-valued functions that are measurable and
square integrable (that is, (f, f), as defined in Table 1, is finite) on the boundary
Qo of 4 in the usual way. The symbol H5(Q,)! designates the orthogonal
complement of H5 () in L5(Qy) with respect to the inner product indicated
in Table 1,

p denotes the orthogonal projection of L5 (o) onto H5(Q.),
and
/

¢’ =1 —p denotes the orthogonal projection of L§(€g) onto H5(Q,)*.

The dependence of the projections on the height k of the column vectors is
suppressed in order to keep the notation simple.
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For each of the three listed choices of the kernel function p,,(A), we have
Qp ={weC:p,(w)>0}

and

Qp ={weC:p,(w) =0}
We shall take

O ={weC:p,(w) <0}

The use of such a flexible notation to cover problems in both D and C_ more or
less simultaneously was promoted in [Alpay and Dym 1984] and [Dym 1989a].
The observation that the kernels p,,(A) that intervene in these problems can be
expressed in terms of a pair of polynomials a(A) and b(\) as

pu(X) = a(Naw)” — b(A)b(w)" (L8)

was first made by Lev-Ari and Kailath [1986]. They noticed that certain fast
algorithms in which the term p,, () intervenes will work if and only if p,,(A) can
be expressed in the form (1.8). A general theory of reproducing kernels with
denominators of this form and their applications was developed in [Alpay and
Dym 1992; 1993a; 1993b; 1996]; for related developments see [Nudelman 1993].

The rest of the notation is fairly standard: The symbol A* denotes the adjoint
of an operator A on a Hilbert space, with respect to the inner product of the
space. If A is a finite matrix, the adjoint will always be computed with respect
to the standard inner product, so that in this case A* will be the Hermitian
transpose, or just the complex conjugate if A is a number. The symbol o(A)
denotes the spectrum of a matrix A and J stands for the m x m signature matrix

1 0
=lo )
0 -1
withp>1,¢>1and p+q=m.

The following evaluations, which depend basically on Cauchy’s formula for
Hy(Q4), will prove useful. For details, see [Dym 1994b, Section 2.2].

LEMMA 1.6. Ifw € Qy, u € C" and S(\) € 8P%9(2,), then:

1) L e HE QL) and & € HE QL)

Pw 0w
(2) QS*‘O& :S(w)*pi (when k = p).
(3) ¢S5 = Sw)5— (uhen k = q).

4) (pS"pjwu)(N) = Z;o SU(w)*piw(Nu (when k = p).

) G- OIS
(5) (¢S —w)Tu)() = 37—y 2o

o q U (when k = q).
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2. The Basic Interpolation Problem

First formulation. The data for the Basic Interpolation Problem consists of a
set of 2n vector-valued functions g1, ..., gn, h1,..., h,, where

gl?"'7gu€Hg(Q+)) gﬂ+17"'7g’n€H§(Q+)l7
hi,...,h, € H(Q4), Rpsty ooy hn € HI Q)T

An mvf S(\) € 8P79(Q1) is said to be a solution of this problem if

pS*gi=h; forj=1,...,pu

and
q¢'Shj=g; forj=p+l,... ,n
EXAMPLE 2.1. Let there be given points wq, ...,w, in 4, vectors &1,...,&, in
CP and a second set of vectors 71, ...,n, in C%, just as in Examples 1.1-1.3. Let
& ‘
—=— forj=1,...,pu,
Puw; ()‘)
9;(A) = ‘.
—2 for j=p+l,...,n,
0w, (N)
and
1y fory=1,...,pu,
Puw; ()‘)
hid ) =9,
—— for j=p+l,...,n.
5wj ) orj=p+l, )T
Then
g; € HY(Q4) and hj € HI(Q4) forj=1,...,u,
whereas

g; € HY(Q)F and hj € HI(Qy)*: forj=p+l,... 0.

Therefore, by evaluations (2) and (3) in Lemma 1.6, it is readily seen that S(}\) is
a solution of the BIP based on this choice of g1, ..., g, and hq, ..., h, if and only
if S(A) is a solution of the bitangential NP set forth in Example 1.3. Examples
1.1 and 1.2 correspond to choosing u = n and v = n, respectively.

More elaborate examples involving derivatives can be constructed in much the
same way by taking advantage of the evaluations (4) and (5) in Lemma 1.6.
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A reformulation of the Basic Interpolation Problem. It is readily checked
that the mvf S(A) € 8P*9(€), ) is a solution of the BIP if and only if

]:)(S*gj—hj)zo forj=1,...,pu

and

q'(Shj —g;) =0 forj=p+l,... ,n
In fact, since the first condition is automatically satisfied for j = p+1,....,n
and the second condition is automatically satisfied for j = 1,..., u, the indices

may be allowed to run from 1 to n in both cases. In other words, an mvf
S(A\) € 8P*4(Q,) is a solution of the BIP if and only if

gj —Shj € HY(Q1y) forj=1,....n
and
—S%g; + hj € Hg(QJr)J‘ forj=1,...,n.

This last pair of constraints can be stacked, yielding our final formulation:
Final formulation of the BIP. As before, the data for this problem is two
sets of vector-valued functions g¢1,...,g, and hq,..., h,, where

gla'”vg,ueHg(QJr)a g#+1a"'7gn€H§(Q+)J—7
hi,...,h, € H (), Ruits-- - hn € HI(Q4)E

Then S(A) € 8P79(€)y) is said to be a solution of the BIP based on this given
set of data if . g

{SZ’)‘ IJ {Zﬂ € H5(Qy) @ Hy(Qy)*
forj=1,...,n.

This formulation is meaningful even if the g; and h; are not themselves in
L) and L(Qp), because it is the difference that comes into play. This is sig-
nificant in the study of interpolation problems with constraints on the boundary
Q. Thus for example, if @ =D and wy € T, then

& &
- pwl(/\) B 1- )\(.UT

91(A)
does not belong to HY(D) and

m m
hi()\) = =
=T T T e

does not belong to Hi (D). Nevertheless it is meaningful to investigate the set
of mvfs S(X\) € 8#*¢(D) for which

g1 — Shy € HS(D)

We shall not pursue this question here.
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3. Necessary Conditions for the Existence of a Solution to the
Basic Interpolation Problem

THEOREM 3.1. If S(\) € 82*9(Q) is a solution of the BIP based on the given

data g1,...,9n and hy, ..., hy, then the n x n Hermitian matriz QQ with entries
<gj»gi>_<hj7hi> fO?" ivjzlv"wua
gi; = —(Shj, 9:) fori=1,...,p and j=p+1,...,n, (3.1)

_<gjagZ>+<hj1hl> fO’I" ivj:;u—'_]-a"‘vna

is positive semidefinite.

4| A

fori,j=1,...,n. Then

PROOF. Define

Q = [qi;] >0,
since |: Ip _S()\):| . 0
=S\ I 1T

for a.e. point A € Q. The rest of the proof amounts to evaluating (3.2). This is
where the assumption that S()) is a solution of the BIP comes into play. There
are three basic cases, but it is convenient to begin the analysis of the first two
together.

Suppose first that 1 <14 < u. Then

qij = (95 — Shy, gi) +(=S"g; + hy, hi)
= (g5 — Shy, 9i) = (95, 9i) — (Shj, ).
Now, if also 1 < j < u, then
(Shj,gi) = <hj7£5*gi> = (hj, hs),

whereas, if p+1 < j < n, then (Shj,g;) cannot be reduced but (g;,¢;) = 0.
These evaluations lead easily to the first two sets of formulas for ¢;;. To verify
the last set, assume p+1 < 4,5 < n. Then

Gij = (95 — Shj, gi) + (=5"g; + hj, hi) = (=57g; + hy, hi)
as claimed. The proof is complete. O

If g1,...,9n and hq,..., h, are chosen as in Example 2.1, it is readily checked
(with the aid of Cauchy’s formula) that

%:<ﬁ7£>_<E, ”>:M fori,j=1,...,p (3.3)
Pwj  Pw; Pw;  Puw; P, (Wi)
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whereas

& & nj M —&i& i ;s
o= =L S - RN = i L for i,j = 1,...,n.
@ <5Wj (Swi * 5Wj 5‘%’ pwi(wj) o e T(L )
3.4

These formulas are expressed totally in terms of the data of the problem. Thus
a necessary condition for the existence of a solution to the bitangential NP
problem of Example 1.3 is that the matrices exhibited in formulas (3.3) and
(3.4) are positive semidefinite.

Theorem 3.1 gives a necessary condition for the existence of a solution to the
BIP. In general this condition will not be sufficient unless additional structure is
imposed on the data ¢1,...,9, and hq,...,h, of the problem. In particular we
shall assume that the space

(3] 11

is a p-dimensional R,-invariant subspace of H3"(£24) for some point « € Q4 and

that
HE )
span rj=pu+l,...,n
h;

is a v-dimensional R,-invariant subspace of H*(Q )" for some point o € Q_,
where R, denotes the operator defined by the rule

(Ro)(n) = LV =S (@)

A—a
wherever it is meaningful.

(3.5)

4. R, Invariance

In this section we study finite-dimensional spaces of vector-valued functions
that are invariant under the action of R, for at least one appropriately chosen
point a € C. The contents are taken largely from [Dym 1994b, Section 3].

THEOREM 4.1. Let M be an n-dimensional vector space of (m x 1)-vector-
valued functions that are meromorphic in some open nonempty set A C C and
suppose further that M is Rg-invariant for some point a € A in the domain
of analyticity of M. Then M is spanned by the columns of a rational m X n
matriz-valued function of the form

F(\) = V{M —AN)"", (4.1)
where V. € C"™*", M,N € C"*",
MN=NM and M —aN = I,. (4.2)

Moreover, A € A is a point of analyticity of F' if and only if the n X n matriz
M — AN is invertible.
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PrOOF. Let f1,..., fn be a basis for M and let

F) =[AO) - faV)]

be the m x n matrix-valued function with columns fi(\),..., fn(A). Then, be-
cause of the presumed R,-invariance of the columns of F,

FO\) — F(a)

RoF(\) = == —

=F(\)E,
for some n x n matrix E, independent of X\. Thus
FO)(In — (A— ) Ea) = Fla),
and hence, since det (In - (A= a)Ea) Z0,
F(\) = F(a) (I + aEo — AE,) ',

which is of the form (4.1) with V = F(a), M = I, + aFE, and N = E,.
Suppose next that F' is analytic at a point w € A and that u € ker(M —wN).
Then

FA\)(M — AN)u=Vu=0,

first for A = w, and then for every A € A in the domain of analyticity of F.
Thus, for all such A,

(w—=A)FA)Nu = FA) (M = AN — (M —wN))u = 0.

Since the columns of F'(\) are linearly independent functions of A, we get Nu = 0.
But this in conjunction with the prevailing assumption (M — wN)u = 0 implies
that

uckerMNker N — u=0 — M — wN is invertible.

Thus we have shown that if F' is analytic at w, then M —wN is invertible. Since
the opposite implication is easy, this serves to complete the proof. O

COROLLARY 4.2. Ifdet(M — AN) #£ 0 and F(\) = V(M — AN)~! is a rational
m X n matriz-valued function with n linearly independent columns, then

(1) M is invertible if and only if F is analytic at zero, and
(2) N is invertible if and only if F is analytic at infinity and F(oco) = 0.

Moreover, if M is invertible F' can be expressed in the form
F(\) =C(I, — \A)™!, (4.3)
whereas if N is invertible F' can be expressed in the form

F(\) =C(A—-\,)"". (4.4)
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PROOF. The first assertion is contained in the theorem; the second is obtained
in much the same way. More precisely, if limy_,, F(A) = 0 and u € ker N, then

F(AMMu=FA\)(M — AN)u = Vu.
Upon letting A approach oo, it follows that
Vu=0 = FA)Mu=0 = Mu=0 = ueckerMNkerN = u=0.

Thus N is invertible. The other direction is easy, as are formulas (4.3) and (4.4).
Just take C = VM ~! and A = NM~! in the first case, and C = VN~! and
A= MN~!in the second. |

COROLLARY 4.3. Let f be an (mx1)-vector-valued function that is meromorphic
in some open nonempty set A C C and let « € A be a point of analyticity of f.
Then f is an eigenfunction of Ry if and only if it can be expressed in the form

v

Pu(N)

) =

for one or more choices of p,(X) in Table 1 with p,(a) # 0 and some nonzero
constant vector v € C™.

Linear independence. It seems worthwhile to emphasize that herein the n
columns of an m X n matrix-valued function F'(\) are said to be linearly in-
dependent if they are linearly independent in the vector space of continuous
(m x 1)-vector-valued functions on the domain of analyticity of F. If

F\)=CI, - A)"" or F(\)=C(A-\,)™",

this is easily seen to be equivalent to

n—1
m ker C A7 = 0;

=0

that is, to the pair (C, A) being observable. Such a realization for F' is minimal
in the sense of Kalman because (in the usual terminology; see [Kailath 1980], for
example) the pair (A, B) is automatically controllable:

n—1
() ker B*A" = {0}

=0

(or, equivalently, rank [B AB --- A""'B] = n), since B = I,,.



A BASIC INTERPOLATION PROBLEM 391

R,-invariant subspaces of HJ*(Q) and Hy*(24)~+. Let

a0y g
A=) e o
be an m x p mvf with columns
(A
=[] < men e i),

and suppose that {F;(A)u : v € C*} is a p-dimensional R,-invariant subspace
of HJ*(€24) for some point a € Q. This is meaningful because Fj()) is analytic
in 4. Then it follows from Theorem 3.1 that F;(\) admits a representation of
the form

Fi(\) =V(M —AN)"".

Hence, since Fj(\) is analytic at the point A = 0 if Q4 = D and at the point
A = oo with Fi(c0) =0 if Q1 = C4 or Q4 =114, it follows also that

[gﬂ (I, — XA~ with o(A;) D if Qy =D,
Fi(\) = c
[Cﬂ (AL, — Ay) ! with o(4;) € Q. if Qp =Cy or Qy =11,
(4.6)
where C1; € CP*H, Cy € CT** and of course A; € CH*H.
Next let
A e gn(A
Fy()) = {guﬂ( ) gn(A) (4.7
BtV o ha()
be an m x v mvf with columns
g;(A)
o= |70 € @t o )
hj(A)

for j = p+1,...,n and suppose that {Fo(Mu : v € C"} is a v-dimensional
Re-invariant subspace of HE (€2, )1 for some choice of @ € Q_. This too is
meaningful because F5(A) is analytic in Q_. Then, by another application of
Theorem 3.1, F5(\) admits a representation of the form

B\ = [012

} (AL, — As)™1 with o(As) C Qs (4.8)
22

where Ci5 € CP*¥, Cyy € C?7*¥ and Ay € CV*”.
More explicit formulas, based on the Jordan decomposition of A; and A,
may be found in [Dym 1994b, Section 3.3; Dym 1989b].
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5. Back to the Basic Interpolation Problem

From now on we assume that the data of the BIP is chosen so that span{ f;(\) :
j =1,...,p} is a p-dimensional R,-invariant subspace of H3*(2) for some
point a € 4 and span{f;(X\) : j = p+1,...,n} is a v-dimensional R,-invariant
subspace of H5*(2; )+ for some choice of o € Q_. In view of the analysis in the
previous section, this means that the data of the BIP is of the form

F(\) =C(M —AN)™!, (5.1)
where
C Cii Cip 3P
C:[ 1]:[ 11 12] 7 (5.2)
Co Cy1 Oy lla
—~ O~
i v
I, — M 0
{ g ! ] ifQ, =D,
0 AL, — Ay
M — AN = (5-3)
{M”_Al ! ] if O, =C, orII
i = or IT,
0 A, — A4, oo
BtV =mn,
O'(Al) cDif Q+:D, O'(Al) cQ_ lfQ+:C+ or H_;,_, (54)
and
o(Az) C Q4 for all three of the classical choices of Q. (5.5)

This means that the BIP is now fully specified in terms of the matrices C,
M and N, or equivalently, in terms of their block decompositions C11, Cy2, Co1,
022, Al and AQ.

THEOREM 5.1. If the BIP that is specified in terms of C, M and N admits a
solution, then there exists an n X n matrix P > 0 which solves the Lyapunov—
Stein equation

M*PM — N*PN =C*JC if Qy =D, (5.6a)
M*PN — N*PM =2miC*JC  if Qp =Cy, (5.6Db)
M*PN + N*PM = —2xC*JC if Qp =114. (5.6¢)
PROOF. Let S(A) € §P*%(2,) be a solution of the BIP and define P by the rule
I, —S(N)
v*Pu = F(MNu, F(A\)v ), (5.7)
=S I

where F(A) is given by (5.1) and u and v are any vectors in C". Then clearly
P > 0. The rest of the proof depends largely upon Theorem 3.1 and the special
form of the data. We shall present details only for the case 2, = D. Details for
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the other two classical choices of 1 may be found in [Dym 1994b]. Because of
the special block form of M and n, it is convenient to write P in the block form

. {PH Pu]}u

Py Py |}
~— ~—~—
1 v

Then P is a solution of (5.6a) if and only if the following three equations are
satisfied:

AlP1o — PiaAy = C1,Ci2 — C5,Ca2, (5.9)
A;PQQAQ — Py = Cik2012 — 052022. (510)

By Theorem 3.1,
y*"Puz = (JFL(\)z, F1(\)y)

for every choice of x and y in C*. Thus
y (P11 — ATPiA)x
— (JR(Na, Fu(\)y) — (TR (\) vz, B (V) Agy)
C
G [ 2] v
21 21
=y [C], C51]JF1(0)z + O
=y (C1;Cn1 — C3,Ca )z,

which serves to prove (5.8).
Next, by the middle formula of (3.1),

Y (A5 Pia — ProAs)z = —(S(A\)Ca2 (A, — A2) 'z, Cii(1, — A1) Aqy)
+ (S(N)Caa (A, — Ag) "t Asw, Cy1 (1, — ANA1) )
—(S(N)Caa (AL, — Ag) " Az, C11(I, — ANA1) "' AAy)
+ (S(N)Ca2 (A, — Az) "t Ao, C11(1, — A1) y)

for every choice of x € C” and y € C*. But, by adding the term

(S(N)Coa(A, — A2) 'z, Cri(L, — AA) ™ 'y)



394 HARRY DYM

to the first inner product and subtracting it from the second, the last expression
can be rewritten as @ — (), where

@ = (AS(A)Coz(A, — A2) ', Cri(I, — AA) "M (I, — M1)y)
= (¢ (S(NC22 (A, — A2)"'z), Cuy)
= (AC12(A, — A2) "'z, Criy) = y*C}1Croz

and
@ = (S(A)Coz(A, — A2)"H(A, — A2)z, Cri(I, — AA1) " 'y)
<S )Ca2z, C11(d, — 2! >
= (Cyor, p( )*Cii(I, — AA;) ! y))
<C’22x Cor1 (I, — My ) > = y*C3,Conu.
Thus

® - @ =y"(C1,C12 — €3, Cx),
which serves to verify (5.9).
Finally, (5.10) is obtained in much the same way from the formula

y*PQQI,C = —<JF2()\)$, FQ()\)y>,

which is valid for every choice of x and y in C? and is itself obtained from
Theorem 3.1. O

Theorem 5.1 admits a converse: If the Lyapunov—Stein equation (5.6) admits a
nonnegative solution P, then the BIP is solvable. However, this is only part of
the story because if both > 1 and v = n — g > 1, then (5.6) can have many
solutions. To be more precise, under the spectral conditions that were imposed on
A; and A in (5.4) and (5.5), the P13 and Pay blocks of every solution P of (5.6)
are the same, however, the P block is not unique unless o(Af) No(A3) = @.
This extra freedom can be used to impose more interpolation conditions and
leads to a more refined problem which we shall refer to as the augmented BIP.
For an instructive example, see [Dym 1989b, Section 10].

6. The Augmented Basic Interpolation Problem

The augmented BIP is formulated in terms of the data C,

M N
M:[ 1 }}M’ N:{ 1 ]}u
0 My | yv 0 Nao | }v,
~— ~— ~— ~—
1 v 1 v

and a solution P > 0 of the Lyapunov—Stein equation (5.6): more precisely,
S(N) € 8P*1()) is said to be a solution of the augmented BIP if

(1) S(A) is a solution of the BIP, and
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(2) —(S(AN)Ca2(Maa—AN2z)"ty, C11(Mi1—ANy1)~'a) = x*Piay for every choice
of z € C* and y € C".

LEMMA 6.1. If S(\) is a solution of the BIP based on C, M and N (subject to
the spectral conditions (5.4) and (5.5)) and if P is a nonnegative solution of the
Lyapunov-Stein equation (5.6), the following conditions are equivalent:

(1) —(S(A\)Caz(Maz — AN22) 'y, C11(Myy — AN11) " 'a) = 2*Proy

for every choice of x € C* and y € C".

o (L P rieen

for every choice of u and v in C".

(3) <[_;&y _iM}FQﬂgFQM>:uﬁm

for every choice of u e C™.

0 (L o ron) e

for every choice of uwe C™.

PROOF. Suppose first that (4) holds for some given solution S(A) of the BIP
and some given solution P > 0 of the Lyapunov—Stein equation (5.6). Let u*Qu
denote the inner product on the left-hand side of the equality in (2) for this
choice of S(\). By (4), the matrix

X1 X12}

XPQ[
Xo1 Xoo

is nonnegative. Therefore, since X717 is the p X p zero matrix and Xos is the

[ 0 X12:|

Xy 0

is nonnegative. But this is only possible if X712 = 0. This serves to establish the
nontrivial half of the equivalence of (4) and (3). The equivalence of (3) and (2)
is a standard argument; the equivalence of (1) and (2) rests heavily on the proof

of Theorem 3.1 and the fact that S(\) is assumed to be a solution of the BIP.
The details are left to the reader. O

v X v zero matrix, the matrix
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7. Reproducing Kernel Hilbert Spaces

A Hilbert space H of (m x 1)-vector-valued functions defined on some subset
A of C is said to be a reproducing kernel Hilbert space (RKHS) if there exists
an m x m mvf K,(A\) on A x A such that, for every choice of w € A, u € C™,
and f € H, we have K,u € ¥ (as a function of \), and

(f, Kou)ge = u* f(w). (7.1)
The main facts are these:

e The RK (reproducing kernel) is unique; that is, if K, (\) and L, (\) are both
RK’s for the same RKHS, then K,(\) = L, (\) for every choice of w and A
in A.

o Ko(B)" = Ko(a). (7.2)
e For every choice of w1, ...,w, in A and u1,...,u, in C™, we have
ij=1

ExampLE 7.1. HJ* (1) is an RKHS with RK

Ku(A) = In/pu(N)
for each of the classical choices of Q4 , where p,,(A\) and the corresponding inner
product are specified in Table 1. Basically this is just Cauchy’s theorem for
Hy(024).
EXAMPLE 7.2 (H(S) sPACES). For each choice of S(\) € 82%4(Q,), the kernel

Lo(\) = 2= ij?;;q(a))*

is positive in the sense exhibited in inequality (7.3). Perhaps the easiest way to

(7.4)

see this is to observe that
n
Y & (@)g = (g,9) — (pS™9,p5™9)
Q=1

with g = Z?Zl §j/Pa;; see Lemma 1.6 for help with the evaluation, if need be.

Because of this positivity, it follows on general grounds (see [Aronszajn 1950],
for example) that L, () is the reproducing kernel of exactly one RKHS, which
we shall designate by H(S). The following beautiful characterization of H(5) is
due to de Branges and Rovnyak [1966].

THEOREM 7.3. Let S € 8P*9(Q)), and for f € HY () let
K(f) =sup{llf + Sgll* — llgll* : g € HQ }. (7.5)

Then
9(S) = {f € HE(Q4) s w(f) < o)
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and
£ 13ecs) = KO-

ProOOF. A proof for Q; = D can be found in [de Branges and Rovnyak 1966,
but it goes through for the other two cases in just the same way. O

It is an instructive exercise to check that if S()) is isometric a.e. on g, then
p > q and
H(S) = HY © SHJ.

A number of useful properties of the space H(.S) as well as references to more
extensive lists are provided in [Dym 1994b, Section 6].

EXAMPLE 7.4. Let M = {F(Au : v € C"}, where F()\) is an m x n mvf with
linearly independent columns f1(A),..., fn(A), and let P be any n X n positive
definite matrix (that is, P > 0). Then the space M, endowed with the inner
product

(F(\)u, F(/\)U>M =v*Pu (7.6)

for every choice of u and v in C", is an RKHS with RK
K,(\) = FONP 'F(w)*. (7.7)

The verification is by direct computation.

8. A Special Class of Reproducing Kernel Hilbert Spaces

We shall be particularly interested in RKHS’s of (m x 1)-vector-valued mero-
morphic functions in C with RK’s of a special form that will be described below
in Theorem 8.1. The theorem is an elaboration of a fundamental result from
[de Branges 1963]. It is formulated in terms of the polynomials a(A) and b(X)
given in Table 1 in order to obtain a statement that is applicable to each of the
three classical choices of €.

A set A is said to be symmetric with respect to Qg (or p, (X)) if for every
A € A (except 0 for g = T) the point A° belongs to A; note that p,(w®) = 0.
Recall that p, () = a(N)a(w)* — b(A)b(w)*.

THEOREM 8.1. Let H be an RKHS of (m x 1)-vector-valued functions that are
analytic in an open nonempty subset A of C symmetric with respect to Qg. Then
the reproducing kernel K, (\) can be expressed in the form

T —0(\)JOw)*
B Pu(N) ’

for some choice of m x m matriz-valued function ©(\) analytic in A and some
signature matriz J, if and only if the following two conditions hold:

Ku(A)

(8.1)

(1) H is Ry-invariant for every a € A.
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(2) The structural identity
(Ra(bf), Rp(bg)) 5 — (Ralaf), Rglag)),e = lab’ —ba'*g(B)" Jf(a)  (8.2)

holds for every choice of a, B in A and f,g in H.

Moreover, in this case, the function ©(X\) that appears in (8.1) is unique up to
a J unitary constant factor on the right. If there exists a point v € AN Qy, it
can be taken equal to

ON) = I — py (VK (A (5.3)

This formulation is adapted from [Alpay and Dym 1993b]; see especially Theo-
rems 4.1, 4.3, and 4.4 of that reference. The restriction to the three choices of
a(\) and b(X) specified earlier permits some simplification in the presentation,
because the terms r(a,b;«)f and r(b,a;«)f that intervene there are constant
multiples of R, (af) and R, (bf), respectively.

For the three cases of interest, the structural identity (8.2) can be reexpressed
as

(I +aRa)f, (I+BRs)g)y — (Raf Rpg)sc = g(B)" T f(a).  (84)
ifQ, =D,
(Raf.9)sc — (f. Rpg)ac — (o = B*)(Raf, Rpg)oc = 2mig(B)" I f(a)  (8.5)
if 0y = C,, and
(Raf,9)3c + {f; Rpg)ac + (a+ B")(Raf, Rag)sc = —2mg(B)" I f(a)  (8.6)

if Q. =11,

Formula (8.5) appears in [de Branges 1963]; formula (8.4) is equivalent to a
formula of Ball [1975], who adapted de Branges’ work to the disc, including an
important technical improvement from [Rovnyak 1968].

The role of the two conditions in Theorem 8.1 becomes particularly transpar-
ent when H is finite-dimensional. Indeed, if the n-dimensional space M consid-
ered in Example 7.4 is R, invariant for some point « in the domain of analyticity
of F(\), then, by Theorem 4.1, F(\) can be expressed in the form

F(\) =V(M —AN)™* (8.7)

with M and N satisfying (4.2). Thus R,-invariance forces the elements of M to
be rational of the indicated form. Since

(RgF)(A) = FON(M — BN)~!

for every point § at which the matrix M — GN is invertible, that is, for every
8 € A, the domain of analyticity of F, it is readily checked that

(RoFu, Fv)pe = (FN(M — aN) " u, Fo)y
=v*PN(M — aN) tu, (8.8)
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and similarly that
(Fu, RgFv)y = v*(M* — 3*N*)"'N*Pu (8.9)
and
(RoFu, Rgv)pe = v*(M* — B*N*) "' N*PN(M — aN) 'u (8.10)

for every choice of a, 3 in Ap and u, v in C". For each of the three special choices
of €24 under consideration, it is now readily checked that the structural identity
(8.2) reduces to a matrix equation for P by working out (8.4)—(8.6) with the
aid of (8.8)—(8.10). In other words, in a finite-dimensional R,-invariant space
M with Gram matrix P, the de Branges structural identity is equivalent to a
Lyapunov—Stein equation for P. This was first established explicitly in [Dym
1989b] by a considerably lengthier calculation. If F' is analytic at zero, we may
presume that M = I, in (8.7) and take @« = § = 0 in the structural identity
(8.2).

THEOREM 8.2. Let F(\) = V(M — AN)~! be an m x n matriz-valued function
with det(M —AN) £ 0 and linearly independent columns, and let the vector space

M={FANu:ueC"}
be endowed with the inner product
(Fu, Fv)y = v*Pu,

based on an n X n positive definite matriz P. Then M is a finite-dimensional
RKHS with RK K, (\) given by (7.7).
The RK can be expressed in the form
_J—-06()\)JO(w)*
pu(A)

with p,(A) as in Table 1 if and only if P is a solution of the equation

Ko(N)

M*PM — N*PN = V*JV for Oy =D, (8.11)
M*PN — N*PM =2miV*JV  for Q, =C,, (8.12)
M*PN + N*PM = —2zV*JV  for Q. =11,. (8.13)

Moreover, in each of these cases ©(\) is uniquely specified up to a J unitary
constant multiplier on the right by the formula

O(N) = Ly — py(WFN P ()" (8.14)

for any choice of the point v € Qo N Ap.
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ProOOF. This is an easy consequence of Theorem 8.1 and the discussion preceding
the statement of this theorem. The basic point is that, because of the special
form of F', (8.4) holds if and only if P is a solution of (8.11); similarly (8.5) holds
if and only if P is a solution of (8.12), and (8.6) if and only if P is a solution of
(8.13). O

It is well to note that formula (8.14) is a realization formula for ©(\), and
that in the usual notation of (4.3) and (4.4) it depends only upon A,C and P.
It can be reexpressed in one of the standard A, B,C, D forms by elementary
manipulations.

Formulas (8.3) and (8.14) for ©(\) are obtained by matching the right-hand
sides of (8.1) and (8.9). This leads to the formula

ONIOW)" = J — pu(NF(NP ' F(w)",

which is clearly a necessary constraint on ©(\) since M has only one reproducing
kernel, and hence any two recipes for it must agree. The final formula emerges
upon setting w = v € Qg N Ap and then discarding J unitary constant factors
on the right such as ©(y)~! and J. Thus the general theory of “structured”
reproducing kernel spaces as formulated in Theorem 8.1 yields formula (8.14).
However, once the formula is available, it can be used to check that

_J—=0(\)JO(w)*
Pu(X)

for every pair of points A, w in A by straightforward calculation, using only the

fact that P is a solution of one of the equations (8.11)—(8.13), according to the

choice of Q4. More information and references may be found in [Dym 1994b,
Section 5], which was used heavily in the preparation of this section.

F\P 'F(w)*

(8.15)

9. Diversion on J-Inner Functions

An m x m mvf ©()\) that is meromorphic in Q4 is said to be J-inner if it
meets the following two conditions, where Ag denotes the domain of analyticity
of the mvf O(A):

o(
o(

>

Y JON) < J for A€ Q4 NAo. (9.1)
)*JO(N) =J for a.e. pointA € Q. (9.2)

>

The evaluations in (9.2) are taken as nontangential boundary limits. Such limits
exist, because the inequality (9.1) insures that every entry in the mvf ©(\) can
be expressed as the ratio of two functions in 8§'*1(€Q,); see, for example, [Dym
1989a, Theorem 1.1].

The identity (8.15) implies that

J —0(w)JO(w)* = pu(w)F(w)P ' F(w)*
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and hence that
O(w)JO(w)* < J forwe Q4 NAeg, (
Ow)JO(w)* =J forwe QpnNAe. (

9.3)
9.4)

The constraints (9.2) and (9.3) are equivalent to the assertion that ©(\) is
J-inner, even though the “stars” are on the wrong side. The equivalence of (9.2)
and (9.4) is self-evident. That of (9.1) and (9.3) takes a little more doing; see
[Dym 1989a, pp. 16, 21], for example, for a couple of approaches. In any event,
we shall be able to derive most of what we need directly from (9.3) and (9.4)
without making use of the equivalence.

Upon writing

- O©11(A) ©12()) Ip

B ©21(A) O22(N) tq
S—— S~——
p q

o)

in the indicated block form, it is readily seen from the (2, 2) block of the inequality
(9.3) that

©22(N)O22(A)" > I, + O21(A)O21 (N)*
for every point A € Q4 N Ag. This implies that O22(A) is invertible for all such
points and hence that the m x m mvf

[I,, —@12()\)}_1[@11()\) 0]

2= —Ou(\) O2(\) I,

(9.5)

is well defined for A € Q4 NAg. Let []7* stand for (] ]*)_1. The identity

1 —x
[Ip 912()\)} (7 — 00 T(w)) {Ip @21(w)} ’
0 —@22(/\) 0 —@22((.4))

(9.6)
which is readily checked by direct calculation, implies that 3(\) is contractive
and analytic in Q4 N Ag and hence in fact analytic in all of Q. Thus 3()\) €
§m*™ (04 ). The mvf ¥(\) is termed the Potapov—Ginzburg transform of O(X\).
It is also unitary a.e. on €y (when, as in the present case, ©(\) is J-inner; that
is, ©(\) being J-inner implies that £(\) is inner).

By (9.5), the entries in the block decomposition

C[Zu() SO
SN Zae(N)

I — SN)S(w)* =

Z()
are given by the formulas
Z11(A) = 011(A) — O12(N), @22(/\)71@210\), Ti2(A) = @12()\)@22()\)71

So1 () = —Oas(N) " 10a1 (N), Saa(N) = Oga(N) L. B0
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Moreover, since 2(A) € §™*™ (), it follows that 311 (\) € 8P*P(Q4), ¥12(A) €
8§PX1(0), Xo1(N) € 87%P(Q4), and 3aa(A) € 877°9(Qy). Consequently,

O21(A)E(N) + O22(A) = O22(A) (I; — B21(A)E(N))

is invertible in Q4 N Ag for every choice of E(A) € 87*9(Q21). Thus the linear
fractional transformation

Tol€] = (O11(NEMN) +012(N) (21 (NEN) +0:(N) " (9.8)
is well defined for &(\) € $P%9(€). The following facts are readily checked:
To[€] € $7(2.);
Te[0] = E12(N); (9.9)
Tol€] = L12(A) + S11(NEN) (I — Sar(VEN)) ' Taa(A).  (9.10)
It is also easy to check that, if W()) also is J-inner, then
Tow[€] = To [Tw[€]]. (9.11)

Linear fractional transformations of the form (9.10) were extensively studied
in [Redheffer 1960].

THEOREM 9.1. If ©()) is J-inner and %(X\) denotes the Potapov—Ginzburg
transform of ©(N) (that is, if () is given by (9.5)), and if

Q(A)}

N
=00
belongs to the RKHS H(O), we have:

I —X12(A) ] [9(N)
@) —X12(\)* I, }{h()\)

(2) ¥i9 € HY(Q4)*
(3) Yooh € HS(Q_A,_) and

||f|‘§{(@) = llg — Su2h|® + [|Z22h|%. (9.12)

| ez 6 mi@)*

PrROOF. This is Theorem 2.7 of [Dym 1989a] restated in the current notation. [J

COROLLARY 9.2. In the setting of the theorem,

I/ lcer = q—&ﬁw* _Eim} [iiiﬂ | [im (913

PRrROOF. The right-hand side of (9.12) is equal to
(9 — Z12h, g — Ei12h) + (E22h, Xaoh)
= (g = Z12h, g) — (X129, 1) + ((Z]2X12 + B35 822)h, ).



A BASIC INTERPOLATION PROBLEM 403
But this is equal to the right-hand side of (9.13) since
T12(A)X12(A) + B2 (A) " T2(N) = I

for A € Q. O

10. Sufficiency When P > 0

To this point we know that if the BIP based on the matrices C, M and N
(subject to the spectral constraints imposed in (5.4) and (5.5)) admits a solution,
then there exists a solution P > 0 of the Lyapunov-Stein equation (5.6) and of
the augmented BIP based on C, M, N and P. Our next objective is to establish
a converse when P > 0.

THEOREM 10.1. If P is a positive definite solution of the Lyapunov—Stein equa-
tion (5.6), and if ©(N) is the J-inner muf defined by (8.14), then Tol€] is a
solution of the augmented BIP for every choice of E(\) € 8P%9(04).

PROOF. Let S(A\) = To[€] for some choice of E(A) € §2*%(0,) and let

gj(/\)}

£ = [hj "

denote the j’th element in the associated RKHS H(O), where f;(\) € H3*(Q4)

for j = 1,....jand f;(\) € Hy () for j = p+1,...,n. Also, let

g(A)]

= {hu)

=F(MNu
denote an arbitrary element of the same RKHS. We now proceed in steps.
Step 1. (g(A) — S(A)h(N)) € HE(Q4).
Proof of Step 1. Theorem 9.1 guarantees that
(9(N) = Z12(MR(N)) € HE(Q4).

Therefore, in view of formula (9.10), it remains only to show that

SNEN (I, — £21EN) ™ Saa(Mh(N) € HI(Q4) (10.1)
and hence, since

S NEN) (I — B (NEWN) ™ € HEXI() (10.2)

in the present setting, this follows from part (3) of Theorem 9.1.
Step 2. (—S(N)*g(A) + k(X)) € HI(Q4)*.
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Proof of Step 2. The proof is similar to that of Step 1: Theorem 9.1 guarantees
that

(=Z21(\)*g(N) + h(N)) € Hi ()"
and therefore, by (9.10), it remains only to show that
Sas(N)* (I = L1 (NEN)) €N T (N)7g(N) € HI (1)

But this goes through much as before except that now we invoke assertion (2)
instead of (3) of Theorem 9.1.

Step 3. —(E12(A\)h;j(A),9:(A)) = pij fori =1,...,p and j = p+1,...,n, where
pst denotes the (s,t) entry of P for s,t =1,...,n.

Proof of Step 3. By the corollary to Theorem 9.1,
pij = <fj()‘)7fi()\)>j{(@)

I I i)
= (g;(\) = Z1a(W)hi(A), gi(N) + (=S12(N)* g5 (\) + by (), Bs(N))

for every choice of 3,5 = 1,...,n. But now, ifi=1,...,pand j = pu+1,...,n,
this is easily seen to reduce to the asserted identity with the help of Step 2.

Step 4. —<S()\)hj(/\),gi()\)> =pyfori=1,...,pand j = p+l,...,n.
Proof of Step 4. In view of Step 3 and formula (9.10), it remains to show that
~(EnMEN Iy = B (NEM) ™ BNy (V). 5i(V) =0

fori=1,...,u and j = p+1,...,n. But this is easily checked since Theorem
9.1 guarantees that

YN\ € HY () (even fori=1,...,n),
Yao(AM)hj(A) € HI(Q4)  (evenforj=1,...,n),
and
(Io = St (VEW)) " € HL(9y).
This completes the proof of the step and the theorem. O

We remark that most of this analysis goes through in one form or another for
problems with infinitely many interpolation constraints. Indeed Theorem 9.1
is applicable to infinite-dimensional spaces and the only point in the proof of
Theorem 10.1 that depends critically on the specified form of the BIP (including
the assumptions on o(A41) and o(Az)) is the assertion that

(I = S (NEW)) " € HLU(Qy), (10.3)
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which was used implicitly in Steps 1 and 2 and explicitly in Step 4. In the
present setting, (10.3) can be justified by direct estimates based on the specific
formula for ¥51(\) provided in (11.25). In more general settings, the most that
can be said is that (I, — 221()\)8(/\))_1 is an outer function in the Smirnov
class N‘Jlrxq(QJr). The needed estimates to justify the proof of Theorem 10.1 are
then obtained by applications of the maximum principle in the Smirnov class.
(Thus for example, in the proof of Step 1, (10.1) is established by showing first
that $1,& (1, — 2218)71 € NE*9(Q4). Then, since Yozh € Hi(Q4), the product
of these two terms belongs to N% (Q1) N L5(Q4) and hence by the maximum
principle to HY().) The author first learned the power of estimates in matrix
Smirnov classes from [Arov 1973]; much useful information may also be found in
[Katsnelson and Kirstein 1997].

The next theorem states that all solutions to the augmented BIP are obtained
by the parametrization furnished in Theorem 10.1. In order to keep the length
of the discussion under control, we shall rely a little more on outside references
than has been our practice to this point.

THEOREM 10.2. If P is a positive definite solution of the Lyapunov—Stein equa-
tion (5.6), then every solution S(X\) of the augmented BIP based on this choice of
P can be expressed as a linear fractional transformation of the form S(\) = To[€]
in terms of the associated ©(\) for some choice of E(X) € 8P79(1y).

PROOF. Let S(A\) € 8%9(€2) be a solution of the augmented BIP based on P
and let X(\) = [I, —S(A)]. Then, as follows from [Dym 1994b, pp. 205-206,
210], X(A\)F(X) € H(S) and the corresponding Gram matrix @ defined by the
rule

uw*Qu = (X (N\)F(\)v, X()\)F()\)u>:}f(s)
for every choice of u and v in C" is majorized by P, that is,
Q<P (10.4)

Now, in terms of the notation introduced in Example 7.2, the kernel
X *X(w)* X X(w)* — *
WNONJO (W) X(w)*  XA)JX(w)" X(A)<J O(A\)JO(w) )X(w)*
Pu(A) Pw(A) ey

=Au(N) = XN FAN)PIF(w)* X (w)*.

Our next objective is to show that this kernel is positive, that is, that

k
D i (A, (@) = (XF) (@) P~ (X F)(a))y; 2 0
i,j=1
for every choice of vectors y1, ..., yx in C? and points aq, ..., ax in Q4. In view

of (10.4), it is enough to show that this inequality holds with Q! in place of
P~!. But now as

FO)=[AN) - fO)],



406 HARRY DYM

the second term in the sum with P replaced by () can be reexpressed as

n

yi (XF)() Q™ (XF) () y; = D 9 (Xfu)(@i)(QMuo (X)) y;

u,v=1

= > (X fur Ao, ¥i)ac(s) (@ uw (Ma, ys Xfo)a(s) -
u,v=1

Thus, upon setting
k
fo= Z Ao, y;,

Jju=1
it now follows readily that
k n
Z yi(XF)(ci)P~H(XF)(a)*y; < Z (X fus fodaes)(Q M) uw(fo, X fo)ae(s)
1,j=1 u,v=1

= HHfO(/\)||S2H(S)’

where II denotes the orthogonal projection of H(S) onto the subspace spanned
by the elements X (\)f,(A), for v = 1,...,n. The asserted inequality is now
clear since

k
* 2
Z Yi A‘Oéj (ai)yj = HfO()‘)Hf}((3)
i,j=1
The desired conclusion now follows directly from [Dym 1989a, Theorem 3.8],
since the “admissibility” needed to invoke that theorem amounts to the kernel
dealt with above being positive. O

11. Explicit Formulas

In this section we shall provide explicit formulas for the mvfs ©(A) and X(\)
in terms of the data C, M and N of the BIP and the solution P of the Lyapunov—
Stein equation when P > 0. We shall do this in a more general setting than is
needed for the three classical choices of Q2 that were considered earlier because
it enhances the usefulness of the formulas and does not involve any extra work,
just a little extra notation.

To this end, let a(A\) and b(A) denote a pair of functions that are defined and
analytic in an open nonempty connected set 2 C C and assume that the subsets

Qp ={AeQ:]aN)* = [b(N)|* >0}

and
Q- ={AeQ:]aN)]* - [pb(\)> <0}
are both nonempty. This implies that

Qo = {A e Q: a(N)[? = [b(N)]2 = 0}
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is nonempty and that in fact, as is shown in [Alpay and Dym 1996], Q¢ contains
an open arc. These definitions of 24 and {2y are consistent with the earlier ones
and the choices = C with a(\) and b(\) as in Table 1.

Let 2l € C™*", B € C™*", C; € CP*™, 0y € CT*™ and P € C™*" be fixed
matrices such that P > 0,

A PA—B*PB =C;{C; — C5C, (11.1)
and the determinant of the mvf
G(A) = a(M)A —b(N\)B (11.2)

does not vanish identically: det G(A) # 0 in Q.
We shall also make frequent use of the n x n mvf

H(A) =b(N)A* — a(N)B” (11.3)
and the m x n mvf
F(\) =CG\) ™, (11.4)
where

c [Cl] d T
= an m = .
Oy pTq

The functions p,(A) and d,(\) are expressed in terms of a(A) and b(A) just as
before:

pu(N) = a(Naw)” = b(A)b(w)" (11.5)
and

5u(N) = a(w)b(\) — b(w)a(N) (11.6)

for every choice of A and w in .

We shall refer to (11.1) as the General Lyapunov—Stein (GLS) equation. This
usage too is easily seen to be consistent with the Lyapunov—Stein equation (5.6),
which intervenes for the classical choices of €2, when one defines 21 and B in
terms of M and N via the formula

M — AN = a(M)2A —b(\)B (11.7)
for the three sets of choices of a(A\) and b(\) appearing in Table 1.
Some algebraic identities.
LEMMA 11.1. The identity
Pu(NGA)PG(w) + pu(A)"H(A) PH (w)"
= NG (W) PG(w) + pu(w)HA)PH(A)"  (11.8)

holds for every pair of points A and w in Q. It is independent of (11.1).
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PRrOOF. Thisis a tedious but straightforward calculation, which does not depend
upon the basic identity (11.1). The proof amounts to identifying the coefficients
of like terms. Thus, for example, the coefficient of A*P%A on the left hand side
of (11.8) is equal to

pu(N)a(N) a(w) + pu(A) BA)b(W)" = pr(N)a(w) a(w) + pu(W)b(A)b(A)*,

which is equal to the coefficient of 2A*P2 on the right-hand side of (11.8). The
coefficients of A*PB, B*PA and B*PB are identified in the same way. O

LEMMA 11.2. The identity
PAN)G(W) PG(w) + pu(w)H(A) PH(A)®
= pu(W)GA)"PG(A) + pA(NH(w)PH (w)"  (11.9)
holds for every pair of points A and w in Q. It is independent of (11.1).
PROOF. Let L, (\) denote the left-hand side of (11.8). Then since
L,(A) = La(w)*,

the same invariance must hold true for the right-hand side of (11.8). O
LEMMA 11.3. The identities
PoNGN PG W) + pu(N) Gw)"PG(A)

= NG (W) PG@)+pu (@ HNPHN +|po(V|*@*P2A — B*PB)  (11.10)
and
PN H (W) PHA)" + po(N)"HNPH (W)

— A NGE) PCW)+pul) HOPHO) ~ o) @ PA — BPB)  (11.11)
hold for every pair of points X\ and w in Q. They are both independent of (11.1).

This, too, can be verified by a tedious but straightforward calculation.

The mvf A, ()). Let
AL(A) = GWw)"PG(A) + pu(N)C5Cy (11.12)
for every pair of points A and w in Q. Clearly
Au(A) = Ax(w)*. (11.13)
LEMMA 11.4. If P is a solution of the GLS equation (11.1), then
Ay,(A\) = HMNPH(w)* + po,(N)CTCy (11.14)

for every pair of points A and w in €.
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PRrOOF. In view of (11.1), it suffices to show that
Gw)*PG(A\) — HAN)PH(w)* = pu(N) (Ql*PQl - sB*P%). (11.15)
But this is a straightforward computation. (Il

THEOREM 11.5. If P > 0 is a solution of the GLS equation (11.1) and if

w € 04 U, and
PY2G(w)

rank | P1/2H(w)* | =n, (11.16)
C
then the following conclusions hold:
(1) Au(X) is invertible for every point A € Q.
(2) If w € Qy, then A, (N) is invertible for every point A € Q. at which
[P1/2G(>\)]
rank
C
(3) If w € Qo and G(w) is invertible, then A, (N) is invertible for every point
A€ Qo \ {w} at which the rank condition (11.17) holds.
(4) If w € Qo and G(w) is invertible, then A, (w) is invertible if and only if
P>0.

—n. (11.17)

PROOF. Suppose first that
A, Ny=0
for some choice of A and w in Q1 UQy and y € C". Then, by (11.12) and (11.14),
0=y~ (pw()‘)*Aw()‘> + pw()‘)Aw()‘)*)y
=y (PN (HWNPHW) +pu(NCTC1) + pu(N(GN) PG W) +pu(NC5C,))y
=y (NG (W) PC(W) + pu(W)HNPHN)" + |po (NP (CICy + C5Cy))y.

Therefore, since each of the summands is nonnegative for A and w in Q4 U g,
it follows from Lemma 11.2 and the last line that

PANGW) PG(w)y =0,  pu(w)G(A\)"PG(N)y =0,
PANH(W)PH(W) 'y =0, pu(w)HAN)PHA)"y =0,
Pu(A)Cry =0, Puw(N)C2y = 0.

The rest of the argument proceeds in cases that amount to figuring out which of
the preceding six identities really come into play.

Case 1. If X € Q, then py(A\) > 0 and |p,(A)| > 0, and hence
PY2G (w)
A,Ny=0 = | P 2HW)" |y=0 = y=0,
C

in view of the rank assumption (11.16). This serves to establish assertion (1).
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Case 2. If X € Qg but w € Q, then |p,(w)| > 0 and |p,(A)| > 0 and hence
PY2G(w)

Ay(Ny=0 = [ o

}y—O = y=0,

in view of the rank assumption (11.17). This serves to establish assertion (2).

Case 3. If A € Qp and w € Qp but A # w, then |p,(A)| > 0. Hence A, (N)y =0
implies Cy = 0. This conclusion comes from the last two of the six iden-
tities established above. It now follows further from the definition of A, ()
that G(w)*PG(N\)y = 0 and hence, since G(w) is assumed to be invertible, that
PG(M\)y = 0. But this in turn implies that PY/2G(\)y = 0, since P > 0. Thus
we see that, in this case,

PY2G (w)

A,Ny=0 = [ o

in view of the rank condition (11.17). This serves to complete the third assertion
and so too the proof, since the fourth assertion is obvious. O

COROLLARY 11.6. If P > 0 and G(w) is invertible for some point w € Q4 UQy,
then:

(1) Au(X) is invertible for every point A € 4.
(2) AL (N) is invertible for every point X € Qg at which

{G(A)] =n. (11.18)

rank
We now assume that P > 0 is a positive definite solution of the GLS equation
(11.1) and, for a fixed point v € €y at which G(v) is invertible, define

O\) = Ly, — py(NF(\) P F(y)*J

for every point A € € at which G(A) is invertible, just as in (8.3). (Strictly
speaking, it would be better to write ©,()) instead of ©()) in order to indicate
the dependence upon the “normalization” point 7, but this makes the formulas
involving subblocks awkward.)

Thus, upon setting

Pu(N) = pu(NGN) T PTIG(w) ™, (11.20)

for those points A and w in 2 at which the indicated inverses exist, it is readily
seen that
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Since O(A) is J-inner with respect to 2, the Potapov—Ginzburg transform
¥(A) is well defined (by formulas (9.5) and (9.7)) and is inner.

THEOREM 11.7. If P > 0 is a solution of the GLS equation (11.1) and if v € Qg
and G(v) is invertible, then

Gy

S 1 I

} A,(N)7Her -0 (11.25)

and
q

SOER) = In - | !

} Ay (N)TIG()PG(y) A, (V)T [CF —C5]

(11.26)
for every point X\ € Q0 at which the indicated inverses ezist.

The verification of these formulas is by direct calculation, with the help of the
following well known result:

LEMMA 11.8. If X e C"", Y e CP*", Z ¢ C™*? and if X and X + ZY are
invertible, then I, + Y X ~'Z is invertible and

(L+YX ') =1, -Y(X+2Y)'Z (11.27)
Proor. It suffices to check that
(L+YX'Z)(I,-Y(X+2Y)'Z) =1,
But this is a straightforward calculation. O
PrROOF OF THEOREM 11.7. Suppose first that G()) is invertible. Then, since
O022(3) = Iy + p(NC2(G() PG(N) '€

and
G()' PG + p,(NC5Cy = Ay (V)

is invertible for A € Q4 U Qg under the present assumptions by Theorem 11.5,
Lemma 11.8 guarantees that ©25()) is invertible and that

Yoa(A) = Oaa(N) 7! = I, — p, (N CoAL (V)10 (11.28)

This serves to verify the (2,2) block entry of (11.25).
Next, by (11.28) and (11.23),

S21(A) = —O22(A) 1021 ()
= (Iq - pv(A)C2A7()‘)_IC;>0290”/()‘)CT
= Ca(I; — py (M)A, (N)T1C5Cy ), (AT,

which is readily seen to confirm the (2, 1) block entry of (11.25).
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The verification of the formulas for ¥12(A) and 311()) is similar, though the
latter requires a bit more work (but just a bit, if you take advantage of the fact
that —@12@521921 = 912221).

Finally, the verification of (11.26) is left to the reader. O

We remark that although X(A) has been derived from ©(\), the given formulas
are meaningful at those points A at which A, () is invertible. It is evident from
Theorem 11.5 that this can happen even if P and G(\) are not invertible. Thus,
for example, Theorem 11.5 guarantees that:

THEOREM 11.9. If P > 0 is a solution of the GLS equation (11.1) and if v € Qg
and

G(7)"PG(v) + C{C, + C5Cy > 0,
then:

(1) Ay(X) is invertible at every point X € Q.
(2) A,(N) is invertible at every point A € Qo at which

G\)*PG(N) + |py (W) (CFCy + C35Cy) > 0. (11.29)

Nevertheless, we shall not pursue this level of generality here. It is instructive,
however, to see how to work directly from formula (11.25). To this end, it is
convenient to first summarize the key properties of A,(X) that come into play.

THEOREM 11.10. If P > 0 is a solution of the GLS equation (11.1) and if G(\)
is invertible at every point A € Qq, then:

(1) A, (N) is invertible at every point A € Q4 U Q.
(2) (N is analytic on Q4 U Qg and unitary at every point A € Q.
(3) X11(A) is invertible at every point X € Qo and

_ det(HWPH()')

det 311 (\) = . 11.30
ot H(A) det (A, (V) (1130)
(4) Xoa(X) is invertible at every point A € Qo and
det(G(v)*PG(A
det £a5(A) = — (G(y)"PG )). (11.31)
det(A,(N))

Moreover, if Q4 is chosen to be one of the three classical settings, then:
(5) X12(A) and L21(N) are strictly contractive on Q4 U Qo; that is, there exists
a positive number § < 1 such that
[Z12(V)]| €6 and  [|Sa1]| <6
for every point A € Q4 U Q.
(6) (I; —Z21(N)EN)) ‘e HZX9(Q4) for every choice of E(X) € SP*1(Q1).
(7) Ay(N)"tu e HF () for every choice of u € C".
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(8) py(NAL(N)H € HIZX™ ().

PrOOF. The first four assertions are immediate from Theorems 11.9 and 11.7,
except perhaps for the formulas for the determinant. But these too are easy if
you take advantage of the fact that for X € CP*? and Y € C?*P,

det(I, — XY) = det(I, — Y X).
Next, in view of the identities
Y01 (A) a1 (N)* = Iy — Zaa( M) Zaa(A)™,
S12(N)E12(N)" =1y — Eaa(N)Xa2(N)7,
valid for A € Qg, it suffices to show that
IXa2]] > 01 >0

for every point A € Q. Since Yoo(A) is contractive, it follows readily from the
singular value decomposition of ¥92(A) that

IE22 (V)| = [det Eao (V)]

Now if )¢ is compact, then this does the trick, since ‘det Yoo ()\)| # 0 for any point
A € Qg by formula (11.31) the assumptions on G(\) and the first conclusion. The
final four assertions are easily established when 4 = . The analysis for the
other two classical choices of € is more subtle, but may be completed by a finer
investigation of A, (A) as in [Dym 1996, pp. 206-208]. The details are left to the
reader. O

With the aid of Theorem 11.10, it is now not too difficult to show directly that
(under the hypotheses of that theorem) if

S(N) = S1a(\) + S (NEN) (I — S (NEN)) ' Saa(A),  (11.35)
then (C1 — S(A\)C2)G(\)~u € HY (),

(~S(N)°Cr + o) GV ~u € HEQ)",

- <S(>\)OQG(>\)1 m , C1G(\) [ED = [+* 0] P m

for every choice of £(A) € 8P*¢(Q11), u € C", z € C" and y € C”. This yields an
independent check of Theorem 10.1, and exhibits a strategy that can be imitated

and

even when P > 0 is singular.

12. P > 0 and Other Remarks

We begin by looking backwards.
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About the first ten sections. The story begins with the observation that
matrix versions of a number of classical interpolation problems are all special
cases of a single general problem described in Section 2: the BIP. This problem
is formulated in terms of the columns f;(A) of an m x n mvf

FQ) =[f1(A) - fu(N)]

whose first ;1 columns span a p-dimensional subspace My of H5*(€24) and whose
last ¥ = n — p columns span a v-dimensional subspace My of Hy*(4)+.

In Section 3 it is shown that if the BIP admits at least one solution S(\) €
8§P*4(£, ), then the nxn matrix Q defined by (3.1) must be positive semidefinite;
that is, the condition ) > 0 is a necessary condition for the existence of a solution
to the BIP. The remarkable fact is that if My is an R,-invariant subspace of
H3(2y) for some a € 0, and My is an R,-invariant subspace of H*(Q, )+
for some a € €)_, then this condition is also sufficient. The point is that the
R, -invariance assumptions force F(A) to be of the special form

F(\) =C(M —AN)™, (12.1)

where the matrices M and N are subject to certain spectral assumptions, as
is explained in (5.3)—(5.5). It then follows further that @ is a solution of the
Lyapunov—Stein equation (5.6). For one sided problems (that is, when pu = n
or v = n) this is the whole story because under the special constraints (5.4)
and (5.5), the Lyapunov—Stein equation has only one solution. For two sided
problems this is not true unless o(A}) No(Az) = @. This extra freedom is used
to define the augmented BIP in Section 6. Now it turns out that if P > 0 is any
positive definite solution of the Lyapunov—Stein equation (5.6), then the space

M={F(Nu:ueC"} (12.2)
(with F'(A\) as in (12.1)) endowed with the inner product

<F()\)U, F()\)u>M =u*Pv (12.3)
is an RKHS of the special kind considered in Section 8. In particular its RK
is given in terms of a rational J-inner mvf O(A) (of McMillan degree n) that
is uniquely determined by the space (that is, by the elements and the inner
product) up to a J unitary constant factor on the right. Moreover, as is explained
in Section 10,

{Tol€] : E() € 87°9()}
is a complete description of the set of all solutions to the augmented BIP based

on F'(A) and P (that is, on the elements of M and the inner product imposed
on M).
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What if P > 0 is singular? If the rank of the n X n matrix P is equal to k,
where k£ < n, then the space M endowed with the inner product P is no longer a
Hilbert space. However, it turns out that there exists a k-dimensional subspace
M of M that is Rg-invariant for every point a € Ap which is an RKHS with an
RK of the special form (8.1) based on a rational J-inner mvf ©(\) (of McMillan
degree k). Moreover, in this instance,

{T5[€]: €(A) € 87*1(,)}

fulfill k£ of the n interpolation conditions. The remaining n— k conditions (which
are not all independent) are then met by imposing extra constraints on E(\).
Some special cases illustrating this are given in [Dym 1989a, Chapter 7]. For
other approaches see [Ball and Helton 1986; Bruinsma 1991; Dubovoj 1984].

Existence and representation formulas for the case of singular P may also
be obtained by the methods introduced by Katsnelson, Kheifets, and Yuditskii
[Katsnelson et al. 1987]; see also [Kheifets and Yuditskii 1994; Kheifets 1988a,;
1988b; 1990; 1998], the last of which appears in this volume. Later in this
section (after the next paragraph) we will discuss applications of this method to
the augmented BIP problem.

About Section 11. In this section explicit formulas are presented for ©(\) and
its Potapov—Ginzburg transform ¥ (\) in terms of the data C', M, N and P when
P > 0. It is then indicated how to verify that

S12(A) + S (VEAN) (I — S (MEN) ™ Baa() (12.4)

is a solution of the augmented BIP for every choice of E(A) € 82*¢(£,.) directly
from these formulas. This gives a second independent proof of this fact in this
more general setting. In fact every solution of the augmented BIP can be ex-
pressed in this form. Moreover, although we do not pursue this here, large parts
of this analysis in terms of X(\) is valid for matrices P > 0 that are singular.

The Abstract Interpolation Problem of Katsnelson, Kheifets, and Yu-
ditskii. The problem of establishing the existence and parametrization of solu-
tions to the augmented BIP in the disc fits naturally into the domain of problems
that can be resolved within the framework of the Abstract Interpolation Problem
of [Katsnelson et al. 1987] that was referred to just above. The starting point is
the assumption that there exists an n x n positive semidefinite solution P of the
GLS equation (5.6a). The idea is to rewrite (5.6a) as

M*PM + CjC,y = N*PN + C;C, (12.5)
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and then to define an isometric colligation V : Dy — Ry, where

1/2
sz{[P M]meC"}CCn@Cq,
Co

1/2
va{[PCN]x:xE(C"}CC"GB(CP.
1

The following facts then follow from the general analysis in [Katsnelson et al.
1987]:

(1) The set of all solutions to the augmented BIP is equal to the set of char-
acteristic functions of those unitary colligations U that extend V (that is,
Ulp, = V) and have the same “input” space C? and the same “output”
space CP as V.

(2) The set of all such characteristic functions (and hence the set of all solutions
to the augmented BIP in the disc) is equal to the set of all p x ¢ mvf’s of
the general form (12.4) except that here Q4 = D and E()) is an element in
874 (D), where ¢’ = dim(C" 6Dy ), p’ = dim (C*PORy ) and £(N) is the
characteristic function of a very special unitary colligation from C" @ C? ¢C*
onto C"@CPaCY (which is not of the type referred to in (1) because the input
and output spaces have been enlarged to C” @CY and CPCY, respectively).

The description of the characteristic functions of unitary colligations that extend
a given isometric colligation originates in the work of Arov and Grossman [1983;
1992]. See also [Kheifets 1988a; 1988b; 1990] for applications to the Abstract
Interpolation Problem of [Katsnelson et al. 1987], and [Dym and Freydin 1997a;
1997b] for an application of these methods to the BIP problem in the setting
of upper triangular operators. A useful discussion of applications of unitary
colligations and of the Arov—Grossman formula may be found in [Arocena 1994].

Analogues of the problem of Katsnelson, Kheifets, and Yuditskii in the
setting of Section 11. Here we exhibit a connection between the formulas that
emerge from the analysis in Section 11 and the formulas that emerge by adapting
the strategy of [Katsnelson et al. 1987], as outlined in the preceding subsection,
to the setting of Section 11. A full analysis of these calculations will appear
elsewhere.

Let P be a nonnegative solution of the GLS equation (11.1). Then Lemma
11.4 guarantees that

A, (w) = G(w)*"PG(w) + pu(w)C5Cy = H(w)PH(w)* + p,(w)C7C;.  (12.6)

Clearly A, (w) is positive semidefinite for every point w € Q.. Fix such a point
and let
PY2G(w)

—P1/2H(w)*}
Pw (w)1/2C2 .

W =
' [ po(W)12Cy

BN
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Then, in view of (12.6), V : Wiz — Waz is an isometry from
Dy ={Wiz:ze€C"}CcC"aC?
onto
Ry = {Wozx:ze€C"} CcC" g CP.
Let k = dimDy = dimRy. Then ¢ = dimDs = n+q —k, p' = dimR =

n+p—k, and k < n, with equality if and only if A, (w) > 0. For the time being
we shall assume only that k£ > 1 and shall let

Wit e CHxd and Wy e crtP)Xr

be isometric matrices whose columns span Dﬁ and 3%%7, respectively.
The next step is to define the matrix
U Ur2 Uz tn
P=|Un U Uysl|lp.

Us: U3z Uss | 14
— —~— —~~

n q p’
by the formulas
Un U o e . Uis
[ . ”] = Wo(WiW) "W, [Usi Uso = (W), [ }:w;,
Us1 Us Uas
and U33 =0.

It is readily checked that the formulas Wy (W; W) tW5, Wa(WsWo) W5
and Wo(W;W;)~!W are meaningful single-valued mappings when the inverses
are interpreted as inverse images even if W W; = W5W, is not invertible and
furthermore, since

Lnsq = Wi (WEW) 7' W = Wi (WiH)*
and
Iy — Wa(Ws W) "' W5 = Wih(W5H)¥,

that U is unitary. This matrix U corresponds to the special unitary colligation
singled out in the last subsection.

The next step is to define the mvf

_ Z311(>\) E12(>\) }P
2 = {221@\) 222@)]}(1'

\\,/_/\\,_/

p q

_[U23 Uao
0 Us

Ua1

} +Yu(A) [U31

] (I—ww()\)Ull)_l[Um Uwa],  (12.7)
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where

dus (A)
'(/)w()‘) = .
Pu(A)
This mvf is the natural analogue of the characteristic function of U in this setting.
It is well defined for A € Q since
b(\)
A) = —= d Y,(\) =
o= 255 md v
are contractive for A € Q.
From now on we shall assume that A, (w) > 0, even though many of the
formulas are meaningful without this restriction. Then, with the help of the
identity

% (2558)

Pw(MNAL (W) 4+ 0, (N)G(W)* PH(W)* = pu(w)Ay(A), (12.8)
it is readily checked that
(L=t (N U11) " Uts = —pou(w) " 2pu (N P2 H(w)* Ay(A)~'C3, (12.9)
Uz (In*wwO‘)Ull)il = Pw (W)il/zpw()‘)ClAwO‘)ilG(W)*Pl/za (12.10)

(In— N " = Li—po(w) 6.\ P2 H(w)*Au (V) 'G(w) P2 (12.11)

Therefore, by direct substitution of these last three formulas into the entries of
formula (12.7), we obtain

S12(A) = Uzz + ¢ (A Uz (I — Q/JW()\)Ull)_lUlz = pu(A)C1AL(N) 7' C5,
Y11 (A) = Uas + ¢, (\)Ua1 (I, — ww(A)Ull)ilUli?)
1. Uis
— [0 (1 = 500 £ 5]
= [pu (@) 20, (NC1ALN) T G(w) PR L)Wy

S95(A) = Usz + o(NUs1 (In — $0(NU) ™ Usz

-1
= [U31 U32] |:Q/Jw()\)<ln - w[‘”/()\)Ull) U12:|
—pPw (W —1/25w NPY2H (w “ALN-LCs
e I e

So1(A\) = YN Us1 (I, — (N U11) ™ Uns

x [Io] (Lo pu(w) T 0N P2 H (W) Au (V)T G(w) " PY?) (L, 0)W5.
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If rank P = r and r < n, we can write the isometric matrices Wit and W3- as
follows (I wish to thank Vladimir Bolotnikov for suggesting this decomposition,
which led to some improved formulas in this subsection):

X Y] n X Y- n
Wi = [ ' P and W3 = [ ° P . (12.12)
0 Zy g 0 Zy 1}p
——  N—— ——  N——
n—r qt+r—=k n—r ptr—k

where the columns of X are an orthonormal basis for ker P and hence are inde-
pendent of w. We shall keep this notation for » = n also.

THEOREM 12.1. Ifw € Q4 and rank P = r, the block entries in the “character-
istic function” £(\) defined by the formulas (12.7) can be expressed by

SuN)=[ 0 Zu(N)]}p, T12(A) = pu(N)C1AL(N) 1 C5,
e N——
n—r ptr—k
1 () = (O - 0 5 (}\)_[ 0 ]}n—r
A 0 Sor 0 Datr—k " T TS 00 ek
—— ——
ptr—k q
where

Y1) = Zo 4 po(@)"V26,(V)C1AL(N) LG (w) P 2Yy,
S21(N) = Y (WY (In — pu(w) "0, (\)PY2H (w)* Ay(A) ' G(w)*PY?)Ys,
B2 (N) = Z7 — pu(w) 20, (\Yy PV H (W) AL (\) 710,

and the entries Yy, Z1,Yo, Zo from the second block columns of WlJ- and WQJ-
depend upon w.

Thus, upon writing () € §¥'*4" in the block form
e11(A)  e2(N) }}”_7"

821()\) 822()\) }p+T—k '
—_——— e —
n—r qt+r—=k

e(\) = [

it is readily checked that
S21() + B11(W)e(V) Iy — Ba1(We(V) ™ Saz (V)

= 501N + S WEX) Ty —nr) — Sor (VEN)) 'S

222()‘)7
where
E(N) = e22(N) + 21 (M)W (A) (Tn—y — 1/Jw()\)511()\))_1€12(>\)-

This leads easily to the following result:
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THEOREM 12.2. Ifrank P =r, then
(S12+ Ziie(ly — So1e) 1890 6 € 87 %7}

= {S12+ D118(Igr — 5218) 18 1 £ € 87X},
where p"" =p' —n+r and ¢ =q —n+r.

The formulas

FHEPY g o)Wy =0 ana oy [ PO T <o

pu(w)'/2Cy

permit additional simplifications.
Upon making use of the identities

5w (MNG(W)™ + pu(MH (W) = pu(w)H(A)
and
S (MNH (W)™ + pu(MNG(W) = pu(w)G(N),
and then letting w tend to 2y, we obtain:
S11(A) = (I — pu(N)C1ALN)TICY) Z,
a1 (N) = BNV Vs + pu (N Z5 AL (V) LC1 2,
Sas(A) = Z7 (Ig = pu(N)C2Au(N) 7' Cy).

If Ay(w) > 0 for w € Q, then n = r and Y1 = Y5 = 0, and we may choose
Zy =1, and Z3 = I,. Then the formulas in Theorem 12.1 agree with the formula
for ¥(A) in Theorem 11.7, which was derived by an entirely different strategy.

Other methods, other problems. The analysis presented here is based largely
on [Dym 1989a; 1989b; 1994b] and subsequent extensions. There are many
other approaches. The books [Ball et al. 1990; Foiag and Frazho 1990; Hel-
ton et al. 1987] reflect three other schools of thought, and each contains an
extensive bibliography and notes to the literature. Additional sources may be
found in [Dubovoj et al. 1992; Dym 1994al; see also [Arov 1993; Ivanchenko and
Sakhnovich 1994].
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